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A TABLE OF FRESNEL REFLECTION 


By Parry Moon 


The well-known Fresnel formula’ gives the fraction of the incident 
radiant energy that is reflected at the boundary between two homogene- 
ous, isotropic media that are non-conductors of electricity. A number 
of experimental investigations give support to the belief that the Fresnel 
formula is an accurate representation of the actual facts,’ provided the 
boundary surface is highly polished, with no intermediate layer between 
the two media. The recent experiments of K. B. Blodgett’ and of 
Cartwright and Turner‘ have demonstrated the possibility of greatly 
decreasing the reflected radiation by the deposition of suitable transition 
layers on glass surfaces. But even in such cases, the reflection at each 
of the individual boundary surfaces can be calculated by the Fresnel 
formula. 

Some of the uses of the Fresnel equation in illuminating engineering 
are as follows: 

Calculation of the light through windows, as affected by the glass. 

Calculation of the brightness of images reflected in store windows, 
polished building fronts, etc. 

Calculation of the brightness of images of lamps and other glare 
sources reflected in polished desk tops. 

Calculation of the transmission of lens systems, spectroradiometers, 
ete. 

Calculation of the transmission of multilayer glass filters.° 


'A. Fresnel, Note sur le calcul des teintes que la polarisation déveluppe dans 
les lames cristallisées. 

Ann. chim. phys., 17, 1821, pp. 194, 312. Oeuvres complétes, Paris, 1866, Vol. I, 
pp. 646, 756. 

*Lord Rayleigh, On the Intensity of Light Refiected from Certain Surfaces 
at Nearly Perpendicular Incidence. Roy. Soc., Proc., 41, 1886, p. 275. On the 
Intensity of Light Reflected from Water and Mercury at Nearly Perpendicular 
Incidence. Phil. Mag., $4, 1892, p. 309. 

'G. E. Rev., 42, 1939, p. 94. 

‘Reducing the Reflection from Glass by Multilayer Films, a paper presented 
before the Am. Phys. Soc., Feb. 24, 1939. 

*G. G. Stokes, On the Intensity of Light Reflected from or Transmitted 
through a Pile of Plates. Roy. Soc., Proc., 11, 1860, p. 545. 
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Calculation of brightness of images in reflection pools and other water 
surfaces. 

Calculation of scattering of light by fog. Experiments have re 
peatedly shown that the water particles in fogs are ordinarily so large,’ 
compared with wavelengths in the visible region, that the reflection at 
the surface of droplets takes place according to the Fresnel equation. 


In view of the importance of the subject to optics and to illuminating | 


engineering, it is rather surprising to find that no comprehensive tables 
of Fresnel reflection appear to be available. Values for a single index 
of refraction <re sometimes given,” but in general the investigator must 
make his own computations. It would seem that convenient tables of 
specular reflection factor would provide the illuminating engineer with 
another tool, which would make possible a quantitative evaluation of 
reflection and transmission in many cases that are now treated by 
guesswork. 

The Fresnel formulas are conveniently used in the following form. 
If the incident radiation is plane-polarized and the E-vector of the 
electromagnetic wave is perpendicular to the plane of incidence, the 
specular reflection factor is 


_ [cos  — ~/m? — sin? 

Pp = : (1) 
cos 6; + +~/m? — sin? 6; 

where p, is the reflected radiant energy divided by the incident radiant 


energy, and 
m = n/n, = relative index of refraction (m > 1.00) 





m = index of refraction of one medium 
m, = index of refraction of the other medium 
6, = angle between light ray and surface normal in medium having 


index n 





F. Benford, Reflection and Transmission by Parallel Plates. J. O. S. A.,1, 
1923, p. 1017. 

T. Smith, On the Light Transmitted and Reflected by a Pile of Plates. Opt. 
Soc. Trans., 27, 1925-6, p. 317. 

*H. Blumer, Strahlungsdiagramme kleiner dielektrischer Kugeln. Zs. f. 
Phys., 32, 1925, p. 119. 

W. Schoulejkin, Phil. Mag., 48, 1924, p. 307. 

7H. G. Houghton, The Size and Size Distribution of Fog Particles. Physics, 
2, 1932, p. 467. 

* Smithsonian Physical Tables, Washington, 1923, p. 297. 

*G. W. Pierce, Electric Oscillations and Electric Waves. McGraw-Hill Book 
Co., N. Y., 1920, p. 407. 
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If the Z-vector is in the plane of incidence, 
a [ss — Vm — sin? 
m’ cos 6; + +/m* — sin? 6; 
For unpolarized light, the specular reflection factor is 
pr = 4p + ps) (3) 


Computation was carried out to ten figures, electrically driven com- 
puting machines being used. All values were checked by the use of 
fifth differences." The numbers were then rounded off to eight figures. 
The final table contains these values of p,, o,, and pr and also first 
differences A, which may be used in calculating reflection factors at 
intermediate angles. The table is computed for angles from 0 to x in 
steps of 0.02 radian and for relative refractive indices of m = 1.1, 1.2, 
1.8, 4/3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9. The value of 4/3 is for the boundary 
between water and air, the values of 1.4 to 1.9 are for various glasses 
and other insulating materials in air, while the values of 1.1 to 1.3 
apply to solids immersed in water or other liquids. 





(2) 


” The table was make possible by the support of the National Youth Admin- 
istration. I wish to thank Mesars. M. 8S. Cettei, M. N. De Angelis, M. E. Flynn, 
J. J. Renner, D. L. Shapiro, W. P. Warner, and T. Wroblewski for their pains- 
taking care in computing and checking the results and Miss Edythe Baker for 
her work in typing the entire table. 
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AN APPLICATION OF POLYNOMIAL APPROXIMATION TO 
THE SOLUTION OF INTEGRAL EQUATIONS ARISING 
IN PHYSICAL PROBLEMS 


By Prescorr D. Crour 


1. Introduction. Many physical problems can be expressed simply 
and naturally by means of integral equations.’ Such equations arise 
in applying the principle of superposition, and hence are met in con- 
sidering any physical system wherein this principle is valid. For- 
tunately such systems are the rule rather than the exception in most 
branches of engineering; whence it follows that a great variety of 


problems can be formulated by means of integral equations. Examples | 


of such problems are electric circuit and field problems, elastic stability 
and foundation problems, mechanical vibration problems, fluid flow 
problems, various problems in optics, and so on. It seems, therefore, 
that the integral equation should be a powerful tool at least comparable 
in importance with the differential equation, and one in common every- 
day use in solving engineering problems. Such would be the case if 
there were any way to obtain within a reasonable time solutions having 
engineering accuracy. 

The purpose of this paper is to show how algebraic polynomials can 
be used to obtain approximate solutions of integral equations. We 
shall see that certain tables recently computed specifically for Lagran- 
gean interpolation are peculiarly adapted to use in connection with this 
problem. 

The following exposition is divided roughly into three parts. The 
first is a brief discussion of polynomial approximation, the purpose 
being to outline the underlying theory, to show how to use the tables, 
and to illustrate and give confidence in the accuracy of such approxima- 
tion. The second consists of the formulation and solution of the integral 


equations arising in three specific problems: a stability problem, a | 


foundation problem, and a potential problem. The purpose is to show 
how easily the integral equations are set up, and to illustrate the method 
of solution. The exact solutions of these problems are known, and 
compare very well with the solutions obtained by the method described. 


1 Frank and Mises, ‘Die Differential und Integralgleichungen der Mechanik 
und Physik,’’ vol. 1, p. 471. 
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The third part contains a discussion of the theory, a consideration of the 
error of approximation, and certain general comments, together with an 
indication of possible extensions of the method. 

At this point it will be mentioned only that in solving a specific 
problem, a large part of the work is concerned not with the problem at 
hand but with the type of problem. For many important types of 
problems it thus becomes possible to tabulate once and for all, in the 
form of matrices or otherwise, data which constitute a large part of the 
solutions of all problems of those types. Other characteristics of the 
method are listed in Section 8. 


2. Approximation by Polynomials. [Let us consider the algebraic 
polynomial 


Y = > + aye + age’ + --- + dont. (1) 


Choosing any 2n + 1 equally spaced points on the z axis, the midpoint 
being 2 and the spacing being h, let the corresponding values of y be 





Yon, *** > Yt, Yo, Yr» *** > Yn- The graph of the polynomial thus 
passes through the points (x — mh, yn), --- , (to — 2h, y-s), (to — A, 
y-1), (xo ’ Yo), (xo + h, yi), (xo + 2h, Y2), cine (Xo + nh, Yn). For con- 
venience we place 

z=m+M, or b= =>; (2) 


hence substituting in (1) we obtain a polynomial of the same degree in 
\; thus 


y = Ao + Ard + Ad’ + --- + Asad”, (3) 


where the A’s are new constant coefficients. This polynomial is evi- 
dently satisfied by the following pairs of values of \ and y: 


(—n, Yy—n); o—aAy (-2, y-2), (-1, y-1), (0, yo); (1, ¥1), (2, y2), alte (n, Yn)- 


Substituting each of these in (3) we obtain a set of 2n + 1 linear equa- 
tions, thus 


yi = Ao + Ast + Agi? + --- + Asat’”, i= —n,---,n. (4) 


These equations completely determine the A’s as linear combinations 
of the y’s; thus 


Ay = Bo,-nY—n + .-+ + Bow + Boyo 
+ Boi +--+ + Bonn 
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Ay = Byunya-n +--+ + Biya + Bis 
+ Buy +--+ + Binyn (© 


Serer ee ee eee eee eee eee eee eee eee eee eee eee eee eee ey 


Ass = Ban syn + «>> + Banya + Bancyo 
+ Bans + +++ + Banna 
where the B’s are constants. Tabies of these constants for n = 1, 2,3 
are given on page 91. 
Multiplying the relations (5) by 1, A, \*, --- , A°", respectively, 
adding, and comparing the sum of the left hand sides with (3), we 
obtain the polynomial! expressed in the form 


y = Ky. + --- + Kiya + Koo + Kaw + --- + Keys. (6) 
Here the K’s are polynomials of degree 2n in \; thus 
K_, = Bon + Bi,-wd + Baad’ + +++ + Ban—od™ 


Tee eee eee eee eee eee ee ee ee 


Ko = Boo + Biv’ + Bad’ + --- + Banod” (7) 


K. = Bon + Bir + Baad +--+ + Baad”. 


Tables of the K’s for —n < \ < n by tenths and n = 1, 2, 3 are given 


on page 84. 
Differentiating (6) successively with respect to z, noting from (2) 


d ld 
tha’ as kaa’ ° have 
a - 5 Kays + wee + Kiya t+ Koy t+ Kin t+ -->+Kiysl, @) 
a " pK ny + e+ Kyi + Koyo + Kin + +--+ Kayal, @ 
dy 1 a 


~ oe [Ku ny-n + +++ + Kinyo (10) 


+ Ko’ yo + Kin + «++ + Kn ysl, 
where the primes indicate differentiation with respect to 4. Tables 
of the K”s, K’’s, and K’’”’s are given for integral values of \ between 
—nand n, and n = 1, 2, 3 on page 88. 

By means of (6), (8), (9), (10), and the tables, we can evidently ob- 
. dy dy dy ’ 
tain the value of y, an’ dt’? da corresponding to any tabulated value 


‘ 


—o rw oe _ 
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of \ if only we are given the values of y at any 2n + 1 equally spaced 
points. It should be noted that the position of the midpoint relative 
to the origin is of no consequence. If a derivative of y is desired for 
a value of \ not an integer, it can be computed for each of the 2n + 1 
integral values of \, and then (6) applied, since the derivative is itself 
a polynomial of degree less than 2n. In such an application the com- 
puted values of the derivative play the réle of the y’s. Similarly, once 
the values of y or any of its derivatives have been computed for values 
of \ spaced at .10, 2n + 1 consecutive computed values can be taken 
and (6) again applied, A being one-tenth its former value. Values of 
yor its derivatives can thus be obtained corresponding to a spacing 
of .01 for the original \. This process can be continued indefinitely, 
the results coinciding with those which would be obtained using a more 
extensive table. 
Integrating (6) we obtain the expression 


(11) 


—ah 
+ Ciya + Coyo + Ciys + --- + Caynl, 
where 


a= |[ K;d,, t= —n,---, —1,0,1, ---,n. 


Tables of the C’s are given on page 83. 

If the expressions (6), (8), (9), (10), and (11) are applied to a function 
not a polynomial of degree 2n or less, they become formulas of inter- 
polation, approximate differentiation, and approximate integration, the 
approximating function being the polynomial of degree 2n which coin- 
cides with the given function at 2n + 1 equally spaced points. In 
fact (6) is a standard formula for Lagrangean interpolation, and (11) 
is the corresponding Cotes formula for approximate integration. The 
simplest of these formulas (n = 1) used repeatedly over adjacent pairs 
of equal intervals gives Simpson’s rule. 

Since we shall later use polynomials to approximate unknown func- 
tions, it is important to verify that polynomials as a class are capable 
of performing such approximation. Thus we must know that poly- 
nomials can be determined whic’: are sufficiently well behaved to make 
their use as ayproximating functions feasible. That such is the case 
follows from the fact that polynomials determined in certain specific 
ways serve very well as approximating functions. As examples we have 
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those polynomials determined by the method of least squares, and also 
the Lagrange interpolation polynomials determined to coincide with the 
given function at 2n + 1 equally spaced points. Of these we shall 
consider only the latter, and shall now give reasons why we conclude 
that the interpolation polynomials are not erratic, but are smooth and 
consistent, and make good approximating functions. 

First, there exists an error formula which places a definite upper 
bound on the error of approximation.’ This formula can be applied 
if the function approximated has a known analytic expression. Used 





Fie. 1 


in connection with various common functions such as the sine, logs 
rithm, exponential, probability integral, etc. it guarantees an accuracy 
that is astounding. For example Fig. 1 shows one quarter cycle of 
f(z) = sin x together with the second degree polynomial which coincides 
with this function at z = 0, 7 5" If drawn, neither the fourth degree 


2 Rutledge and Crout, ‘Tables and Methods of Extending Tables for Inter 
polation Without Differences,” this Journal, vol. 9, p. 166. 
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polynomial coinciding at x = 0, 5° 7? * : 3° nor the sixth degree poly- 
nomial coinciding at 0, a , 4 ‘ i , > * . ; could be distinguished by eye 
from the sine curve, for at all points of the interval the error of approxi- 
mation is known to be less than .00030 for the first and less than .0000017 
for the second of these polynomials. 

The second reason for having confidence in interpolation polynomials 
is that they have given very good results when applied to functions 
having reasonably smooth curves, but either complicated analytical 
expressions or no such expressions (as in the case of experimental data). 

The third reason is the inherent smoothness of the interpolation 
polynomial. Since all derivatives beyond the 2n’th vanish identically, 
this polynomial gives in a sense the smoothest curve which can be 
drawn through the given 2n + 1 points.’ Also we see that (6) gives 
the polynomial as a sum of contributions proportional to the various 
y's, the K’s playing the réle of influence functions. K;, is evidently the 
polynomial of degree 2n in \ which takes the value one at A = 7 and 
vanishes at the other Zn integral values of \. From the tables we see 
that in the interval —n < \ < n K;, is generally much smaller than 
one numerically, and nowhere exceeds one by more than a small amount. 
It thus follows that a small change Ay; in y; cannot throw the polynomial 
curve into violent oscillation, but can only cause alterations smaller 
than or at most slightly greater than Ay; . 

It should be emphasized that the above statements apply only to the 
interval —n < \ < n. Outside of this interval the K’s all increase 
in magnitude without limit as is increased in either the positive or 
negative direction, since they are themselves polynomials of degree 2n. 

The above considerations indicate that the interpolation polynomial 
can be depended upon to give a good approximation to any reasonably 
smooth curve in the interval bounded by the outer two ordinates.‘ 


* This fact has a particular significance in cases where it is necessary to differ- 
entiate the approximating function. For example, in obtaining bending and 
shear stresses in plates and beams, second and third derivatives are required. 
An approximating function can easily be visualized which, though apparently 
smooth and capable of giving a good approximation of a function itself, neverthe- 
less contains discontinuities in the curvature, and hence the second derivative. 

‘ The difference between two curves having the same interpolation polynomial 
is evidently one which oscillates through 2n + 1 equally spaced points on the 
Z axis. 
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We have thus shown that approximation by polynomials is feasible, and 
have obtained certain useful properties of the interpolation polynomial. 


3. The Solution of Integral Equations by Polynomial Approximation, 
A method for obtaining approximate solutions of integral equations will 
now be described in connection with three specific problems. The 
exact solutions of these problems are known and are compared with 
the solutions obtained. This comparison permits an appraisal of the 
accuracy of the method.* 

Problem 1. A beam of constant flexural rigidity EI and length L is 
hinged at the ends and subjected to a compressive force P. Find the critical 
value of P and the first mode of buckling. First we set up the problem 


s @) 











Fic. 2 


in the form of an integral equation. Placing coérdinate axes as shown 
in Fig. 2a, we consider the beam in a slightly deflected position during 
buckling. Noting that the bending moment M(z) at any point z is 
proportional to the deflection s(x) at that point, we see that the corre- 
sponding curve of M(z) is of the form shown dotted in Fig. 2b. Let 
us consider a bending moment distribution which coincides with M(z) 
in the interval § < z < & + dé and vanishes for all other values of z. 
This “elementary distribution” is shown by full lines in Fig. 2b. We 


* The data given here (except where exact) is obtained by omitting a certain 
number of decimal places from the corresponding original data, which was ob- 
tained using a ten bank computing machine retaining ten decimal places through- 
out. Although the error introduced by the computation was not separately 
considered, it seems evident that the number of significant figures obtained is 
more than sufficient for our purposes. 
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shall now obtain the deflection curve due to such an elementary dis- 
tribution. 


Since the curvature of a beam is = times the bending moment, this 





EI 
curve evidently consists of two straight lines which meet at a corner 
and differ in direction by the angle =. The “corner’’ occupies 


the interval dt, Fig. 2c. Noting that the angles are small, we see that 

the ordinate at x = ¢ is either ta or (L — £)8; hence since a + 8B = y 

_ M@de 
EI ’ 





p= EO similarly a = CONOR 
The deflection at any point z, which we denote by ds, is thus 
ds = G(x, §)M(é)dé, (12) 


where the “influence function” or “Green’s function” G(z, &) is given 
by the expressions 





G(z, 8) dF z<t, 
(13) 
G(z, #) = &(L — x) >t 
’ EIL ’ ——_ 


The Green’s function evidently gives the deflection that would be ob- 
tained in the limit if M() were magnified and dt were contracted in- 
definitely, the product being held equal to 1. Such a limiting process 
is closely similar to that which gives rise to the concept of a concentrated 
load, or a dipole. G(z, £) is evidently the deflection due to a “concen- 
trated bending moment” of value 1. From this viewpoint ds, the 
contribution of the elementary bending moment distribution to the final 
M (at 
1 


deflection curve, is of the Green’s function, which fact gives a 


simple interpretation of (12). Integrating (12) we add the contributions 


' of all the elementary distributions which compose the complete bending 


moment distribution; hence noting that M(é) = Ps(é), we have 


a) = P [ * G(x, Dade, (14) 
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a “homogeneous integral equation of the second kind.’” In deriving 
it we considered the bending moment distribution merely because it 
affords a convenient way of obtaining the effect of the deflection at any 
point £ on the deflection curve as a whole. It should be noted that the 
end conditions are taken account of in deriving the Green’s function, 
and are hence satisfied by each of the “elementary deflection curves” 
which compose the integral (14). The integral equation therefor 
automatically contains the boundary conditions, which property stands 
in sharp contrast to the behavior of differential equations. The next 
step is to solve the integral equation for s(z). 

It seems physically evident that the deflection curve for the first 
mode of buckling is smooth enough to permit good approximation by 
a fourth degree polynomial y(z) passing through the fixed end points. 
Let 2. = 0, r, = 4, % = §L, m = PL, 22 = L, and let the value 
of y(x) at these points be y_2 = 0, y-1, yo, ¥1, Y2 = 0, respectively; 
then from (2) and (6) we have (approximation being indicated by =) 


o(2) xyz) =D KOm, a9 
where \ = 45 — 2andh = }L. Placing (15) in (14), it follows that 
yz) =P [ ae,) D Ky ak, (19 

or 
yz) PY wf Ge, OK Oe, ay 
where \ = af —2. Since y(z) and G(z, t) both vanish at z = 0 and 


x = L, we see that the approximation sign becomes an equality at these 
two end points.’ We next require the two sides of (17) to be equal at 
2 = 24,2 = %, and z = 2; and thus obtain the following thre 
linear, homogeneous, aigebraic equations 


y= P a v | Gm, OKO) dé, k= -—1,0,1, (19 


which determine P and, except for an arbitrary constant factor, y.1, 
Yo, and y,. It is entirely possible to evaluate the integrals appearing 
in (18); however, it is simpler to proceed as follows. 


* Equating the two sides of (17) for z = 0 and z = L, we obtain the equatiom 
y-2 = 0 and y: = 0; hence it was not necessary initially to place y_. = y: = 0 
because of end conditions. 
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L 
The right hand side of (18) is a rearrangement of P [ G(xx, =)y(€) dé. 


Since y(é) is a smooth curve and since G(zx, —) is smooth on either side 
of the corner at § = 2, the integrand G(x, , )y(¢) is smooth on each 
side of this point, at which it too has a corner. Approximate inte- 
gration using (11) should therefore give good results for this integral 
and hence the right side of (18) if applied separately on each side of 
§ = 2», 80 that no one interpolation polynomial is required to approxi- 
mate both sides of the corner. 

Let us divide the interval 0 < & < L into eight equal subintervals, 
and apply Simpson’s rule, which is (11) with n = 1 applied to consecu- 
tive pairs of subintervals. Each of the intervals 0 < & < }L, }L 
<t< 4L,4L <& < BL, UL <€ < Lis hence approximated by a second 
degree polynomial. Simpson’s rule is used so that we can apply the 
same integration formula regardless of whether = }L, $L, or }L. 
This formula is 


[ a= > di, (19) 


where the nine values of j refer to the nine points bounding the eight 
equal subintervals, and the f’s are the ordinates at these points; also 


ev Te D,.=D,.=D=D=— 
9 (20) 
D_s = = Ds = oye 
Applying (19) to (18) we have 
1 3 

Ve ys DY DGlar, EKO), (21) 

PL @&@t f= 
where the range of values of j is shortened because G(x, , 0) = G(x , L) 
= 0. Here d\; = 4 | — 2. The matrix of the coefficients of the y’s 


on the right hand side of (21) may be written as the (row times column) 
product of two matrices;’ thus 


|| (ae, &) || - || Di KiQ) ||. (22) 


7A matrix || ai; || is a rectangular array of numbers, or “‘elements,’’ aj; , 
where i and j are row and column indices, respectively. By definition 
© || aay |] = |] cmas [5 |] ag |] I] Dag IL = Nf aes + bay [15 amd || sy |] - || Dye |] = 
> a,;bj ||, where in the (row times column) product matrix the row and column 
indices are i and k, respectively. Matrix multiplication is associative but not 
commutative. 








44 PRESCOTT D. CROUT 


The first matrix has three rows and seven columns, the row and column 
indices being k and j, respectively; the second has seven rows and three 
columns, the row and column indices being j and 4, respectively. It is 
interesting to note that the first matriz depends only on the Green’s fune- 
tion, and hence contains the physical data for this particular problem. Th 
second matrix depends only on the method of solution, and can be computed 
once and for all and used on a variety of problems. 

It may be objected that although the above approximate integration 


L 
process should give good results for [ G(ax , =)y(¢)d= and hence the right 
0 
side of (18) as a whole, the same accuracy could not be anticipated for 
L 
the integrals [ G(ax , §)K.(A)dt. (See page 39.) However, even if these 


computed coefficients. of the y’s were not accurate, still the accuracy 
of the complete sums assures the validity of the equality signs in (18); 
hence the resulting system of linear equations is correct, together with 
its solution. 

Again it may be objected that since the linear equations (18) require 
the two sides of (17) to be equal at only five points (including the end 
points), there is no assurance that these two sides are even approxi- 
mately equal at other points; however, such is not the case. The right 
hand side of (17) is an expression for the deflection curve due to a 
bending moment distribution Py(). Since y(z) is a smooth curve, 
this deflection curve is also smooth, and can be closely approximated 
by a fourth degree polynomial which coincides with it at five equally 
spaced points. But y(x) is this polynomial; hence the approximation 
indicated in (17) should be close over the entire interval 0 < x < L. 

Returning to (22), the product there indicated is 


























4.375 —2.1875 .875 
2 0 0 
, ji-5 3 2.5 2 1.5 1.5) 1.875 2.8125 —.625 
walt. 23 43 21 |.oto 2 0 
5 11.5 2 2.5 3 1.5] 4l-.625 2.8125 1.875 
0 0 2 
‘875 —2.1875 4.375 
1, || 16.750 10.875 tt 
e 13.000 20.500 13.000 |, 
384 El || § 750 10.875 16.750 
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wherein the first matrix is obtained from (13), the second from (20) 
and Table 3, and the third by carrying out the multiplication. The 
system of equations (21) is thus 


xu = 16.750 y-1 + 10.875 Yo + 6.750 "i 
Xyo = 13.000 ys + 20.500 yo + 13.000 y, (24) 
Xy, = 6.750 y-1 + 10.875 yo + 16.750 y:, 


384. EI - tn 384. EI 
PL? ’ xl? 
These equations are easiest solved by taking advantage of symmetry;* 
however, in order to show the general procedure better, we proceed as 
follows. Transposing the left hand sides we obtain a system of homo- 
geneous linear equations, whose solution is y.. = yo = y: = 0 (no buck- 

ling) unless x is a root of the equation 


16.750 — x 10.875 6.750 
13.000 20.500 — x 13.000 = 0, (26) 
6.750 10.875 16.750 — x 
or 
x’ — 54x" + 639x — 1990 = 0. (27) 


Noting (25) we obtain the largest of the three roots of this equation. 
This root is X = 38.88194, which in (25) gives the critical load 


P = 9.87605 —. (28) 


To obtain the corresponding mode of buckling we place the numerical 
value of x in the determinant (26), and compute the cofactors of the 
elements lying in any row—say the second; thus 4, = 314.091, dn 
= 444.260, As; = 314.091. The y’s are proportional to these cofactors, 


the proportionality factor being arbitrary.’ Letting this be f.. where 


* Placing y.:1 = y: for the first mode of buckling, the third equation becomes 
identical with the first, and may be omitted. We then obtain a quadratic instead 
of a cubic equation in x. 

‘In general the cofactors of the row tried will not all vanish. If they do, 
another row should be tried. Unless the rank of the determinant differs from 
its order by more than one, there are at least two rows which have a nonvanishing 
cofactor. See Pascal, ‘“‘Die Determinanten,”’ p. 197; also Bécher, ‘Higher 
Algebra,” p. 43. 
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» is any constant, we have finally 
y-2=0, ya = .706998u, y= uw, yi = .706998u, y2= 0. (29) 
These five values alone give a good enough picture of y(z) to show 
the mode of buckling. If desired, however, they can be used in con- 
nection with (6) and Table 3 to determine y(z) for other values of z, 
for example those in the following table. 
z/L__|+d| y(z)/u|sin(wx/L)\|2/L__| AJ y(2)/u |sin(w2/L) 
.50 0 1.00000) 1.00000 || .20, .80 | 1.2) .58716) .58779 
.45, .55 | .2 | .98773| .98769 || .15, .85 | 1.4) .45269) .45399 
.40, .60 | .4 | .95119| .95106 || .10, .90)| 1.6) .30716) .30902 
.35, .65 | .6 | .89122) .89101 || .05, .95 | 1.8) .15471) .15643 
.30, .70 8 | .80918| .80902 || 0, 1.00) 2.0|0 0 
.25, .75 |1.0 | .70700| .70711 

















The exact solution of this problem, given by Euler’s formula, differs 
from (28) only in that the numerical factor is x’ instead of 9.87605. 
Since — = 1.00065, we see that (28) gives a very good approxi- 
mation to the critical load. The shape of the beam during buckling 
is given exactly by a sine curve of arbitrary amplitude. Ordinates of 
such a curve are given together with those of y(x) in the above table. 
A table is used because the differences are too small to be seen on a 
full page curve sheet.” 

In the above problem we could have made use of symmetry from the 
start and considered only half the beam, in which case the Green’s 
functien would be the expression for the deflection due to two concen- 
trated bending moments symmetrically placed about the center, each 
of value 1. This type of procedure is illustrated in the following 
problem. 





” Although it would evidently be unreasonable to expect a fourth degree 
polynomial to approximate the deflection curve for a higher mode of buckling 
over the entire interval 0 < z < L; still it was found that the other two roots of 
(27) gave values of P whose ratios to the exact critical loads for the second and 
third modes of buckling are .97 and .84, respectively. The corresponding modes 
of buckling were found to be y_. = 0, yi = —s, yo = 0, yw: = w, Ys = 0; and 
y-2 = 0, yn = —.59u, yo = w, yr = —-59u, ys = 0, respectively. 

The higher modes of buckling and the corresponding critical loads can evi- 
dently be obtained directly from (28) and (29) merely by letting L be the die 
tance between two adjacent points of zero deflection instead of the length of 
the entire beam. 
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Problem 2. Two long right circular cylinders are placed in contact 
with their axes parallel, and are then pressed together by a force of magni- 
tude F per unit axial length. Find the width of the region of contact, the 
pressure distribution over this region, and the amount by which the cylinders 
approach each other due to the force. We consider a unit axial length 
of the cylinders and ioading (not too near the ends). Placing coérdinate 
axes as shown in Fig. 3a, we have for the first cylinder before the load 
is applied 

x 


2 
oh — ofl a © ae $ a $ ooo, 
a= Ri- VRi— 2 = op + op 
using the binomial theorem or expansion in series. Denoting the width 
of the region of contact under load by 2a, it follows that the initial 











Fie. 3 


separation of the cylinders for —a < z < a is closely given by the 
expression 


= pr’ wi(L il) _ ath 
2 + 2 = Br’, e-3(R +E aBR. (30) 





We now choose two points, P; and P;, one in each cylinder on the 
line of centers, their initial distances from the point of contact being 
d, and ds , respectively, both large compared with a but (for the present) 
small compared with R, and R,;. Applying the load let a denote the 
decrease in the distance P,P,, and let w;(x) and w,(z) be the deflections 
relative to P, and P; of the surfaces of the cylinders over the region of 
contact measured positive in the directions z, and 2, respectively. 
Then the decrease in the separation of the cylinders is a — w,(xz) — w2(z), 
and over the region of contact this must equal z; + 22 ; hence from (30) 
we have 


w;(z) + w:(z) = a — Ba’. (31) 
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Noting symmetry our problem is evidently to determine the pressure 
distribution ¢(z) so that g(a) = 0 and so that the resulting deflections 
satisfy (31) in the intervalO0 < z < a. Obviously ¢(—z) = ¢/(z). 

Let us consider that part of cylinder #1 which lies in the vicinity 
of the region of contact, the surface being very closely plane, Fig. 3b. 
In order to obtain w;(z) from g(x) we superimpose the deflections due 
to a number of elementary loadings. Such a loading coincides with 
q(x) for —(€ + d&) Se < —Eand~ < z < (E + dé), and vanishes 
everywhere else. If G,(z, £) denote the deflection at z+ due to two unit 
loads concentrated on knife edges one at z = —é and the other at 
z = &, then the deflection dw,(z) due to an elementary loading is 


dw,(z) = G,(z, &)q(é)dt. 


Adding the contributions of all the elementary loadings which compose 
q(z), we have 


w(z) = [ G,(z, &)q(€) de. (32) 


In order to proceed further we must obtain the Green’s function G,(z, &). 
The deflection due to a unit load concentrated at the origin is” 








rE, 


where E and » are Young’s modulus and Poisson’s ratio, respectively, 
and the subscript denotes cylinder #1. Using this expression and 
pocniae we can easily write down G;(z, =); thus 


G(z, !) = 201 = *D (210g a,-;+,) 
201 — *D hog (2 — &) + log (e + 8, t <z, 
we 


Gu(e,¢) = 705” (atoga - +) 


"1, 


1-» 2 log d, - ;-+_) - ST 5 oe 2, (33) 


_2 1-— 

20 =) tog @— 2) + loge +O, E> 2. 
" For data from the theory of elasticity relevant to this problem see Time 

shenko, “‘Theory of Elasticity,”’ pages 23, 88, 340, 349. Equation (33) for plane 

deformation was obtained simply by replacing E by =, and » by — in the 

corresponding expression for plane stress. 
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Adding and subtracting “-2 log a we obtain G,(z, &) in the con- 
E, 








venient form 
oo 
Gi(z, t) = h — m log * =f, é<z, 
(34) 
_ 2 
Gx(e, ) = h — mlogE=*, §>z, 
where 
_ (1 — ») dy -) 
i= rE, 3h; 1— wn “ (35) 
a _ 21 — vi) 
. rE, 4 


To obtain w,(z) we proceed exactly as above with cylinder #2, and 
thus arrive at results which differ from (32), (34), and (35) only in that 
the subscripts are changed from 1 to 2 throughout. The relation (31) 
now becomes 


a~ahe [ [Gu(z, &) + Gale, ) a) at 


= +m) [ ale) de + (m+ md) [ Gla, Da) a, 








or finally 
a — ps = Qn + [ G(x, dale) ae, (36) 
where 
G(z, ) an t<z, 
Gls, ® cos, ~~ > 








&a&=a— $F(,+h). 


Equation (36) is an integral equation of the “first kind,” which we shall 
now solve for ¢(z). 

It seems physically evident that the pressure distribution q(x) is 
smooth enough to be well approximated by a fourth degree polynomial 
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y(z). Let rz. = 0, r1 = fa, m = 4a, % = 3a, z = a; and let the 
corresponding values of y(z) be ys, y-1, --- , ys, Tespectively; then 
from (2) and (6) we have 
2 
q(z) = y(z) = 2 Kix, (38) 
where \ = 4= — 2andh = }a. Placing (38) in (36) it follows that 


2 
& — Bx’ = (m, + m) [ G(z, &) 2 Ki) dé, 


2 


a _ B a ” 
m+) m+m™, = 2, s [ G(x, YK) de, — (39) 





where d = 4 § — 2. We now place yz = 0 because the pressure at the 


edge of the region of contact vanishes; then we determine the five 
unknowns &, y-2, ¥-1, Yo, yi by requiring the two sides of (39) to be 


equal at the five points z = z_,, 21, --- , %; thus 
SS x 2? = : "a 
m+m m+m zx yi [ (xe, EK) dé, wo) 


k = — 2, -1,0,1,2, 


which is a system of linear algebraic equations. The next problem is 
to evaluate the integrals which appear as coefficients of the y’s. 

Since G(x, , §) becomes infinite at the point § = 2, in the interval 
of integration, we shall not attempt to approximate the integrals, but 
shall actually carry out the integration. Also since the K’s are poly- 
nomials in £, it is evident that the work involved in the integration will 
be reduced to about one-fourth if the integrals 


[ £°G(ax , &) dé, s = 0,1, 2,3,4 (41) 


are first evaluated, and then combined so as to give the desired coeffi- | 


cients. This process can be greatly simplified as follows. The K’s 
can be written in the form 


K.Q) = > ai (cy, (42) 














8 F 


38) 
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where the c’s are constants. The coefficient of y; in the k** equation 
of (40) thus becomes 


[ Ga, &)Ks(d) dé = te Ole, 9) 2 4'e, .(8) dk 





> Se [vate 8 ae. 


We now see that the matrix of the coefficients of the y’s in (40) can be 
expressed as the (row times column) product of two matrices,’ thus 


Z [ eet, 0 de] - Hate. (48) 








The first matrix has five rows and five columns; the second, five rows 
and four columns. For the first matrix the row and column indices 
are k and s; for the second they are s and i, respectively. The next 
step is to determine the integrals (41) and the coefficients c;,, so that 
we can actually set up these matrices. 

Since G(x, , =) has different analytic expressions on the two sides of 
the point — = 2, it is necessary to write each integral as the sum of 
two integrals; thus 


b= [ £66, 8) ae = - [O ete (7 - §) a 
- [ete (& - P) ae, 


where r = = . The evaluation of these integrals is not difficult. A 


(44) 


single integration by parts replaces each integral of (44) by an integral 
of a rational fraction. In applying the limits, use is made of the usual 
methods of handling indeterminate forms (L’Hospital’s rule). Pro- 
>. as outlined, we obtain the following results: 


= af2 — (1 — rj)log(l — r) — (1+ r)log(1 + r)] 
= }a'(l — 2r'log r — (1 — r*)log(1 — 7’)] 
ja" (3 + 2r' — (1 — r*ylog(1 — r- + Pylog(l +r)] (45) 
ta‘(} + 7° — 2r'log r — (1 — r‘jlog(1 — 7°*)) 
$a°[t + 97° + 2r* — (1 — r*)log(1 — r) — (1 + 1°) log (1 +r). 


For z, = 0 or a, one of the two integrals in (44) drops out, and the 
expressions (45) become indeterminate. It was verified, however, that 
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the limits which these expressions approach as z, — 0 or 2% — a coincide 
with the values obtained by placing z, = 0 or a before integrating. 
For x = 0 (r = 0), we have 

In = 2a, I, = 4a, I, = fa’, Is = ha’, I, = geo’. (46) 
For x = a (r = 1), we have 

Ip = 2a(1 — log 2), I; = fa’, Is = $a°($ — log 2), 

I, = fa’, I, = $0°(4% — log 2). 

Placing r = }, }, and ? in (45), and using (46) and (47), we obtain for 
the first matrix in (43)° 


2.00000 .50000 .22222 .12500 .08000 
1.93683 .61690 .28274 .15940 .10270 
a||1.73838 .78117 .43901 .27659 .18900)|. (48) 
1.36725 .84266 .59914 .45242 .35454 
-61371 .50000 .42679 .37500 .33607 


We shall next determine the coefficients c;,,, which arise in (42) and 
appear in the second matrix of (43). These are obtained by placing 


(47) 


A= 4 — 2 in the expression (7) 


Kin) = > Bad ‘=> Bus ( - 2), (49) 
g 


writing out the powers of ( - ), and collecting terms involving the | 


same power of ‘ . Instead of doing this directly it is somewhat easier 


to proceed as follows. Placing 


nn 


where the d’s are the coefficients appearing in the binomial expansions, 
(49) becomes 


Kn) = > Bis x din (i) - > (i) > Brides. 


It thus follows that 


4 
in = > Bis des; 
t=0 











s2e4 
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hence the second matriz in (43) can itself be expressed as the (row times 
column) product of two matrices; thus” 

|] 4° exo |] = |] 4% deo |] -1Bes Il. (51) 
Here the row and column indices are s and ¢ for the first matrix factor, 
and ¢ and i for the second, respectively. The first can be obtained by 
picking out the coefficients in the binomial expansions (50), whereas 
the second can be taken directly from Table 14. The product (51) 
thus becomes 


j2 -2 4 -8 16 o 0 4 Oo 
0 4 -16 48 —128 2-16 0 16 
0 0 16 —9 384-4 /|-1 16 -30 16 
0 0 OO 64 —512 -2 4 0-4 
0 0 OO 0 256 1-4 6-4 
3 0 0 0 
-% 48 -36 16 
=}] 70 -208 228 -112 (52) 


-80 288 -384 224 
32 —128 192 —128 
which is the second factor in (43). Multiplying this matrix by (48) 
as required by (43), we obtain a matrix composed of the first four 
columns of (53). This is the matrix of the coefficients of the y’s in (40). 
. —& P ag ws . . 
Placing insta a’ and ta 6’, the five linear equations 
(40) may be written in the abbreviated form 


y-2 ya Yo "i ‘= £p 
. 53852 1.17926 -0088889 .29037 


Qa 

1 

. 23806 1.18772 - 25488 -25459 1 
11255 54898 -68372 .36425 1 —.2500 (53) 

1 

1 





042383 . 24695 . 20424 . 77950 
— .0097155  .069996 —.055136  .39397 


The equation corresponding to any row is obtained by multiplying the 
elements of that row by the quantities indicated at the top, and equating 
the sum of the first five products to the sixth. Since the process of 
solving a system of linear equations is of primary importance in using 


Because of (51) we could evidently express (43) as a product of three ma- 
trices, after which, since the multiplication is associative, we could multiply the 
last matrix by the product of the first two; however, this procedure would involve 
considerably more work than that used above. 
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the methods here described, and since this process can be either simple 
and rapid or extremely slow and awkward depending upon the method 
used,” the solution of (53) will be outlined. 

Subtracting the first equation from cach of the others, we eliminate a’ 
and have 





y-2 y- Yo nu = 8B 
— .30046 .0084624 .24599 —.035776 — .0625 
— .42597 — .63028 .67483 .073881 — .2500 (54 
—.49614 —.93231 19535 48913 — 5625 4) 
— .54823 —1.10926 — .064025 .10360  —1.0000. 
a . —.425 
To eliminate y_» we first compute the ratios ee = 1.41770, 
— 0016 = 1.65124 - +8 = 1.82463; and then subtract from the 


—.30046 ’ — 30046 
second, third, and fourth equations the first multiplied by the cor- 
responding ratios, respectively; thus 


yi Yo "i = Bp 
— .64228 .32609 .12460 —.16139 
— .94629 —.21084 .54820 —.45930 (55) 


—1.12470 —.51287 .16888 — .88596. 


The determination of any coefficient in (55) requires but one operation 
on a modern computing machine (sum of products). To eliminate y., 
— .94629 





we repeat the above process, the ratios now being 64208 ~ 1.4733, 
— 1.12470 
Yo "i = pf 
— .69127 .36463 —.22151 (56) 
—1.08389 —.049314 — .60334. 
— 1.08389 
We finally eliminate y , the ratio being [eo127 = 1.5680; thus 
nu = 6 


— .62103 — .25602. 
Dividing by —.62103 we obtain the first result, y; = .41225 8’. This 
in an equation (the first) of (56) gives yo = .53789 6’ in one machine 
operation (sum of products with a final division). These values of » 


43 For example, the work involved using determinants would be about five 
times that involved here. 
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wd y; in an equation (the first) of (55) give y.. = .60435 6’ in one 
machine operation. Continuing in this way we obtain the results 
y+ = -61632 6’ and a’ = — 1.16907 6’, each in one machine operation 





G. 4 
The values just obtained for y_2,y-1, yo, and y; together with the 
value ye = 0 give a rough picture of the pressure distribution y(z). 
These may be used in connection with (6) and Table 3 to compute 
values of y(x) for other values of z. The resulting curve is shown in 
Fig. 4, wherein a is given by (58). 
To obtain a in terms of F, we note that 


iF = [ v(z) dz = © (7y-s + 32ys + 12y + 32m, 


wherein the integration formula (11) gives the exact value of the integral 
since y(x) is a fourth degree polynomial. Inserting the values of the 
y's and £’, this gives 





F = 96222 6% __ (57) 
m + ™ 





a = 1.01044 4/(m + m) (58) 
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We shall finally determine a. From (37) we have AB t 
a=&+%F(, +h); (59) | »= 
but «’ = —1.16907 6’, or & = 1.16907 B a’ = 1.21497 F(m, + m); | y™ 





hence (59) becomes” | appr 
d; whic 
a = F41.21497(m: + m) + m log . 
d, m ma, = 
log — — —_ , 
+ man6 GR —m) 20 —w)| 
Arbitrarily placing d; = d, = 10a and », = », = .3 this gives o 
1 1 
The exact solution of this problem was obtained by Hertz. The 
exact expression for a differs from (58) only in that the numerical factor 
is 1.00000 instead of 1.01944. The exact pressure distribution is given oom 


by one quadrant of an ellipse. This (for the same F) is labelled q(z) 
in Fig. 4, wherein a is given by (58). It is evident that the results | avo 
obtained by polynomial approximation compare quite favorably with 
the exact solution of the problem. 

Problem 3. A long, uncharged, perfectly conducting cylinder of radius 
R is placed in a uniform electrostatic field of intensity E. Find the dis hy 
tribution of the induced charge. Let us consider a unit axial length of the be 
cylinder and field, Fig. 5a, and let o(z) denote the induced charge | qué 
density, z being the distance measured on the circumference counter- 
clockwise from A, the point where ¢ is a maximum. From symmetry 
we see that o(—z2z) = o(z) and o(*R — xz) = —o(z); hence o(z) is com- ind 
pletely determined by its values in the first quadrant AB. 

In this problem we shall use approximations which are much less 
accurate than those used in Problems 1 and 2, the object being to see | 2¢ 
whether such simplifications cause an undue loss of accuracy in the 
final results. Accordingly let us approximate o(z) in the quadrant 


4 This expression infers that the external forces applied to the rollers, which lyi 
give rise to the force F, are the surface stresses corresponding to a radial stress 
distribution ; however, if d, and d, are small compared with R, and R; as stated 
above, then a is practically independent of the manner in which F is applied. th 
Since y(z) is known, the deformations (or stresses) of the whole cylinders can be 
obtained for any given manner of application of F merely by superimposing the 
strains (or stresses) due to a number of known radial stress distributions and 
those due to a simple tension. See Timoshenko, ‘‘Theory of Elasticity,’’ p. 107. 





59) 
u); 


50) 
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AB by a polynomial y(z) of only second degree, the values at z, = 0, 
= i® and 2% = 5R being y-1, yo, and y, respectively. From 
symmetry we see that in the other quadrants o(z) is automatically 


| approximated by separate but corresponding polynomials, the values of 


which at intervals of i are given in Fig. 5a. Let y(x) denote this 


$ index for oi —s index for ($n) 





~* 


' 
a 
43 

ye 

(a) (b) 
Fie, 5 

composite approximating function, y; being placed equal to zero to 

avoid discontinuities at z = +5 R; then from (6) we have 


vie) = © Km, (62) 


where in picking the K’s from the table it is necessary to note which 
quadrant contains z; and where h = i® and \ is the distance in h 


units by which z lies off the center of its quadrant. 

We shall now obtain the potential ¢(z) at any point z due to the 
induced charges alone. The potential at a point distant r from an 
infinite wire carrying a uniform charge of density q per unit length is 


2q log where d is the distance between the wire and the arbitrarily 


chosen point of zero potential. Letting this point be onthe axis of the 
cylinder, we place d = R; hence the potential at z due to the charge 
lying in the interval — < z < & + d is 2c(€) log pan dt, where r(z, £) 
is the length of the chord joining points z and ¢. The potential due to 
the whole charge distribution is hence 


o(@) = -2 ea [oe ad o() dk. (63) 
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If, now, we place ¢(z) equal to the negative of the potential at point z 
due to all except the induced charges, (63) becomes the condition which 
must be satisfied in order that the cylinder be an equipotential surface. 
Supposing the presence of the cylinder to have but a negligible effect 
on the distribution of the charges causing the original field, it follows 
that —¢(zx) is the potential which point z would have if the cylinder | 
were removed. Since ¢(x) is known, (63) is an integral equation of the 
first kind’ for determining o(x), the Green’s function being the logarithm. 

Proceeding as before, we replace o(x) by y(x) and determine y_, and y 
so that the resulting integral equation is satisfied at the two points 


z= 0, 7B thus 





R 


From symmetry and the fact that the center of the cylinder was chosen 
as the point of zero potential, we see that the axial plane BD is a plane 
of zero potential both with and without the cylinder; hence, since 


v(5R + u) = -v(5R ~ u), it follows that (64) is also satisfied for 


R in spite of the fact that we placed y, = 0 to avoid a dis- 


(22) = —2(0g 10) [1c ren 8] yea, k= -1,0. (64) 


Tr 
2 
continuity in y(xz) at this point. 

We shall next devise a method for evaiuating approximately the 
integrals in (64), first obtaining the potential at z., = 0 due to the 
induced charges. We divide the circumference into seven regions as 
shown in Fig. 5b, and apply the three point formula (11) to each of 
these except the one which contains the point z., = 0. The contribu- 
tion of this region may be found by direct integration if we suppose that 
in it r(0, £) is practically equal to|&|. To simplify this integration 
we also suppose that in this region y(z) differs but little from y_. ; hence 


wa = y= 


i” 70,8) — 
—2 [., log + y(é) dt = —4y.s f log ad 
Tr rT 


. 12 








In 
va 


di 


(65) 
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All points at which the value of y(z) is required in order to carry out the 
approximate integration are shown numbered in Fig. 5b. The result of 
this process is 


$0 = Daas, (66) 


where the subscript —1 refers to x, = z_, = 0 and Fig. 5b, and where the 
coefficients a,,., are obtained from (65), the three point integration 


formula, and the values of logio 8 at the numbered points. 


Similarly the potential at z, = 2» = i R due to the induced charges is 


C) (; R)= x 4s,0Ys,0- (67) 


In obtaining this expression the contribution of each of the eight inter- 
vals shown in Fig. 5c is found by the three point integration formula 
except the one containing the point 2» = iB which is handled directly as 
before. In so doing it is assumed that y(z) is given with sufficient 
accuracy in this interval by the expression yo + a(z _ tR); however, 


the contribution of the a (« ~ 7R) term over half the interval cancels 


its contribution over the other half; and the result is an expression which 
differs from (65) only in that y_, is replaced by yo . 

Let all points involved in the above integration processes be placed 
on the circumference and numbered, the corresponding index being j, 
Fig. 5d; then (66) and (67) are both included in the expression 


19 
o(t») = 2 aiavs, k= —1,0. (68) 
But 
0 
wi = z KiQy)y 
due to (62); hence (68) becomes 


o(z) = > Gj, p> Ki), 
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o(%) = D>) vi Y osKin k=—1,0. @ 


The matrix of the coefficients of the y’s in this system of linear equations | 
can hence be expressed as the (row times column) product of two | 
matrices,’ thus 


|] aja Il || KeQ) |I- (70) 


Here the row and column indices are k and j for the first matrix, and 
j and i for the second, respectively. 

Each element a;, of the first matrix consists of the product of s 
number of factors, thus 


ayn = 2(log 10)G(e, &) (72 \(j 5) bas ) 


where 


Gla, &) = — logy 28, 


b;,2 = coefficient from three point integration formula, 
G(ae, &) = logw (), 


bjs = 12, 
due to (64) and (65). The product (70) can hence be written 


if &; * 2; 
(72) 


if & = 2, 


% (log 10)R || Ge, &) |I*1| bi || -|| KeQ) |I- (78) 


Here the row and column indices for the first two matrices are k and j; 
and for the third, j and i, respectively. The star indicates a product 
such that each element of the product matrix is the product of the two 
corresponding elements of the factor matrices. This product is per 
formed before the row times column product indicated by the dot. 

We shall now apply (73) to the problem at hand.’ Since according to 


(72) G(s , ;) is either logy = or —logw (2 sin $218) = —[logy 2 + 
logo sin $2, £;], depending upon whether é; is or is not equal to z, , the first 
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matrix can be obtained using a table of common logarithms of sines.” " 
The second can be written down immediately noting (72) and the fact 
that 5 has already been factored out in (73). In both of these matrices 
seros are entered in any position (k, 7) where point £; is not involved in 
the integration scheme for x. These two matrices and their + product 





Transposed Transposed Transposed 
1.01683 .11613|| |12 5 12.19591 58065 
58327 . 28597 = 1.16654 2.28779 
28597 .58327 2 2.28779 1.16654 
11613 1.01633 5 12 .58065  12.19591 
0 58327 0 2 0 1.16654 
-.04577 0 12 0 — .54923 0 
0 . 28597 0 8 0 2.28779 
-.15052  .11613 9 5 — 1.35464 58065 
0 — .04577 0 12 0 — .54923 
—.26665 —.15052||*|/24 6|| = || 6.39949 —.90309)). (74) 
| 0 — .22088 0 12 0 — 2.65052 
—.30103 —.26665|) 12 9 —3.61236 —2.39981 
(—.26665 —.30103)) || 24 24 —6.39949 —7.22472 
|—.15052 — .26665 9 9 —1.35464 —2.39981 
|—.04577 —.22088|| | 12 12 — .54923 —2.65052 
_ .11613 — .15052 5 6 .58065  — .90309 
| 28597 «OO 8 0 2.28779 0 
| 0 — .04577 0 12 0 — .54923 
58327 (0 2 0 1.16654 0 





























To avoid writing matrices with nineteen columns, those above are each 
written with the rows and columns interchanged, this fact being indi- 
cated by the word “‘transposed.”” The third matrix of (73) can be taken 
from Table 2.°° This matrix and the (row times column) product of the 


% Seven place tables of common logarithms were used in the following calcu- 
lations.® 

* Values of the K’s for the untabulated values \ = } and } were obtained by 
applying the interpolation table to the K’s themselves, since they are second 
degree polynomials. (See page 37.) The K’s used finally were those for \ = .3333 
and .6667. This calculation was simple, for tables are available, though not yet 
published, which give the K’s for values of \ spaced .01. The required K’s for 
\=4 and ¢ could also be obtained directly using (7) and Table 13. 
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last. matrix of (74) with it are 
1. 

















respectively. Multiplying the elements of the latter matrix by oy 
(log 10) R = .20094 RF as required by (73), we obtain the matrix of the 
coefficients of the y’s in (69). These linear equations now become 

3.66883 Ry. + 3.71732 Ryo = o.1 

1.04038 Ry, + 4.82982 Ryo = do. 
Placing ¢., = ER and ¢ = .70711 ER, these being the negatives of the 
potentials due to the uniform field alone, we have upon solving 

y= .15891E, yo = .11217 EZ, (77) 


which values give a rough picture of y(z). Using these in connection 
with (6) and Table 2, other values of y(z) can be obtained, the resulting 
curve being shown in Fig. 6.” 

The exact solution of this problem is 


(76) 


"i = 0, 


o(z) = zB cos ~ 

2a R’ 
17 Knowing y(z), we can easily determine the potential or field intensity at any 

point using superposition and approximate integration. 


| 

rs = 700 | ana |S wT 
0 =1. 

0 0 

— .125 .750 
0 1. 

.22219 .88891 
.375 .750 

55559 .55551 
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which is obtained using conjugate functions of a complex variable. 
j The corresponding curve is labelled o(z) in Fig. 6. 


| 4 Critical Examination of ‘the Method. In Section 3 we solved 

three specific problems set up in the form of integral equations. We saw 
| that although these problems were entirely different, their solutions 
have certain characteristics in common, the appearance of matrices 
for example. We shall now consider these characteristics, justify the 
+ yarious steps which compose the method, and make certain general 
comments. 








Fic. 6 


A. The Appearance of Linear Equations. In each of the above 
problems the system of equations obtained was linear, which fact was a 
necessary condition for the method to be practical. This linearity 
would, however, be obtained using any approximating function of the 
form 


y(x) = ay,(z) + ager) + --- + Gywn(z), (78) 

and hence does not require this function to be an algebraic polynomial. 
B. The Use of the Algebraic Polynomial as an Approximating Function. 
The algebraic polynomial is used as an approximating function because 
of its extraordinary ability to approximate reasonably smooth curves 
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without involving too many parameters, because it is of the form 
required in A, and because tables of exact coefficients are available 
which make its use feasible. As pointed out in Section 2 it is extremely ' 
smooth and stable, the position of the origin is of no consequence, and it 
possesses a definite advantage over the trigonometric polynomial in 
that it is not necessary to decide initially upon a period. The above 
method of solving integral equations could evidently be carried out 
using any approximating function of the form (78) providing that 
corresponding tables (see C) were available; however, the algebraic 
polynomial leaves little to be desired by way of an approximating 
function. 

C. The Use of the Lagrangean Form in Expressing the Algebraic 
Polynomial. In using the algebraic polynomial as an approximating 


function, it was expressed in the form y(z) = 2° Ki(A)y:. This was 


purely a matter of convenience. The y’s are used merely as parameters, } 


and do not coincide with the function approximated at any of the 
2n + 1 equally spaced points except, perhaps, by accident. We thus 
see that y(z) is in general not the Lagrangean interpolation polynomial 
of the function approximated. The form in which the polynomial is 
expressed evidently cannot affect the solution obtained for an integral 
equation if the parameters which fix the polynomial are determined bya 
fixed set of conditions. In the above problems, for example, these 
conditions were that the integral equation be satisfied exactly at a 
number of equally spaced points. It is thus clear that (with a great 
deal more work) we should finally obtain the same solution of any given 
problem if instead of the above form we used the form a;p;(z) + azp,(z) 
+ --+ + Gen41Pen4:(Z), where the p’s are any linearly independent but 
otherwise arbitrary polynomials of degree 2n. 


In using the form p K,(A)y: we obtain several advantages, however. 


First, in addition to serving as parameters the y’s give a definite pictur 
of y(z). When they have been determined we have 2n + 1 points of 
y(z); and the polynomial can then be visualised as a smooth curve 
passing through these points. If other points are desired, they can bk 
obtained using the corresponding interpolation table, each point requir 
ing but one machine operation. Second, the terms which make w 
this form are all of the same type; hence the y’s are all treated alike, 
are all of the same order of magnitude, and are not affected by the 
position of the origin. Third, the operations of differentiation ani 
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integration can be carried out directly using (8), (9), (10), and (11), the 


} result being a linear combination of the y’s, and the process, if numerical, 


requiring but one machine operation. Fourth, the amount of numerical 
work involved in solving a problem is greatly reduced, and that which 
remains is simplified by the use of tables. Fifth, it is particularly easy 
to write the expression for a polynomial which satisfies given conditions. 
For example if a fourth degree polynomial is required which vanishes 
at z = 0 and x = L, and which has zero slope at z = 0 (such as might 
happen in dealing with a beam fixed at one end and hinged at the other), 
we have at once since y_, = yz = 0 


y(z) = KuQyu + KoA)yo + An 
0=12y1-9ywtin. 
The second equation need not be used at once to eliminate one of the 


) y’s, but can be annexed to the system of linear equations which arises in 


solving the problem. 
Any approximating function of the form (78) can be expressed in the 


Lagrangean form p k.(x)y; ; hence our use of this form is in no way 
t=1 


dependent upon the fact that we are using the algebraic polynomial.” 

D. The Continual Appearance of Matrices. In each of the above prob- 
lems the matrix of the coefficients of the y’s was ultimately expressed as 
a product of matrices. Although the use of matrices is not absolutely 
necessary, they offer very definite advantages, as follows. First, by 
allowing attention to be concentrated on a particular phase, they 
greatly reduce the mental effort required in setting up a problem. 
Second, because they automatically give an extreme of systematisation 
of the numerical work, they reduce the amount and difficulty of such 
work enormously. Third, it often happens that certain matrices can be 
tabulated once and for all, and used on a variety of problems. For 
example, in Problem 1 the second matrix of (22) has to do only with a 
scheme of integration, and can be used equally well on a beam vibration 
problem. The first matrix, on the other hand, involves only the Green’s 
function, and depends primarily on the fact that the problem involves a 
beam. This matrix can be taken as the starting point in solving a 
variety of beam problems. 

It should be noted that matrices appear in different ways. Thus in 


% Crout, “The Approximation of Functions and Integrals by a Linear Com- 
bination of Functions,’ this Journal, vol. 9, p. 278. 











66 PRESCOTT D. CROUT 


Problem 1 they arose because we used Simpson’s rule in evaluating the 
integrals. In Problem 2 they arose first because in carrying out the 
exact integrations it was simpler to have a single power of & under the 
integral sign with the Green’s function than to have the polynomial 
K,(A), second because in the problem the origin is at the left of the inter- 


val considered, whereas for Table 14 it is in the middle. In Problem3 | 


they arose because a scheme of approximate integration was adopted. 

Matrices would have arisen in essentially the same manner as above 
had any approximating function of the form (78) been used. Their 
appearance is in no way due to our use of the algebraic polynomial. 

It may be mentioned that matrices played a prominent part in the 
computation of the tables.’ 

E. Justification for the Conditions Which Determine the y’s. In each 
of the above problems the y’s were determined by a set of linear equa- 


tions which states that the integral equation is satisfied exactly at | 


2n + 1 points.” However, if the two sides of the integral equation have 
smooth curves, coincidence of these curves at 2n + 1 equally spaced 
points evidently requires close agreement throughout the interval. 

% It would be possible to determine the y’s using other conditions if these 
were such as to lead to a system of linear equations. In particular the accuracy 
could be improved by requiring the integral of the square of the difference of the 
two sides of the integral equation to be a minimum. Thus if the integral equa 
tion with the unknown function replaced by y(z) is of the form 


oz) = = yl (zx), (s) 


the y’s would be determined so that 
o 2 
f [ dS wide) - | dz = minimum , (b) 
a i-—n 
or, equating the partial derivatives to zero, 
f [ OS wilde) - ote) | tte) ae ed, 90 =a 
We thus have the system of linear equations 
nn 1} b 
> yi [ 1(2)I,(z) dz = [ o(z)I,(xz) dz, p= —n, ++ yt 


The work of carrying out the integrations would in general be prohibitive; hor 
ever, if approximate integration is used, the corresponding integration coeh 
cients being D; , we have 
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This situation is also indicated by but not dependent on the fact that 
these curves have the same interpolation polynomial. The integral 
equation (with the unknown function replaced by y(z)) is hence almost 
satisfied over the whole interval if the curves are smooth. Such is the 
case, however, for both sides of the integral equation have definite 
physical meanings or analytic expressions which assure us that they have 
smooth curves. 

For example, in Problem 1 the left side is a polynomial representing 
the smooth deflection curve, and the right side is the deflection obtained 
by a loading proportional to this smooth polynomial, which deflection 
obviously is smooth. In Problem 2 the left side is a second degree 
polynomial, the right is the deflection due to a smooth polynomial 
loading, which deflection is evidently smooth. In Problem 3 the left 
side is a (smooth) cosine curve, the right is the potential distribution 


¥ uw dS Died le) = Yo Dede),  pe—ny-yn. 





The matrix of the coefficients of the y’s is hence 
|| DsZp(z;) || - || Tez |], (d) 


where the row and column indices are p and j for the first matrix, and j and i for 
the second, respectively. We thus see that the augmented matrix of the system 
of equations (c) can be obtained by forming the approzimate equations 


” 
> yil (xj) = o(z;), j= 1,2,--+,m, (e) 
in the usual manner, and then multiplying the augmented matriz of this system by 
the matriz obtained by multiplying the columns of the transposed matriz by the 
integration coefficients D; . The process just described would permit the use of a 
number of equations m in (e) considerably larger than 2n + 1. 

Another method of determining the y’s which would permit the use of a greater 
number of equations m in (e) than 2n + 1, which would probably be less accurate 
than that just described, but which would involve less matrix multiplication, 
would be to require the two sides of (a) to have the same least square interpolation 
polynomial of degree 2n. Each of the final 2n + 1 equations would then be 
obtained as a weighted sum of the m equations (e), the weighting factors being 
given (by the method of least squares). If the matrix of the coefficients of the 
y's in (e) is itself a product of matrices, the first matrix factor can be replaced 
by a 2n + 1 rowed matrix, each row being a weighted sum of the m rows of the 
original matrix factor, and the weighting coefficients being the same as those 
just mentioned. In this way a large part of the work of the matrix multiplica- 
tion is avoided, the equations (e) are never computed, and the final 2n + 1 equa- 
tions are obtained directly. 
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due to a smooth polynomial charge distribution, which potential is 
evidently smooth. 

The above argument could evidently be applied in the case of any 
approximating function of the form (78) if the two sides of the integral 
equation with the unknown function replaced by (78) are smooth. 
Another possible generalisation is mentioned in Section 7. 

F. Improvement in Accuracy. The accuracy of the method can be 
improved either by increasing the degree of y(z) or by subdividing the 
interval and using more than one polynomial. In either case the total 
number of parameters or y’s is increased.” 

G. Possible Use of Orthogonal Functions. In the above method no 
attempt is made to approximate G(z, £) directly; hence nothing could be 
gained by using a set of orthogonal functions combined in accordance 
with (78). 

H. The Application of Specific Solutions to Corresponding Types of 
Problems. In each of the above problems it is apparent that a large 
percentage of the work involved has to do not with the problem at 
hand, but with the type of problem. For example in Problem 1 the 
addition of a few terms to the equations (24) gives those for the case 
where there are lateral elastic supports or a given lateral loading in 
addition to the axial compression. In a similar manner the equations 
for the corresponding beam vibration problem can be modified to include 
the case where there are concentrated masses or external exciting forces. 
In Problem 2 the equations (53) can easily be modified to apply tos 
variety of elastic foundation problems. In Problem 3 the equations 
(76) can be solved to give the y’s in terms of the ¢’s, and the results used 
to give the induced charge distribution for a variety of given fields.” 
These same results evidently give solutions to the corresponding thermal 
problem, induced charge distributions being replaced by distributions o 
sources and sinks; in fact they give solutions to a variety of Dirichlet 
problems for the cylinder. 


5. Accuracy of the Method. We have seen that the solution 
obtained for the three problems in Section 3 compare very well with the 
corresponding exact solutions. The general question of accuracy cat 
be resolved into two questions. First, can the algebraic polynomid 
suitably approximate the unknown function; second, can the lines 
equations suitably determine the polynomial? In Section 2 we sav 
that the answer to the first question is very definitely affirmative; hene 
we now consider the second. 
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Turning to Problem 1 we see from (29) that the five y’s which deter- 
mine the solution y(z) are 0, .70700u, 1.00000u, .70700u, and 0, whereas 
the corresponding ordinates of the exact solution are 0, .70711,, 1.00000,, 
70711, and 0; hence since the effect of altering any y is given by the 
corresponding K, it follows that if the Lagrange interpolation polynomial 
for the exact solution were plotted on a full page curve sheet, it could not 
be distinguished from the curve y(x) obtained as our solution. This 
statement also applies to Problem 3 and Fig. 6, for the three y’s which 
determine the solution are .15891 E, .11217 E, 0, whereas the cor- 
responding ordinates of the exact solution are .15915 EH, .11254 E, 0. 
Turning to Problem 2, the approximate solution y(zx) is shown together 
with the exact solution q(x) in Fig. 4; also a number of points of the 
Lagrange interpolation polynomial p(z) for g(x) areshown. We see that 
the polynomial obtained by solving the integral equation gives a much 
better approximation of the exact solution than does the interpolation 
polynomial for this solution. This may be due to the fact that the exact 
solution, being an ellipse, has a vertical tangent at the right end of the 
interval, which the interpolation polynomial naturally cannot follow; 
however, in spite of this handicap the approximation method used for 
solving the integral equation gave a good result. 

Noting the above we evidently have the peculiar result that in each 
of the problems treated, the polynomial obtained by solving. the integral 
equation is either as good as or better than the polynomial which would be 
obtained if the exact solution were given and were approximated directly by 
its Lagrange interpolation polynomial. We thus have a strong indication 
that the process of solving the integral equation involves no intrinsic 
loss whatever in accuracy. In other words the integral equation used in 
connection with the above methods is as effective a way of obtaining a 
polynomial approximation of a function as is the determination of the 
corresponding interpolation polynomial. 

A crude indication of this situation is also given by the fact that since 
the degree of a polynomial is lowered by differentiation and raised by 
integration, a polynomial of given degree is better able to approximate 
the integrals and less able to approximate the derivatives of a function 
than it is to approximate the function itself. This fact is also indicated 
by expressions which limit the error of such approximations. We should 
thus expect methods such as the above to be peculiarly adapted to the 
solution of integral equations—much more so than to the solution of 
differential equations. 

The above indications obviously do not constitute a rigorous proof; 
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however, the picture as presented seems reasonable, is based on all the 
concrete evidence availabie at present, and is probably right in most cases 
if reasonable care is exercised in using the approximate methods. 

As yet no definite expression exists which limits the error. In the 


writer's opinion this is no particular handicap, for such expressions | 


usually have a very limited applicability. For example the interpola- 
tion polynomial has such an expression; but its use is confined to fune- 
tions having analytic expressions which are simple enough to permit an 
investigation of the derivative of order 2n + 1. Such an investigation 
is feasible only for a very limited range of problems, extension of tables 
for example. For usual applications the error formula cannot compare 
in usefulness with the simple statement that a function can be well 
approximated over a given range by a polynomial of degree 2n if its 
curve can be well fitted by a smooth curve that coincides with it at 
2n + 1 equally spaced points which cover the range. 

It is evidently possible after obtaining a solution to replace the 
unknown function by y(z) + ¢(z), and hence to obtain an integral equa- 
tion for the error «(z). For example, the integral equation 


o(2) = [ ote, ofa ae 


would become 


(2) — [ GG, dv@ de = [ Oe, da. aw 


The left hand side, which we denote by #(z) can evidently be obtained by 
evaluating the integral, since y(z) is known. The linear equations whic 
determine y(z) evidently state that #(z) vanishes (at least approx- 
mately) at various points of the interval a, b. Since G(z, &) alway 
contains some sort of singularity at the point = 2, the work of evaluat 
ing the integral in (xz) would probably be greater than that required to 
obtain y(z). However, if it were considered absolutely necessary w 
have an idea of the error, it would be feasible to approximate thi 
integral at points lying half way between those at which (x) vanishe, 
after which a comparison of the computed values of #(z) with those d 
¢(z) would indicate how well the original integral equation is satisfie 
at these “most uncertain” points; furthermore, having thus obtained: 
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rough picture of (x), a physical interpretation of (79) could decide 
| whether the error were objectionable.” 

In view of the above comments it does not appear practicable to 
continue and solve (79) by the above methods (using a polynomial of 
| degree higher than that of y(x)), thereby introducing a step by step 
method. 

It may be objected that although the accuracy can probably be 
increased indefinitely as indicated in F of Section 4, still the above 
method is not one of convergence, or successive approximations. How- 
ever, attention is called to the fact that the series of orthogonal functions, 
such as Fourier series, obtained as solutions of partial differential equa- 
tions often give a false appearance of finality; for even if convergence is 
established, the accuracy in a numerical computation hinges on the 
rate of convergence, or the knowledge of how many terms to take in order 
to guarantee a given accuracy; and this knowledge is usually not 
available. 





6. Further Simplification of the Linear Equations, Methods Com- 
parable with Those of Ritz and Raleigh. The above method as it 
stands compares with that of Ritz in that the unknown function is 
approximated by a particular function (the algebraic polynomial) 
containing a number of parameters ¢the y’s) which are determined by 
certain conditions. However, we make no use of the concept of strain 





energy, but use the integral equation directly instead. 

A procedure will now be described by means of which the work of 
solving the system of linear equations can be largely avoided by the 
use of a certain amount of intuition. The resulting method is com- 
parable with that of Raleigh. Turning to Problem 1, suppose that 
instead of solving the equations (24) we draw a curve (to any scale) 
which looks as though it should approximate the first mode of buckling. 
Let the three y’s scaled from this curve be 9-1, jo, #: numerically. 
Placing y.1 = w9-1, Yo = uo, Yi = wh, where wv is an unknown magnifi- 
cation factor, the equations (24) are altered only in that the y’s are 
replaced by g’s, since « cancels.” Any one of these equations can be 


* A practically conclusive check could also be obtained by solving the same 
problem twice, using two variations of the above method (for example polyno- 
mials of different degree for y(x)), and comparing the results. 

% If the integral equation and hence the system of linear equations were not 
homogeneous, there would be no unknown x; and u, instead of lling, would 
be the quantity ultimately determined. 
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solved to give a value of x for which the integral equation is satisfied 
at the point corresponding to the equation; however, it appears that the 
one condition remaining at our disposal can be used more effectively by 
determining X so that the curves representing the two sides of the 
integral equation enclose the same area in the interval 0 < z < L, 
Because of the physical meaning of these two sides, both curves are 
evidently smooth (see E of Section 4) and can be well approximated by 
fourth degree polynomials. Both areas should hence be given very 
closely by the five point integration formula (11) with n = 2; however, 
if the corresponding expressions for these areas be equated, we obtain 
an equation which is obviously identical with that obtained by multiply- 
ing the three equations of (24) by the corresponding integration coeffi- 
cients, adding, and finally replacing the y’s by g’s.” The multipliers 
can all be altered in the same ratio, since this merely amounts to mul- 
tiplying the final equation by a constant. The last step is to solve the 
final equation for X, and thus obtain the critical load.” 

Proceeding as outlined, we multiply the equations (24) by 8, 3, and 8, 
respectively, add, and replace the y’s by g’s; thus 


X(8 Ga + 3 Go + 84:) = 227 gs + 235.5 jo + 227 i, 


or 


227 9 + 235.5 + 227 
x= He B. (80) 
sHtis4sh 
Yo Yo 
Here the equations associated with the end points and hence the outer 
two integration coefficients are both 0 = 0 because of the hinged ends. 
The critical load now follows from (25). 

If the method just described is to be useful practically, the result 
obtained must not be sharply dependent upon the assumed curve. 
We shall therefore see how X behaves as this curve is altered. In the 
following table values of the ratio of the exact value of X to the value 
given by (80), which is the same as that of the computed to the exact 





2 The coefficients in any suitable integration formula could evidently be used 
as multipliers. 

% The weighted sum of the right hand sides of the linear equations can be 
obtained without obtaining the equations themselves merely by replacing the 
first matrix of (22) by the one-rowed matrix obtained by forming the weighted 
sum of the rows before carrying out the matrix multiplication. Most of the work 
of this multiplication is thus avoided. 
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mlue of critical load, are tabulated for various combinations of - 
0 


wd z. The possible curves covered range from one having an inflec- 
0 


jon point on each side of the center, to one which is flat over the center 
ialf of the beam—a variety that extends well outside the bounds of 
mmon sense; yet over the entire range of possibilities the computed 
nlue of P differs from the exact value by less than 8%.” 




















9:/Ho 
wi 5 6 7 8 9 1.0 
5 925 | .946 | .965 | .983 | .999 | 1.013 
6 .946 | .965 | .983 | .999 | 1.013 | 1.027 
7 .965 | .983 | .999 | 1.013 | 1.027 | 1.039 
8 .983 | .999 | 1.013 | 1.027 | 1.039 | 1.051 
9 .999 | 1.013 | 1.027 | 1.039 | 1.051 | 1.062 
1.0 1.013 | 1.027 1.039 | 1.051 | 1.062 | 1.072 





1. The Application of Boundary Conditions to y(x). The possibility 
of using polynomials satisfying certain special conditions, and of deter- 
mining the y’s by corresponding conditions on the integral equation is 
illustrated by the following problem. 


* In certain problems it may be feasible to guess the shape of only part of the 
curve of the unknown function, in which case one or more y’s would be kept as 
parameters. These could be determined by requiring the integral equation to be 
satisfied at certain points, or perhaps better by requiring the areas enclosed by 
the curves of the two sides of the integral equation to be equal over certain sub- 
intervals covering the interval of integration. Each linear equation obtained 
would be a weighted sum of the complete set of linear equations,” the weighting 
factors being the coefficients C; in an integration formula which gives the area 


n 
over a subinterval as a sum of the form h > Ciy;. These coefficients are not 


io—— 


yet tabulated, but can be obtained as follows. 
Let the subinterval be divided into 2n equal parts h, by 2n + 1 points indicated by 


the index j; then using (11), the desired area is h, Ds Cyyz =n > C; > Ki) = 
ie-n i=-n i=—n- 
“ “ h . . 
h > vs >> CK iu) ;: The desired coefficients are hence given by the product 
is-2 i=—n 


‘ || Cz ||-|| KsQy) ||, where the first matrix contains but one row; and the row 


and column indices for the second are j and 1, respectively. 
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Problem 4. A beam of constant flerural rigidity EI and length L ia 
fixed at one end, hinged at the other, and subject to a compressive force P, 
Find the critical value of P and the first mode of buckling. We may 
consider the beam as hinged at both ends, there being an end couple m 
which forces the slope to vanish at z = 0, and a corresponding force 


j= z which holds the deflection zero at z = L. Proceeding as in 


Problem 1 we consider the bending moment distribution as made up of 
a number of elementary distributions; hence noting that f contributes an 
amount —f(L — £) to the moment at , we have for the deflection 


sc) =P | ole, ds ae -s fo, OU- Ha,  @) 








where 
g(z,) = EO, 2S, 
(82) 
&(L — 2) 
g(x, —) = FIL’ z>&, 


are taken from (13), and f is determined so that s’(0) = 0, thus 
nr [ (M2) wows (ME) aoe. on 


But 





[ oeou-od= gf f w-nu-oat [a- oral 


_ 2(L — z)(2L — z) 
one 6EI , 


[ (2) ow ae = gh [wo - 000 ae, 


[(=)_ e~ dd= a (L - ora= 


Substituting in (81) and (83), and placing in (81) the value then given 
for f by (83), we obtain the integral equation 





(84) 





ae) = Pf Gtz, dale ae, (85) 
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x(L — x)(2L — z)(L — &) 
2EIL* . 


We now proceed exactly as in Problem 1, using the same integration 
sheme, and thus arrive at results identical with (21) and (22). In 
applying (22) we use the same second matrix of (23), but from the first 
must be subtracted the matrix 


G(x, &) = g(x, &) — (86) 





1 
SKIL || ze(L — 2x)(2L — x)(L — €;) \l, (87) 


due to the second term of (86). It may be noted that unlike g(z, &) 
there is nothing peculiar about this term at z = ~ The matrix (87) is* 





1 147 126 105 84 63 42 21 
168 144 120 96 72 48 24/. (88) 
1024 EI) 195 90 75 60 45 30 15 














The matrix of the coefficients of the y’s can evidently be obtained by 
subtracting the product of (88) and the second matrix of (23) from the 
last matrix of (23). This product is 
































1071 273 357 
———— || 1224 312 408), (89) 
24576 EI 765 195 255 
and the final matrix is 
L 1 423 75 
——— a; || —392 1000 424). (90) 
24576 ET)! _333 501 817 
The corresponding system of linear equations is exactly 
Xy.u = 1.000 yit+ 423. yo + 75.0 m 
Xyo = —392. ys + 1000. yo + 424. ys (91) 
Xm. = —333. 41+ 501. y + 817.91, 
where 
24576 EI _ 24576 EI 
“a or P= — (92) 


Continuing as in Problem 1 we transpose the left hand members of (91), 
equate the determinant to zero, and obtain the largest root of the 
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resulting cubic equation. This root is xX = 1224.90, which in (92) gives 
for the critical load 


EI 
P = 20.0637 EB (93) 


Placing this value of x in the determinant and computing the cofactors 
of the elements of the second row, we obtain the y’s and hence the first 
mode of buckling, thus 


y = 0, yu = 40083, "A B® .90101,, ye = 0. (94) 
Using these values and Table 3, we obtain for y(z) the curve I of Fig. 7. 





Fic. 7 


Next let us again solve the above problem, this time requiring y(z) 
to satisfy the end condition y'(0) = 0. Noting that y.. = y. = 0, 
we thus have from Table 6 


0 = 12y1.-—9y+4y. (95) 















3) 
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The y’s and X are now determined by (95) and the last two equations 
of (91). Since (95) does not contain x, we use this equation to elimi- 
nate y_, , after which by equating the second order determinant to zero 
we obtain a quadratic equation in xX. The largest root of this equation 
isX = 1206.46, which in (92) gives for the critical load 

EI 


P = 20.370 Re (96) 


The corresponding mode of buckling is given by the values 
y2=0, yr = 44924u, yo =u, yr = 90228u, y2 = 0. (97) 


Here yo and y; were obtained by placing the above value of x in the 
second order determinant and taking cofactors of the elements of the 
first row, these consisting of one term each. y_; was then obtained by 
substituting in (95). Using the values (97) with Table 3, we obtain 
for y(x) the curve II of Fig. 7. 

The exact solution of this problem is 


EI. 
P = 20.1941, 
nape e(« chia mma”), (98) 


where al, = 4.493 is given by the equation al = tan aL, and c is an 
arbitrary constant. s(x) is shown together with the approximate solu- 
tions in Fig. 7, c being determined so that s($Z) = uw. Denoting the 
values of P given by (93) and (96) by P; and P:, respectively, it fol- 
lows that = = .9939 and ; = 1.0091. From these values and Fig. 7 
we see that the first solution is the better one.” This can be explained 
by the reasoning of Section 4 part E, as follows. 

In the first case the integral equation is satisfied at the five points 
z = 0, 31, 3L, 3L, L. In the second case it is satisfied at the four 
points z = 0, 4L, 3L, L; and the equation obtained by differentiating 
it with respect to z is satisfied at the point z = 0, since y’(0) = 0 and 


(* 2) = 0. In the first case, therefore, the curves of the two 
z=0 


** It may seem strange that the y(z) obtained in the better solution does not 
satisfy the end condition s’(0) = 0; however, the boundary conditions have al- 
ready been written into the Green’s function G(z, £). 
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sides of the integral equation coincide at z = 0, 3L, $L, 2L, L; whereas 


in the second they coincide at z = 0, 0, $L, 3L, L, the double point | 


referring to the derivative.” Closer agreement of the two curves over 
the interval, and hence better final results, would thus be expected in 
the first case because of the more even distribution of points. 

The practical advantage of the second solution is that a quadratic 
instead of a cubic equation is obtained for x. This is due to the fact 
that the degree is raised by the first equation of (91), but is not affected 
by (95). From the preceding paragraph we should expect this solution 
to be improved by requiring the integral equation to be satisfied at 
z = #1 instead of z = 34L. It should be noted that regardless of what 
restrictions are imposed on y(z), this polynomial is always specified by 
a number of equally spaced y’s. 


8. Characteristics, Extensions, and Applications of the Method. 
As a result of the above investigation, the characteristic features of the 
method described for solving integral equations can be summarized as 
follows. 

1. If the approximate methods are used at all carefully, very good 
results are obtained. 

2. The method is flexible in that one can decide initially how much 
work is justified by a problem, and can then arrange the detailed pro 
cedure accordingly. In so doing he has a choice of variations ranging 
between the following two extremes. 

a) If great accuracy is warranted, it can be obtained by increasing 
the degree of y(z), or by subdividing the total interval and using more 
than one polynomial.” 

b) If economy of time is desired, it can be obtained together with 
reasonable accuracy by using curves drawn by intuition, and proceeding 
as described in Section 6, the resulting method being comparable with 
that of Raleigh. 

3. The solution of a problem can usually be broken down into 4 
number of distinct parts using matrices.’ These arise from a number of 
different causes, each matrix having to do not with the problem ass 
whole but only with a parcicular phase of the problem. 


26 In the second case, as in the first, the two curves have a common interpols- 
tion polynomial; however, this polynomial is not Lagrangean, but is determined 
so as to coincide with the function at z = 0, 4L, 21, L, and to have the sam 
slope at z = 0. 
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4. Certain of the matrices which arise can be tabulated once and for 
} all, thereby eliminating most of the work in solving whole varieties of 
problems. That work which remains is well adapted to computation 
on a modern computing machine. 

A number of comments will now be made concerning possible exten- 


sions and applications of the above method. 
A. Types of Integral Equations. In the above problems we encoun- 
tered integral equations of the form 
62) = [ ot, os ae (99) 
and 
se) = x [ Gte, Bfle ae, (100) 


where f(z) is the unknown function. Had we considered the deflection 
of a beam under both lateral loading and axial compression, or the forced 
vibration of a beam, we should have obtained the following ‘“‘nonhomo- 
geneous integral equation of the second kind’”" 


fla) = o(2) +x [ G(x, Of(®) ak. - (101) 


) This equation can evidently be solved using the above methods, the 
only effect of the ¢(z) being to add a term free of the y’s to each linear 
equation, thus rendering the system nonhomogeneous. In this case x 
is given (by the given compressive force or vibration frequency) and 
the determinant of the system must not vanish (for a beam carrying 
its critical load cannot support lateral loads, or a beam cannot be 
indefinitely excited at its natural frequency). 


The integral [ G(x, &)f() dt appears conspicuously in a great variety 


of integral equations met in dealing with physical problems; and the 
applicability of the above methods hinges largely on the possibility of 
handling this integral. Thus from our standpoint integral equations 
are distinguished from each other not so much by their form as by the 
nature of a, b, G(x, ¢), and f(z). Since a and b may be finite or infinite, 
G(z, —) and f(z) may be continuous or may have infinite singularities, 
and since in some cases z appears in the limits of the integral, it is clear 
) that various combinations of these cases can give rise to a large number 
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of different types of integral equations.” For example, in beam sta 
bility and vibration problems a and b are finite (for finite beams), 
G(x, &) is continuous, and f(z) is continuous (see Problems 1 and 4). 
In elastic foundation problems and electric potential problems a and } 
may be finite or infinite, G(x, £) becomes infinite when z = &, and f(z) 
may or may not become infinite (depending upon whether or not the 
surfaces involved have corners) (see Problems 2 and 3). In certain 
electric circuit problems a and b may become infinite or may contain z, 
G(z, &) is continuous, and f(z) is continuous. 

In the problems treated above, a and b were constants, @(z, £) either 
was continuous or became infinite at = ¢, and f(z) was continuous. 

B. Extensions of the Method. Extensions to the scope and usefulness 
of the above method are being made along the following lines. 

1. The treatment of different types of integral equations, or integral 
equations involving different kinds of singularities. 

2. The investigation of certain particular Green’s functions which 
characterise wide varieties of physical problems. Also the computation 
and tabulation of certain matrices which do away with a large percentage 
of the work involved in solving such problems. 

3. The extension to integral equations whose unknown functions 
contain more than one independent variable. Such equations would be 
encountered in considering the stability or vibration of plates, or in 
determining induced charge distributions on surfaces. The concepts 
which give rise to integral equations are evidently not dependent upon 
the number of variables involved. 

4. The investigation of certain specific applications. Among these 
are 

a) The free or forced vibration of beams carrying concentrated masses 
or having variable cross sections. 

b) The stability of beams having elastic lateral supports or having 
variable cross sections. 

c) The free or forced vibration of plates. 

27 There are still other types, however. For example, a consideration of the 


buckling under its own weight of a vertical column fixed at the lower end and 
free at the top leads to the integral equation 


L L 
s(z) = [ Gz, &) [ {s(u) — 9(€)] p(u) du dg, 
0 
where z, =, and u are measured upward from the lower end, p(u) is the density, 


and G(z, £) is the deflection at x due to a unit concentrated bending moment at ¢ 
This integral equation can evidently be solved by the above method. 
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d) The stability and lateral deflection of plates having peculiar 
boundary conditions. 

e) The solution of potential or flow problems of the type now treated 
to some extent by flux plotting. This application has many sub- 
divisions, for example the determination of magnetic fields in electric 
machines, electric fields in vacuum tubes, temperature distributions in 
thermal problems, or pressure distributions on the surfaces of airships. 

f) Certain elastic foundation problems. 

5. The finding of new applications. 

In connection with 2. it may be mentioned that Wilbur has devised 
a machine capable of solving nine simultaneous linear algebraic equa- 
tions.* This machine is in operation at the Massachusetts Institute of 
Technology. Such a machine used in connection with the above method 
should make short work of a variety of problems. 

C. Contrast Between the Use of Integral Equations and Differential 
Equations. Attention is finally called to the following characteristics 
of integral equations as opposed to differential equations in solving 
physical problems. 

1. An integral equation is obtained by considering a problem as a 
whole, whereas a differential equation is obtained by considering the 
equilibrium of an infinitesimal region. 

2. In solving a problem with an integral equation, all boundary con- 
ditions and a good part of the physical background are written into the 
Green’s function; and the solution obtained is final. In the case of a 
differential equation the solution consists of two distinct parts: the 
solution of the equation itself, and the consideration of the boundary 
conditions. 

3. The common occurrence and great applicability of integral equa- 
tions is due to the fact that they arise in applying the principle of 
superposition, which is one of the simplest and most useful concepts 
in physics. Because of this, integral equations are always associated 
with simple, clear physical pictures. In fact the physical picture asso- 
ciated with an integral equation is usually much clearer than that asso- 
ciated with a corresponding differential equation. 

4. The solution of an integral equation by the above method is but 
slightly affected by certain things such as continuously varying physical 
properties (variable density, cross section, rigidity, etc.) which seriously 
complicate the general solution of a corresponding differential equation ; 

** Wilbur, ‘“The Mechanical Solution of Simultaneous Equations,’’ Journal of 
the Franklin Institute, vol. 222, p. 715. 
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and also certain things such as abrupt changes of physical properties, 
which seriously complicate the application of boundary conditions to 4 
differential equation solution. 

It should be emphasized that the determination of the Green’s func- 
tion does not require the solution of a differential equation involving 
these same complications. For example in considering the free vibra- 
tion of a beam of either continuously or abruptly varying density and 
flexural rigidity, we obtain the integral equation 


az) = a [ a(x, Dos) at, (102) 


where s(x) is the amplitude, p(x) is the mass per unit length, w is 2r 
times the frequency, L is the length; and where of the two factors which 
compose the Green’s function, g(z, £) is the deflection at z due toa 
unit load at —. Although g(z, ~) can be obtained by solving a differ- 
ential equation, we also have directly 


g(x, —) = [ gi(z, u)M(u, &) du, (103) 


where M(u, =) is the bending moment at u due to a unit load at ~ with 
hinged ends, and g;(z, u) is the deflection at z due to a unit concentrated 
bending moment at u with the actual end conditions. For hinged ends 
g:(z, u) is given by (13). For other end conditions g,(z, u) can be 
obtained using (13) as illustrated in Problem 4.” 


*In the case of a shaft having a number of abrupt changes in cross section, 
it is difficult to apply the boundary conditions in obtaining g(z, ) using a dif- 
ferential equation solution. However, since M(u, t) = we for u < &, and 


a 

M(u, §) = 8 for u > &, and since (13) is linear on each side of the corner, 
it follows that g:(z, u)M(u, &) is a polynomial in u in each of a number of intervals 
which compose the shaft, and hence that a scheme of “‘approximate”’ integration 
using (11) will give exact results. For example, in the case of hinged ends the 
three point formula ie sufficient. 
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Tables of Data for Polynomial Approximation” 




















TABLE 1 
Exact values of C;. For use with equation (11) 
Number of Points | Ce i Go| Cr Co C, C, Cs 
n=1. Three points ; ; i 
: ' 7 32 12 32 7 
oo8 Five peints m5 | 25 | 25 | BS | RS 
n= 3 Seven ints Al 216 - cis 272 ris 216 Al 
' - 140 | 140 | 140 | 1 | 1 | 10 | 10 


























* These tables are all part of a much more extensive set which is soon to 
appear in book form, and which contains also data for n = 4 (nine points). 

The C’s are essentially Cotes’ coefficients. (See Markoff, ‘‘Differenzenrech- 
nung,”’ p. 61.) The K’s were obtained by extending tables given by Rutledge 
and Crout, ‘Tables and Methods of Extending Tables for Interpolation Without 
Differences,’’ this Journal, vol. 9, p. 166. The K’’s were taken from Rutledge, 
“A Reliable Method of Obtaining the Derivative Function from Smoothed Data 
of Observation,”’ Physical Review, vol. 40, p. 262. The K’’’s and K’’’s were 
computed directly from the expressions for the K’s. The B’s were taken from 
Rutledge, ‘“The Polynomial Determined by 2n + 1 Points,”’ this Journal, vol. 2, 
p. 47. 

The above methods can evidently be carried out using an even number of 
points. Tables of the K’s for four and six points are given by Huntington, 
“Tables of Lagrangean Coefficients for Interpolating Without Differences,” 
Proceedings of the American Academy of Arts and Sciences, vol. 63, p. 421. 
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TABLE 2 
Exact values of K;(d) for n = 1 (three points). For use with equation (6) 
r | Kas Ke K, | 
4 0 1.000 | 0 bi 
a — .045 .990 .055 
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TABLE 3 
Exact values of Ki(d) for n = 2 (five points). For use with equation (6) 
K.s Ku Ko Ki KE: 

0 0 1.00000 00 0 0 0 
00783 75 .05985 00 .98752 50 07315 00 |— .00866 25 | —.1 
01440 00 .10560 00 .95040 00 .15840 00 |—.01760 00 | —.2 
01933 75 . 13685 00 88952 50 25415 00 |—.02616 25 | —.3 
.02240 00 . 15360 00 .80640 00 .35840 00 |— .03360 00 | —.4 
.02343 75 |— .15625 00 .70312 50 .46875 00 |—.03906 25 | — 
.02240 00 .14560 00 .58240 00 | .58240 00 |—.04160 00 | — 
01933 75 |—.12285 Q0 | .44752 50 69615 00 |—.04016 25 | —.7 
01440 00 |—.08960 00 | .30240 00 | .80640 00 |—.03360 00 | —.8 
.00783 75 04785 00 .15152 50 | .90915 00 |— .02066 25 | —.9 

0 0 0 1.00000 00 0 —1.0 
.00866 25 05115 00 |—.14647 50 | 1.07415 00 .02983 75 | —1.1 
01760 00 | .10240 00 |—.28160 00 | 1.12640 00 | .07040 00 | —1.2 
02616 25 15015 00 |—.39847 50 | 1.15115 00 .12333 75 | —1.3 
.03360 00 .19040 00 |— .48960 00 | 1.14240 00 .19040 00 | —1.4 
.03906 25 .21875 00 |— .54687 50 | 1.09375 00 .27343 75 | —1.5 
.04160 00 .23040 00 |— .56160 00 .99840 00 37440 00 | —1.6 
.04016 25 .22015 00 |— .52447 50 .84915 00 .49533 75 | —1.7 
.03360 00 .18240 00 |— .42560 00 .63840 00 .63840 00 | —1.8 
.02066 25 .11115 00 |— .25447 50 .35815 00 .80583 75 | —1.9 

0 0 0 0 1.00000 00 | —2.0 

K; KE, Ke Ku. K.; r 




















3 OSLIS ¥8tE0" — 
F 00026 LI9S0° — 
, 0SZS9 SE890° — 


j 0008F 88140" — 
J 08286 SE890° — 
P 0008% 0F6S0° — 


F OSZST 299%0° — 
F 00026 e1£0° — 
p OSZIg LEgt0° — 


0 


“mM 


“i 








- | oogz9 St01F’ — 
“1 | 00009 26z88" — 


SZ1e 98TSO'T 
00008 #FF90°T 
Sz9se S6h0'T 


00000 00000" T 


SZ1EZ L086 
00008 89248" 
$7986 ZSOPL 


00002 66829" 
Sze 69ZIS" 
00002 £0968" 


SZ9S6 SOE8Z 


00820 S98z8° — 
0000F FE9EZ° — 
0082Z 8L9ZT° — 


0 


OOSLL S8ZET° 
00009 68082" 
00SL6 ST&Zr 


0000% O16gS" 
OOSLE 6SE89° 
00006 90264" 


00826 79088" 


* | 00009 Z19%6" 
* | OOSLL ZF986" 





00000 00000°T 


Sz1e0 LePst 
00002 $¢Z9T° 


SZ996 61ZET° 
00008 92960" 
SZIEL 08640" 


OSLEF £LZ90° — 
00088 08240" — 


OS296 #2880" — 
000ZT 199¢0° — 
OSLI9 6FEI0° — 


| gerot 69100" — | 6° 
‘| 90089 96200°— | 8° 
‘| ezgge 00K00"— | 2” 


‘| 90086 ¢9900°— | 9° 
‘| ez1gz s8H00"— | & 
| 900%6 99n00"— | F 


- | ¢zggz 00n00"— | & 
* | 90089 96z00°— | &° 
- | ggtot 6g100"— | 


0 











>| 





'y 


(9) woryonboe yim ven 10g *(s7usod uaaae) g = u sof (x)'y fo sonjoa joorg 
* AIAVL 


°M 











| 











































































































'y *"y | 
0 0 0 
SLE¥9 1986Z' — | 08788 80960" SZ10Z 9IETO — 
00002 1ZZ9b°— | 00088 OI8FT” 00088 Zh0Z0'— | 8° 
$1899 LOLES’— | OSZHS OFGOT” 92980 8ZEZ0'— | L 
4 00008 asses’ — | O00ZT SLL9T” 000ZE 96220°— | 9 
r SLers 6eesh’— | 08290 6E0ST” SZI8L 090Z0°— | & 
, Q0008 91668" — | 00086 LeeZr” 000z¢ $2910" — 
P GL89I Z186Z — | 08TH 9160" gzosh LEZIO’— | & 
; 00002 61Z61°— | 0008% 29890" 0008F 88200°— | 2° 
; GLer9 99060°— | 08280 68220" gz100 29800°— | 
0 0 0 
F SZIEL 88FL0 OSLIF L22Z0°— | SLELP 96200" 
; 00008 ZEIét” 00022 02880°— | 000ZL 01900" 
i 97996 S189” OS298 20660 — | $2886 £900 
; 00002 LFS8T° 00080 8¢es0°— | 00088 86900 
“NM ar | M 
‘™ 7 
































88 PRESCOTT D. CROUT 


TABLE 5 
Ezact values of 2 K'(d) forn = 1 (three points). To obtain K'(d) divide the number 
tabulated by 2. For use with equation (8) 





a | 2K, 2K; 2K; 
-1 ~3 4 -1 
0 -1 0 1 
1 1 —4 3 


TABLE 6 
Exact values of 12 K'(d) for n = 2 (five points). To obtain K'(d) divide the numbers 
tabulated by 12. For use with equation (8) 




















» 12 K!, 12K‘, 12 K; 12 Kj 12 Ki 
—2 —25 48 —36 16 -3 
-1 -3 —10 18 —6 1 
0 1 -8 0 8 -1 
1 -1 6 —18 10 3 
2 3 —16 36 —48 25 
TABLE 7 


Exact values of 60 K'(d) for n = $ (seven points). To obtain K'(d). divide the 
numbers tabulated by 60. For use with equation (8) 





» 60K’, | 60K’, | KL, | 60K; | 60K, | 60K, | 60K; 
-3 —147 360 — 450 400 | —225 72 | —10 
=. —10 —77 150 —100 50 —15 2 





—30 -1 
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TABLE 8 
Exact values of K'’(A) for n = 1 (three points). For use with equation (9) 
r | K", Ki K’ 
meats | 8s fF « oF 8 
TABLE 9 


Bzact values of 12 K'’(d) forn = 2 (five points). To obtain K’'(d) divide the numbers 
tabulated by 12. For use with equation (9) 











r } 12K% | 12 K”, 12 Ki’ | 12 Ki’ 12 K,’ 
= eae. ae ; 
-—2 | 3 =| 0-104 14 4 86|) —56 11 
| 

-1 | 1 | —20 6 4 -1 

0 -1 | 16 —30 | 16 -1 

1 -1 4 6 —20 1l 

2 11 —56 114 —104 35 





Ezact values of 180 K'’(d) for n = $ (seven points). To obtain K'’(d) divide th 
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TABLE 10 


numbers tabulated by 180. For use with equation (9) 





























» | 190K | 190 K”, | 180 K”, | 180 Ky’ | 180 Ki’ | 180 Ky’ | 180 x’ 
-3 si2 | —3132 | 5265 | —so80 | 2970 | —972 | 1m7 
-2 137 -147 | —255 470 | —285 9% | -2B 
onl -13 | 228 | —420 200 1% | -12 2 

0 2 | -2 270 | —490 20 | -27 2 

1 2 | —12 15 200 | —420 228 | -13 
| 
2 -13 93 | —285 470 | .-255 | -147 | 197 
3 137 | -972 | 2970 | —soso | 5265 | —a132 | 812 
TABLE 11 


Exact values of # K’’(d) for n = £ (five points). To obtain K’’(d) divide the numben 


tabulated by 2. For use with equation (10) 


2K"; 


2K" 2K," 


“ur 
2 Ki 


2K" 














18 —2A 
10 





14 








—3 
-1 
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TABLE 12 
Bract values of 8 K'""(d) for n = $ (seven points). To obtain K'!"(x) divide the 
numbers tabulated by 8. For use with equation (10) 
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r 8K” 8K | sK% | 8K” | 8 Ki" | 8K,” | 8 Ki” 
-3 | —49 232 | —461 496 | —307 104 | —15 
-2 —15 56 —83 64 —29 8 -1 
-1 -1 -8 35 —48 29 -8 1 
0 1 —8 13 0 -13 8 -1 
1 =} 8 —29 48 —35 8 1 
2 1 =§ 29 —64 83 —56 15 
3 15 —104 307 | —496 461 | —232 49 
TABLE 13 
Bact values of 2 B;.; for n = 1 (three points). To obtain B;,; divide the numbers 
tabulated by 2. For use with equations (5) and (7) 
> -1 0 1 
1 
0 0 2 0 
1 -1 0 1 
2 1 -2 1 





Eract values of 24 B;,; for n = 2 (five points). 





TABLE 14 





tabulated by 24. For use with equations (5) and (7) 


To obtain B;.; divide the numbers 





| -2 a , 2 
t 
0 0 0 24 0 0 
1 2 —16 0 16 -2 
2 -1 16 —30 16 -1 
3 —2 4 0 —4 2 
4 1 —4 6 —4 1 
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TABLE 15 T 
Exact values of 720 B;.; for n = 3 (seven points). To obtain B;,; divide the numbers geo 
tabulated by 720. For use with equations (5) and (7) the 
~~ . | | 
we, a4” wh Tom | 0 a ae 3 pla 
. a4 | ate | | | ee? | calc 
SS i a a 0 "A 70 | 0 o | 0 c 
1 | =12 1s | -540 | 0 | 540 | —108 | 4a . 
| | 
| 
| } | 
2 | «| -« | so | —980 5400 | 54 | 4 | the 
qua 
3 | 15 | —120 | 195 | 0 ~195 120 | - | x, 
4 | -5 | © | —195 | 280 | —195 60 | -5 | gen 
| | and 
sis 2 | -15 |e] wil. | s | ew 
ce) 4244 ST <s | -o| 15 | 1 7 
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GEOMETRY OF POLYGONS IN THE COMPLEX PLANE* 


By Jesse Doveias 


“Tf on each side of any triangle as base an isosceles triangle with 120° 
vertex-angle is constructed (always outward or always inward), then the 
vertices of these isosceles triangles form an equilateral triangle.” 

The present paper has for its purpose the extension of this elementary 
geometric theorem to polygons of n sides, and the establishing of allied 
theorems. The method is to regard the polygons as lying in the complex 
plane, whereupon the desired results are obtained by simple algebraic 
calculations involving the complex coordinates of the vertices. 

Our main result is Theorem A in §7, restated in equivalent form as A’. 
Theorem B, §8, also seems of interest. 

In papers by E. Kasner and his students,’ the following elementary 
theorem is taken as starting point: “If the midpoints of the sides of any 
quadrilateral are joined in order, the resulting figure is a parallelogram.” 
Kasner studies to what extent and in what manner this theorem can be 
generalized, both as to the number of sides of the polygons involved, 
and as to replacing the midpoint construction by that of taking the 
centroid of any fixed number of consecutive vertices. 

The present study was suggested by the reading of Kasner’s papers, 
which led quite naturally to the question of whether other well-known 
geometric theorems would admit of similar extension. The one stated 
at the beginning of this paper seems particularly well suited to this 
purpose. 

While Kasner’s theorems belong to the affine geometry of polygons, 
those of the present paper belong to the similitude group, i.e., the four- 
parameter group obtained by combining homothetic transformations 
with all rigid motions. However, we shall see how by a sort of composi- 


* In a forthcoming paper, On linear polygon transformations, Bull. Amer. Math. 
Soc., v. 46 (1940), the topic of the present one is developed further. An abstract 
of the present paper has appeared in Bull. Amer. Math. Soc., v. 44 (1938), p. 640. 

1E. Kasner, The group generated by central symmetries, with application to 
polygons, American Mathematical Monthly, v. 10 (1903), p. 47. E. Kasner with 
E. Jonas, K. Way, and G. Comenetz, Centroidal polygons and groups, Scripta 
Mathematica, v. 2 (1934), pp. 131-138. E. Kasner and G. Comenetz, Groups of 
multipoint transformations with application to polygons, Scripta Mathematica, 
v. 4 (1936), pp. 37-49. 
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tion of similitude constructions and properties, the theory of affine 
constructions and properties can also be easily included (§9). In this 
way, the results of Kasner are comprised as particular cases in those of 
the present paper.” 

In §§9, 10, what seems to be an interesting isomorphism is pointed out 
between the present geometric theory and the general theory of algebraic 
equations with either real or complex coefficients. 


1. Proof of the Initial Theorem 


As introduction to our method, the following simple algebraic proof 
of the theorem stated at the beginning seems most appropriate. 
By a (direct)’ similitude transformation we understand 


(1) z’ = Az+B, 


where z, z’ are complex variables, and A, B are any complex constants. 
If A ¥ 0, the transformation is reversible, i.e., solvable for z in terms of 
z’. If A = 0, the whole z-plane is converted into the point z’ = B, and 
the transformation is not reversible. We speak then of a singular 
transformation. 

Two triangles—or, later, any two polygons—are called (directly)' 
similar when and only when one is obtainable from the other by a 
transformation of the form (1). It is easily seen that the necessary and 
sufficient condition for the similarity of two triangles is 


® aoa 1 
(2) zs 2 1\=0, 
, 
_. 2 1 


provided that the triangle (z; , 22, z3) does not reduce to a point; if it 


does: 2; = z2 = 23, then the necessary and sufficient condition is that } ; 


the other shall also reduce to a point: 2; = z: = 23. 


* See particularly art. 5 of §9, where the centroidal process for any number 
of consecutive vertices of an arbitrary polygon is discussed. 

* One that preserves the sense (right- or left-handed) of all figures. A simili- 
tude transformation with reversion of sense is represented by 2’ = Az + B, 
where 2 is the conjugate complex quantity of z. Only sense-preserving similitude 
transformations (1) will be considered in this paper. 

‘ Hereafter, except where emphasis seems desirable, we shall leave it to be 
understood that the similarity of figures considered in this paper is always dired. 
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Let w denote the complex cube-root of unity situated on the unit circle 
with polar angle 120°: 
@) eo= ". of = 1. 


Then the triangle (w, 1, 0) is an isosceles triangle with a vertex-angle of 
120°, situated at the right of the (directed) side wl. According to (2), 


the triangle (z, , ze, 21) is similar to this isosceles 120°-triangle if and 


only if 
(d) (1 — wz; = 21 — wer ; 


the similarity includes the sense relation that z; is to the right of zz. 
Therefore, if we perform on any given triangle (2; , z2 , zs) the construc- 
tion described at the beginning of this paper, the new triangle (2; , 22 , 23) 


} 0 obtained is defined by (4) together with 


6) (1 — w)zs = % — wes, 
(6) (1 — w)zs = 2 — wa. 
With these equations, we verify immediately the linear identity 
) 21 + we: + wes = 0 
obeyed by the new triangle, whatever the original one. This relation 
can be represented in the following determinant form: 


e- -3 
(8) a wo 1|=0, 
zs wo 1 


‘easily seen to be equivalent to (7) by multiplying that equation by 


v-w and usingw = 1. 

According to (2), the relation (8) expresses that the triangle (z; , 22 , 23) 
issimilar to (1, w, w°); in other words, (z; , 2: , 23) is an equilateral triangle, 
described in the counter-clockwise sense. 

(Similarly, if the construction of the 120° isosceles triangles is to the 
ft, the resulting triangle (z; , 22 , z3) is equilateral clockwise—there is a 
systematic interchange of w and w’.) 


2. Definitions 


With the preceding as a guide, we may now begin the construction of 
ourgeneral theory. All configurations are supposed to lie in the complex 
plane. 
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Definition (i). An n-gon is a system of n points in a definite CYCLIC + 
order: hs P2, eee 7% 

In this notation, the parentheses denote the cyclic character of the 
order of the points. Each point P,, P:,--- , P, is called a verter of 
the n-gon; the vertices need not be distinct.’ Each of the n directed 
line-segments, or vectors, P;P:, P2P3, --- , Pa-iPa, PaP:, is called a 
side of the n-gon. In virtue of the direction attached to each side, it 
has a definite meaning to speak of a triangle on any given side as base as 
lying to the right or to the left of that side. 

When it is not desired to emphasize a particular number of sides or 
vertices, we speak of a polygon. 

It is te be emphasized that the cyclic order of the points alone is 
relevant; thus, two polygons are the same when and only when they 


consist of the same points in the same cyclic order; e.g., (Pi, Ps, Ps,} 


P,, Ps) and (P;, P«, Ps, Pi, Ps) are the same pentagon. In general, 
two n-gons (P,, P:, --- , Pa) and (Q; , Qe, --- , Qn) are the same when 
and only when for some value of k: 


(9) Qi = Pen, Qe = Paso, «++, Qn = Prin = Pr, 


where all indices are to be taken modulo n. 

If we exactly reverse the cyclic order, e.g., (P;, P2, Ps, Pa, Py) 
into (Ps, Ps, Ps, Pz, Pi), we have a distinct polygon consisting of the 
same points but traversed in the opposite sense; two such polygons will 
be described as opposites. 

Definition (ii). By way of contrast, and to help understand definition 
(i)—though we shall really need this viewpoint only very seldom in the 


present paper—suppose that we desire not only the cyclic but the | 
linear order of the n points to be significant; i.e., we choose a definite 


vertex as initialone. From this viewpoint, P:P2P3;P.P; and P;P.PsP,P, 
for instance, are distinct configurations. We need a name to distinguish 
this type of figure: a system of n points, of which a definite one is des- 
ignated as first, another as second, another as third, --- , the last as 
n*. The standard name is n-point; thus, two n-points P,; , P2, --- ,P, 
and Q, , Q2, --- , Q, are the same when and only when 


(10) Q, = P,, Q = Ps, ---,Q. = P,. 


5 Or subject to any particular condition whatever; e.g., they may all lie ia 
the same straight line. 
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‘ Every n-gon gives rise to n different n-points according to the choice of 
initial vertex. 

Definition (iii). A regular n-gon of w’-type is an n-gon similar to 
(1, 0”, o”, i ” aie where: 

Throughout this paper, 
(11) w=e',; o =1, 


4 


and p may be 1, 2,---,n — 1. 
The similitude transformation z’ = Az + B is regarded as proceeding 


from the standard regular n-gon (1, w”, w”, --- ,w°"””) to the one to 
be proved regular, (2, , ze, --- ,2n). Thus we may allow A = 0, and 
then any n-gon with all vertices coincident: z; = z = --- = z,, may 


, be regarded as a (degenerate) form of regular n-gon. 

If p = 1, we have a regular convex polygon in the ordinary text-book 
or class-room sense. If p = n — 1, so that w” = w = & (conjugate 
of w), the same is true, the order of the vertices being then clockwise 
instead of counter-clockwise. For the other values of p, the polygon is 
self-intersecting (star-shaped), or, if n = rs, may consist of a regular 
rgon (in either the elementary or the extended sense) described s times 
in succession. An extreme case is where n = 2m, p = m; then the 
m-fold point-pair (—1, 1, —1, 1, --- , —1, 1) must be considered as a 
particular form of regular n-gon. The name “regular” is deserved in all 
these cases because the polygon looks exactly the same when viewed 
from any side, also the same when viewed from any vertex. 

The regular n-gons of types w’, w” ” = w ” differ only in sense of 
description, or are opposites of one another. 

Thus, there are exactly n — 1 distinct types of regular n-gon, occuring 
‘in pairs of opposites, the (n/2)-fold point-pair (in case n is even) con- 
stituting its own opposite. If we regard opposite n-gons as not really 
distinct,* then there are n/2 or (n — 1)/2 distinct types of regular n-gon 
according as n is even or odd. 

Definition (iv). By the construction S(a), where a # 1 is any given 
complex number, we understand the formation from any n-gon II = 
(P:, P2, --- , Px) of the n-gon Il’ = (Pi, P:, --- , P',) where the triangle 
(Pt, Pass , Px) is directly similar to (a, 1,0) for k = 1, 2, ---, n(Pay = 
* This is equivalent to adjoining the conjugate transformation z’ = 2 to the 


direct similitude group (1) to form the mixed similitude group, which includes 
also z’ = Az + B. 
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We can easily express the operation S(a) algebraically. The simi-* jf y 
larity of triangles stated in the definition is represented by 


tion, | 

Zk al (16) 
(12) zw 1 1|=0, For a 
es O01 tinue 

which, expanded, is | (a7) 
(13) (1 — a)ee = ze — Gzay. (k = 1, 2, --- , m5 2egx = a),| Subst 


This is a linear polygon-to-polygon transformation in the compler| (18) 
plane. For if we permute the vertices z cyclically, then the effect! 44 . 
through the equations (13) is evidently to produce the same cyclic! piati 
permutation of the vertices z; . [ 

If a is real, the point z; is located on the side 22,4, at the centroid of We 
Zs, Zr4, With the weights 1, —a. Obviously, S(—1) is the midpoint 
construction. chang 

If a is complez, then the point 2; defined by formula (13) may still bk} p,, 
regarded as a kind of “centroid” of zs, zs: with complex “weights’| 4, p 
1,—a. This “centroid” is then located off the line z:z.,:—a queer place) rojati 
certainly, for a centroid. vertic 

Later (§§9, 10) we shall see the fundamental réle played by th place 
constructions S(a) in the formation of the most general linear polygon- | 
to-polygon transformation. (19) 

We may remark that any similitude construction S(a) leaves invariant —_ 
the centroid of any polygon to which it is applied, for by addition of al (15), 
equations (13), 


(14) ys a= > Ze. | (20) 








This 
Thus, in our model theorem the centroid of the equilateral triangle is 

coincident with that of the original triangle. (21) 
3. Linear Relations Then 
1. What linear relations, ‘ r 

| (22 

(15) yy + ate + gts +--+ + Gnatn-i + Gntn = 0 
(a, complex, at least one a, + 0), my 

among the vertices of an n-gon really have an intrinsic meaning, is, (23) 





are invariant under any cyclic permutation of vertices and under 
similitude transformation? 





hi- 


GEOMETRY OF POLYGONS IN COMPLEX PLANE 99 


If we inquire first only as to invariance under similitude transforma- 
tion, the criterion is 
(16) %+a+--- +a, = 0. 


For after any similitude transformation (1), let the relation (15) con- 
tinue to be satisfied, i.e., 


/ (a7) Mz; + ag2y + --- + ane, = 0. 
| Substituting (1) and taking account of (15), we get 
(18) Bia, + a2 + --- + ,) = 0, 


and since B may be arbitrary, (16) follows. The converse, that the 
relation (16) is sufficient for the persistence of (15) under arbitrary 
' similitude transformation, is obvious by the same calculation. 

We may say that (16) is necessary and sufficient for the relation (15) 
on an n-point’ to have a meaning independent of any rigid motion or 
change of scale of the figure. 

But in order that the relation (15) may be considered as applying to 
the precise configuration we have called a polygon (definition (i)), that 
relation must be invariant also under any cyclic permutation of the 
vertices z.. If we displace each index of z cyclically backwards one 
sass, then (15) becomes 


(19) OyZn + Get, + ate + --- + Ons2Zn-2 + Gntn-1 = O. 


In order that this be verified for all systems (z, , 22, --- , Zn) obeying 
(15), it is necessary and sufficient that corresponding coefficients be 
proportional: 


| (20) Gg = pa, Gy = pg, +++, Gn = POn4, = Py. 
.| This implies 
= 2 —1 n 
(21) a2 = pa, = pa,---,@,=p" a, a = pa. 


Ss 


Then certainly a, ~ 0; otherwise every a, = 0, contrary to the hypothe- 
sis connected with (15). It follows from the last equation of (21) that 


| (22) p= 1. 


Because a, ~ 0, we lose no generality if we take a, = 1, and then, by 
(21), the relation (15) becomes 


(23) 21 + ptr + pts + --- +p” 2, = 0. 
’ As distinguished from an n-gon. 
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This is obviously invariant under any cyclic permutation of (z; , 22, --- 
Zn) on account of (22), expressing that p is an n“ root of unity. 

In order that (23) be invariant also under arbitrary similitude trans- 
formation, the criterion (16) must be verified: 


(24) l+ptet+--- +p" =0. 


This is the cyclotomic equation, whose roots are the n“ roots of unity 
except unity itself: 


’ 


(25) =” (p = 1,2,---,n—1}), 
(26) 1+ +o" +... +6" = 0. 


In sum, the only intrinsic linear relation that an n-gon can obey is om 
of the n — 1 represented by (23), where p = w”. We shall denote thes 
relations by R, , Rz, --- , Raa, respectively, and write them in exteng 
as follows: 


Ri : atom +w0% +--- +0" 2, =0, 
(27) Re : atom +o +.--- +02, = 0, 


eee eee ee ee ee 


Re.s : a + w” "es + e*%,, + athe + oe", = 0. 


These n — 1 relations are independent, for the rank of their matrixis 
n—1.° Indeed, the determinant of the first n — 1 columns is exactly 
the Vandermonde determinant” of w, w’, -.- ,w”’, and therefore dow 
not vanish, since these are all unequal. 


2. Systems of linear relations. The unique character of the linear 
relations R,, R:, --- , Ra, a8 expressed by the italicized proposition 
which shortly precedes them, applies not only to each relation R by 
itself but to any system of s relations selected from among them. 


* The equation z* — 1 = 0 factors into (x — 1)(1+ 2+ 22+ --- + 2*") =} 
implying, if z ~ 1, that] + 2+ 27+ ---+2*' =0. 
* See M. Bécher, Introduction to Higher Algebra, 1931 ed., p. 36. 


1° The Vandermonde determinant of 2; , %, --- , Zn is the one whose p™ ror 
is 1, z», 23, ---, 257". Its value V is the product of all the factors 2; — 4 
(i,j = 1,2, ---,m;i >). Hence the necessary and sufficient condition for! 


not to vanish is that no two of z , 2%, --- , Z. be equal. 











(30) 


By 


u 7 
each « 
2 ¢ 
pp. 12 
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We prove, namely, the following theorem: 
TueoreM I. Any system of s independent linear relations involving 
the vertices of an arbitrary n-gon: 


ay” 2, + ag? 2 + --- + an? 2, = 0, 


ay” 2, + a3” 22 + +++ + ay en = 0, 


eee ee ee ee 


af” 2, + a3? 22 +--+ + an 2n = 0, 


which really pertains to the n-gon as such, and to all similar n-gons—mean- 
ing: which is converted into an equivalent" system by any cyclic permutation 
of %, 2, ,%n, and by any similitude transformation—such a system 
of linear relations must be equivalent to one composed of s of the relations R. 

Briefly expressed: everything linear and intrinsic that can be said about a 
polygon can be said by means of one or more of the relations R. 

Proof. We have already proved the theorem for s = 1. The case 
s = 2 is sufficiently typical of the general situation. Consider then a 
system of two independent linear equations: 


on | 21 + A222 + 323 + --+ + GniZn-1 + Anzn = O, 
bizi + beze + bazs + +++ + BarZn-1 + DnZn 


ll 


) 
By cyclic permutation we get 


G1 Zn + Gaz + A322 + +++ GnaZn-2 + An2Zna = 0, 


(29) | 
bizn + bez + bs Ze + coe bn—1Zn-2 + baZn-1 = 0. 


If (29) is, as is required, equivalent to (28), then multipliers A, w; A’, u’ 
exist such that 
a2 = ha, + whi, [as = Aa2 + ube, Gn = Adana + wbaa 
a “ = Wa: + p's; f = Nae + pide; [be = Nana tp'bea; 
a; = an + ub,, 
= Nan + pda. 


By a standard theorem in the theory of linear transformations,” 


" Two systems of linear equations are called equivalent when and only when 
each equation of either system is a linear combination of those of the other. 

See Goursat-Hedrick, A Course in Mathematical Analysis, v. 2, part 2 (1917), 
pp. 129-132. 
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we can find two independent linear combinations of (a; , a, --- ,a,) 
and (i , bs, ry , ba): 
(31) cee ab—fys0, (b=1,3,...,9) 
- ’ = 1, S++, MN), 
By = yar + dh:, 
such that the relations (30) assume in terms of A; , B, one of the follow- 
ing two canonical forms: 
A; = pA, A; = pAg, A,= pAnt, 
B, = oB,; B; = oBs; B, = oByu; 
(32) 
A= pAs, 
B, = oB,; 
or 
ee ete etre 
(38) B, = p(Ai + Bi); | Bs = p(As + Ba); B, = p(Ana + B,); 
o = pA,, 
B, = p(An + B,). 


According to (31), the original system (28) can be replaced by tht 
equivalent system 


Ait: + Aste + Asts + +++ + Ant2na + Anta = 0, 
Biz + Boze + Bszs + --- + Barta + Baza = 0. 
Consider first (32). Its relations combine to give 


(34) | 


A:=pAi, [{As= "Ai, A, =p” Ai, 
B=oBh; |B=oeB; |Be=o'"B; 
(35) c 
Ai =p Ai, 
B, = o"B,. 


Then certainly neither A, = 0 nor B, = 0; otherwise every A, or every 3, 
would be zero, contrary to the linear independence of the equations (28). 
It follows from the last pair of equations (34) that 


(36) 


pe =1, o* = 1, 








Ow- 
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Since A; ~ 0, B, ¥ 0, we can lose no generality by supposing A; = 1, 
B, = 1; whence, by (35), Ax = p*", By = o* * fork = 1, 2, --- ,n, 80 
that the system (34) takes the form 

a1 + pte + pts t+ --- +p” 2, = 0, 

ti + ote + ots + ++» +o" zn = 0. 


Here neither p = 1 nor o = 1, for that would be contrary to the 
condition (16) of invariance under similitude transformation. There- 
fore by (36), p and o must be n™ roots of unity excluding unity itself: 


(37) 


(38) p=, ¢=@ (p,q = 1,2,---,n—1), 
and furthermore p ¥ q, otherwise the relations (37) are identical instead 


/ of being independent. 


Thus the original system (28) is equivalent to the system R, , R,(p ¥ 
q), which was to be proved. 
This is for the case of the canonical form (32). The alternative 


| canonical form (33) is easily disposed of, for its equations combine to 


give A; = p"A,, B, = np"A; + p"B,. Since A; = 0, the first equation 
gives p" = 1, and the second is then impossible. 


3. If all the relations R, , R:, --- , R,- are satisfied, the n-gon must 
reduce to a point. For all the equations (27) are certainly verified if 


(39) % = y= +e = B; 


this is expressed exactly by (26). Since the n — 1 relations R in the n 
unknowns z have been seen to be independent, they must determine 
uniquely the ratios of the z’s; these relations being satisfied by the ratio 


| (39) of equality, this must be the only possible one. 


Thus we see that the subsistence of all the relations RF is too strong a 
condition to furnish anything interesting. 

Suppose, however, that all but one of the relations R are satisfied; 
let the omitted one be R,_,. Then we shall prove (in §5) that the 


| ™gon is regular of w”-type. 


In view of this fact, each relation R may be regarded as expressing a 


y Bi) degree of regularity, and any number s among them a sort of partial 


28) 





regularity—of the s degree, we may call it. Regularity of degree 
n— 2 is complete regularity, whose type w” is decided by which one, 
R,-» , of the n — 1 relations R is not satisfied. 

It may be of interest to see the more direct meaning of the various 
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relations R in some of the simpler cases. E.g., let n = 4; then w = i, 
and there are three relations R: 


Ri: 2 + tte — 2 — ty = 0, Or 2 — ty = —il(eg —- %); 
(40) Re: a—-awata-—-a~=0, Or ~a-na=~ 4-H; 
Rs: 4 — tg —%+i4g = 0, or 4 — 2% = ile, — %). 


R, expresses that the diagonal z,z; is perpendicular and equal to the di- 
agonal z9z,, each diagonal being considered directed (as a vector) and 
the perpendicularity implying an angle of —90°. 2; expresses a similar 
relation with the angle +90°. R, expresses that the figure is a paral- 


lelogram. If both R, , R, are obeyed, we have a square, counter-clock- | 


wise. R, , Rsimply a square, clockwise. R, , Rsimply 2: = 23 , 2 = %; 
i.e., the quadrilateral reduces to a line segment described back and 
forth twice. 
As another example, let n = 6, thenw = ¢™*,4* = &"" = 4 

cube-root of unity. The relation R, is here 

2 + w'ts + w'ts + % + w'ts + w'ts = 0 
or 

2 + Oey + Dey + 24 + Dey + We = 0, 


which we write as 


Zi t+ % Ze + 2 23 + 2% 
(41) a +04 +9 5 = 0. 








By comparison with (7), this expresses that the midpoints of opposite 
vertices of the hexagon form an equilateral triangle. 


4. The relations R are easily expressed in terms of the sides of the 
n-gon, which are the vectors 


(42) 8 = 2 — 2%, 8 = 23 — 22, +++ , Sna = Sn — Zn-ty On = 2 — be 
These always obey the identity 

(43) & +at+--- +38, = 0, 
expressive of the closure of the polygon. 












4, 


~ 
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In terms of the vectors s , the relations R become™ 
Ri: &+oe +03 +---+0""s, =0, 
44) Re: atom to's +--+" s, = 0, 


Se «tase N NARS ae nnenseaensaseseencesecesesesseseses 
(Rr) Rpt aterm +o%y +--- tos, =0, 


eee eee ee ee 


Ri: 8 + ws + ws, + ee + os, = 0. 


Indeed, by the substitution (42) each relation R’ is seen to be, within a 
factor, identical with the corresponding relation 22. 

The relation R,, may be interpreted as expressing that the sides of the 
polygon still form a system of vectors in equilibrium after the consecutive 
ones have been rotated respectively through angles of 0, 2px/n, 2(2px/n), 
vey (mn — 1)(2px/n). 


4. Fundamental Theorem on the Solvability of Systems of 
Linear Equations 


Because of the central réle played by systems of linear equations 
throughout our theory, it is essential to have before us the standard 
information as to the solvability of such a system under the most 
general circumstances. A complete answer is furnished by the following 
classic theorem," whose title is at the head of this section. 

TuEeoreM. Suppose given any system of m linear equations in n 
unknowns 2; : 


(L) 2 az = ¥i (¢ = 1,2, ---, m). 
— 

Let r denote the rank of the matrix 
M= || ass ll, 


i.e., the order of its highest non-vanishing determinant. Obviously, r S m, 
rsn. 


18 It is to be emphasized in these and all other relations involving the sides s¢ 
(cf. (67)), that #: , 8, --- , 8. represent the sides considered as vectors, not the 
lengths of these sides. 

4 The formulation given here of this important theorem combines the features 
which seem most useful for the present purposes in the respective presentations 
of Bécher, loc. cit., and Courant-Hilbert, Methoden der Mathematischen Physik, 
v. 1 (1924), p. 3. A very general version has been developed by E. H. Moore 
as part of his General Analysis; see Moore-Barnard, General Analysis, Part I 
(The American Philosophical Society, Philadelphia, 1935), p. 70 et seq. 
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Then the “‘transposed homogeneous system,” 
(H’) 2X, ayk = 0 (j = 1,2, ---,n), 


has exactly m — r linearly independent solutions: 
&= bi, & = bP,---,& = vi”. 


In order that the given system (L) be solvable for x; , it is necessary and 
sufficient that y; obey the system of m — r relations 


(B) > bys = 0 (k = 1,2, ---,m—p), 
i—1 
In case these relations are satisfied, the solution of (L) is, then, existent, 
but is uniquely determined only ifr = n. If r < n, the “related homo- 
geneous system’’ of (L), 


(H) ) nt 
= 
has exactly n — r linearly independent solutions: 
hj=aj”, hy = af”, ... , hy = af”, 


and the general solution of (L) is 
aj = 2; + Maj” + Meas” + +» + Aras”, 


where x} is a particular solution of (L) and),  --- » An=r Gre arbitrary 
multipliers. 


5. Conditions for a Regular N-Gon 
By definition (iii), a regular n-gon (2; , 2, --- , 2n) of w”-type is one 
obtainable by a similitude transformation from (1, #”, w”, --- ,#"~””); 


i.e., according to (1): 
2=A+B, Z, = Aw” + B, 
(45) = 2p (n—]l)p 
2, = Aw” + B, ---,2, = Aw + B. 


Accordingly, the question of whether a given n-gon is regular is 
identical with that of the solvability of this system for A, B. To answer 
this, we refer to the preceding Fundamental Theorem.” 


% That the number of equations is here n, instead of the number of unknowns, 
should cause no trouble in the comparison. 








- 


= 
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The transposed homogeneous system (H’) is here: 
bi + wt + ws + --- +0", = 0, 
&t&t&+--- + = 0. 


The rank of the matrix of coefficients is obviously r = 2. Hence we can 
expect exactly n — 2 linearly independent solutions. By means of (26), 
) we can verify the following n — 2: 


&=1, & = w', B=ue"....g ae, 
forg = 1,2,---,n — 1 exceptn — p 


which are linearly independent, being the coefficients in n — 2 of the 
| independent relations R.” 
Therefore the system (45) is solvable for A, B when and only when 


2 + wie, + w'"zs + «+» +o", = 0 
forg = 1, 2,---,n — 1 except n — p. 


We have the theorem: 

TueoremM II. In order that the n-gon (2: , 22, --- ,2n) be regular of 
w’-type, it is necessary and sufficient that the n — 2 linear relations: 
R,, Re, --- , Ra» except Ry_, , be satisfied. 


6. Theorems Concerning the Construction S(a) and the Relations R 


1. Let the construction S(a) be performed on any polygon II, giving 
II’, and then on II’ let S(b) be performed, giving II”. To find II” we 
have to combine, according to (13), 


(46) 


(47) 


(48) 


) (49) (1 — a)ze = ze — azey, (1 — a)zky: = tay — Gzaye, 
and 
(50) (1 — bee = 2h — beau (k = 1, 2, ---,n), 


the index of z to be taken, as usual, modulo n.” We easily get 





-} (1) (1 — a)(1 — b)ee = ze — (a + b)zags + abengs. 


It is evident that the interchange of a and b has no effect on this 
formula ; therefore we have the following theorem: 


4 See the remarks following (27). 
1 Through the rest of the paper, this will be a standard convention, even when 
not mentioned expressly. 
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(52) S(a)-S(b) = S(b)-S(@). 


By repetition, the commutative property evidently extends to any number of 
similitude constructions S(a,), S(a2), --- , S(a,). 

In fact, we find by direct calculation the following formula for the 
product S(a,)-S(a2) --- S(a,): 


(1 — ay)(1 — ay) --- (1 — @y)zk = te — ortega + ontese 


(53) ° 

msce (—1)"orze4r (k = 1, 2, “— »n), 
where o;, o2, --+,¢,- denote the elementary symmetric functions of 
@ , @, --- , @, : o; their sum, o2 the sum of their different products two 
at a time, --- , ¢, the sum of their different products p at a time, --- , ¢, 


the product of all r of them. 

This identity of the coefficients in the linear transformation (53) 
with the coefficients of the algebraic equation whose roots are a, 4, 

- , a, will be more fully developed in §9 and §10. 

Theorem III is an example of one whose proof is trivial algebraically, 
but which is far from obvious geometrically. 


2. If a ¥ 1 is any n™ root of unity: a = w (p = 1, 2, ---,n — 1), 
the formula (13) for the construction S(a) becomes 
(54) (1 — w”)ze = Ze — wey (k = 1,2,--+, mj 2ngn = &). 
From this we derive 

on all 7 (kD! — . GD, _ “Pp = 

(55) (1 — #”) Le ze Le 2 par teu = 0, 
because of w” = land 2,4; = 2. Since 1 — w” ¥ 0, we therefore have: 

TueoreM IV. [Jf II is any n-gon and 
(56) ll’ = S@’)I, 


then II’ obeys the relation R, . 
Otherwise expressed: if II’ does not obey the relation R, , the opera 

tional equation (56) is not solvable for II. 

But if Il’ does obey R, , we have: 








a) 


1, 





GEOMETRY OF POLYGONS IN COMPLEX PLANE 109 


Turorem IV’.” Jf II’ obeys the relation R,, then (56) is solvable 
for Il; indeed, with exactly one complex parameter i, the general form of TI 
or (zx) being—where (zg) is a particular solution— 


(57) 2 = zk + dy OY? (k = 1,2,--- ,n). 


The parameter A enables us to place one vertex of II in an arbitrarily 
chosen position, the others being then uniquely determined. Or, we 
can also use \ to cause II again to obey R, : 


0 = > w* 2h + nv. 
k=l 


That is to say: 

Tueorem IV”. Among the ~* solutions” II of (56) for a given II’ 
that obeys R, , there is a unique one which also obeys R, . 

In connection with the general similitude construction S(a), expressed 
by (49), we have: 

Tueorem V. Ifa” ¥ 1, and II’ is any given n-gon, then a unique n-gon 
Il always exists such that 


I’ = S(a)I. 


These theorems result immediately by applying the Fundamental 
Theorem on solvability, of §4, to the particular equations (49) for S(a). 
The determinant of this n-by-n system is 1 — a". Hence if a” = 1, 
the system is solvable uniquely for z,, whatever the values of 2 . 

On the other hand, if a = w” ~ 1, so that we have the system (54), 
then the transposed homogeneous system is 


& = wt, & =, fs = w'bs, --- bn = wba. 


This determines the ratios of the ’s so that there is the unique linearly 
independent solution 


& = 1, & = w”, & = a”, ae ot, 


It follows that (54) is solvable for z, when and only when z obeys the 
relation R,, which proves Theorem IV and the first part of IV’. It 
follows also that when this relation is obeyed, the solution of (54) is 


* Proof after Theorem V. 
1° «2, because the complex parameter \ is equivalent to two real parameters. 
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determined to within the addition of the general solution of the related 
homogeneous system of (54): 


O=4-—wm, O= 2 — ws, --- Oe —we,, O= 2,-—wH, 


which solution is 


a4 = , a = hw”, a= ho”, — —(n—Dp 


—implying the latter part of Theorem IV’. 


3. As illustration of the preceding theorems, the necessary and suffi- 
cient condition that the midpoint construction S(—1) convert a general 
polygon II into a special one II’ is that —1 be an n™ root of unity: 
(—1)" = 1. Of course, this is satisfied when and only when n is even, 
In that case, II’ must obey the linear relation R whose coefficients are 
powers of —1: 


i — wt teg— at +++ + ani — tm = 0, 
or, by reference to (42), 


(58) & + & + + sss + Sa = 0, 
which, by the always satisfied relation (43) of closure, is equivalent to 
(58’) 8 + % + +--+. +38, = 0. 


That is, the alternate sides of II’ form a system of vectors in equi- 
librium. 

If, n being even, either of the equivalent relations (58), (58’) is 
satisfied by II’, then the polygons II from which II’ is derivable by the 
midpoint construction depend linearly on a complex parameter ) as 
follows: 


te = 2 + d(—-1)"", 
so that one vertex of II can be chosen arbitrarily, the others being 
thereupon uniquely determined. Furthermore, A can be chosen in 8 
unique way so that II also obeys the equivalent relations (58), (58’). 


These are the main results of Kasner’s first Scripta paper,” whose 
place in the present more general theory thus becomes apparent. 


2° See footnote 1. 








(59) 
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4. Tueorem VI. [If the polygon II obeys the relation R, , and 
Il’ = S(a)0 


where a is any complex parameter ~ 1, then II’ obeys the relation R, . 
This is proved immediately by linear combination of the defining 
equations (13) of S(a) so as to get 


n n 

—_ , —_ —_ 

(1 — a) 2 Pee wn — ow te 
1 hom | k=l 


n nn 
(59) = & wo? Ys, — aw” z wo ees 
1 1 


= (1 — aw ”) »» wo? 2,. 
1 


From this formula we also see: 
Tueorem VII. Jf II does not have the property R,, and a # w’, 
then II’ = S(a)II will not have the property R, . 


5. In view of the illustrative remarks associated with (40), we may 
exemplify the preceding theorems for the case n = 4 as follows. 

(a) (R, or R;). If on each side of any quadrilateral as hypotenuse an 
isosceles right triangle is constructed, always towards the right (always 
towards the left), then in the quadrilateral formed by the four right- 
angle vertices the diagonals are always equal and perpendicular. 

(b) (Re). (Well-known, and stated only for completeness.) The 
midpoints of the sides of any quadrilateral, joined in order, form a 
parallelogram. 

(ce) If any similitude construction S(a), not the midpoint construc- 
tion, is performed on a quadrilateral not a parallelogram, the resulting 
quadrilateral is not a parallelogram. 

(d) If any similitude construction whatever is performed on a paral- 
lelogram, the result is a parallelogram. 

(e) If any similitude construction not the one based on isosceles right 
triangles is performed on any quadrilateral whose diagonals are not 
equal and perpendicular, then in the resulting quadrilateral the di- 
agonals are not equal and perpendicular. 

(f) If any similitude construction whatever be performed on a quadri- 
lateral whose diagonals are equal and perpendicular, the resulting 
quadrilateral has the same property. 
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For n = 6, we have the following illustrative proposition by refer- 
ence to (41): 

(g) On each side of any hexagon Il. as base let a 120°-isosceles triangle 
be constructed, always to the right (always to the left); then the vertices 
of these isosceles triangles form, when joined, a hexagon Il, always 
specialized as follows: The midpoints of opposite vertices of Ig form 
an equilateral triangle. 


7. The Main Theorem 


By Theorems IV and VI, it follows that if we apply the construction 
S(w”) to a polygon already having the property R,, then we get a 
polygon having both properties R,, R, , for by Theorem VI, R, is not 
lost, and by Theorem IV, R, is gained. It requires only a repeated use 
of this argument, and a reference to the commutative Theorem III, and 
to the criterion of Theorem II for a regular polygon, to have the proof 
of the following main theorem of the present paper. 

Tueorem A. Starting with an arbitrarily chosen n-gon II, let the con- 
structions S(w™) for m = 1, 2,---,n — 1 except n — p be performed 
successively in any order, so giving the sequence of n-gons II’, II”, --- , 
nm”. Then I" is always a regular n-gon of w”-type, and identically 
the same one, including position, regardless of the order of the construc- 
tions Sw”). 

In more extensive and geometric form, first with p = 1 in order to fix 
the ideas, we may restate this theorem as follows. 

Tueorem A’. Let II be an arbitrarily chosen n-gon. On each side 
of TI as base and always towards the right, construct an isosceles triangle 
of verter-angle 2x/n, and join the vertices of these isosceles triangles. 
On the resulting n-gon Il’ perform a similar construction using isosceles 
triangles of vertex-angle 4x/n, so obtaining II’. Similarly, by means 
of isosceles triangles whose vertex-angles are respectively 6x/n, ---, 
2(n — 2)x/n, continue in this way to 1"~”.” 

Then 1" is always a regular n-gon in the ordinary sense, i.e., on 
whose consecutive vertices are spaced at equal angular intervals of 2x/n 
counter-clockwise upon a circumference. Furthermore, if the samme n — 2 
isosceles triangle constructions are performed in a different order, iden 
tically the same regular n-gon I1‘"~” is obtained, including the position of 
each vertex. 

1 An isosceles triangle of vertex-angle 2pr/n to the right of its base, where 


this angle is greater than 180° (p > n/2), means an isosceles triangle of verter 
angle 2(n — p)x/n constructed to the left of its base. 








2 F ws 
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If among the n — 1 vertex-angles 2x/n, 4x/n,---,2(n — 1))n 
possible for the n — 2 isosceles triangles used in the preceding type of 


4 





a 


Fia. le 





Y I 
Fie. 1d 


construction, the omitted one is 2(n — p)x/n (instead of 2(n — 1)x/n), 
then the final polygon 11" is always regular of w-type, i.e., its consecu- 
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tive vertices occur at equal angular intervals of 2px/n counter-clockwise 
upon a circumference. 

The center of the regular polygon 11" always coincides with the 
centroid of the initial polygon 1.” 

This theorem is illustrated for n = 5 by Figs. la—-1d, which show the 
three stages in the transformation of a general pentagon into a regular 
one by means of the following successive isosceles triangle constructions: 
vertex angle = 2/5 right, 44/5 right, 4/5 left. If, instead of 44/5 
left, we apply to Fig. lc the construction 27/5 left, then a star-shaped 
regular pentagon will be obtained. 


8. Affine Regularity 


1. The foregoing part of this paper has been concerned with simili- 
tude constructions upon and the similitude geometry of polygons. The 
sequel will concern itself with the affine geometry of polygons, or with a 
mixture of affine and similitude geometries. 

In cartesian coordinates (z, y), the general affine transformation is 
defined by 


2’ =ar+ +a, 
(60) dead =? 
y =~ar+byt+ea, 


with any real coefficients, where reversibility of the transformation is 
secured if abe — aed; ~ 0. If aybe — ab, = 0, then (60) may still be 
considered an affine transformation, but it is singular, converting the 
whole (z, y)-plane into a single line, or sometimes even a point (when 
a, = a, = b; = by = 0). 

Introducing the complex coordinates 
(61) z=2+ wy, 2 =2'+ iy’, 
and their conjugates 
(62) Z=27-— ty, Z7=7' — iy’, 
we find by easy calculations that (60) takes the form 
(63) 2’ = Az + Bi+C, 


% See (14) and the associated remarks, whereby also the centroid of each 
intermediate polygon II’, II’’, --- is coincident with that of the initial one. 
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where A, B, C are complex constants: 
(64) 2A = (a, + ta) + ( + the), 2B = (a; + tae) — (bd, + dy), 
C= + tee. 


Conversely, we can pass back from (63) to the form (60) by equating 
real and imaginary parts. 

In this complex form, (63), the condition that the affine transforma- 
tion be non-singular is 


(65) AA — BB = 0, 


expressing the solvability for z, Z of the system formed by (63) together 
with its conjugate 


(66) 2 = Bz + Az+C. 


Concretely, affine transformation may be pictured as parallel pro- | 


jection on another plane. The transformation is singular if the parallel 
projecting rays lie in the plane of the original figure, all of whose image 
points then lie in the line of intersection of the original plane with the 
one on which projection takes place. 


2. An n-gon II will be called affine-regular of w”-type if obtainable by 
affine transformation, even a si r one,” from the standard regular 
n-gon of the specified type: (1, w”, w””, --- ,w°"""”). Evidently, affine 
regularity of w-type is equivalent to that of w” ’-type, since a particular 
affine transformation is z’ = 2, which interchanges the standard regular 
polygons of these types:w"” = w ” = w” 

We state: 

TueoreM VIII. Jn order that a given n-gon II be affine-regular of 
w”-type, it is necessary and sufficient that the following n — 3 relati 
R be satisfied: 


Ri, Re, --- , Ras except R, and R,_,. 


= wy’, 


** Thus the vertices of an affine-regular polygon may all lie upon the same 
straight line. 

™% Obviously, then, the general form (63) of affine transformation allows re- 
version of sense. 

* The only exception as to the number n — 3 of relations is when n is even and 
p = n/2; then R, and R,_, are the same, and there are n — 2 relations. Ci. 
footnote 30. 
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An affine-invariant form of this condition can be obtained by com- 
bining each pair of complementary relations R, , R.-, , or the equivalent 
ones Ri, Ru, of (44), to form—by taking 1/2 the sum, and 1/2i 
times the difference—™ 
67) Ri: 8 + S82 cos 6 + 8 cos 20 + --- + 8, cos (n — 1)@ = 0, 

Ry: 8 sin 6 + 3 sin 20 + .-- + 8, sin (n — 1)@ = 0, 


where 
a7 
7 2qr 


Thus the conditions of Theorem VIII may be replaced by the following: 
if n is odd, 
n-1 


(68) Ri, Ry for g = 1,2, ---, —— , except p; 
if n is even, 
(69) MR; , Re for g = 1, 2, ++, 5, except p,™ 


where it is to be observed that for g = n/2 there is really only one con- 
dition, not a pair, since evidently 9’). disappears identically. 

The proof of Theorem VIII consists in a simple application of the 
Fundamental Theorem” of §4. For, by the definition of affine-regular, 
and by the defining equations (63) of an affine transformation, we are 
concerned with the solvability for A, B, C of the system (note that 
=o"): 

a=A +B +C, 
2= Aw” + Bu” +C ’ 


a=Aw” +Bw” +C, 


z, = Aw” 9? + Bo? + C. 


(70) 


% See footnote 13. 

*7 The cyclic character of these relations is evident, for with the multipliers 
cos a, —sin @ and sin a, cos a we can replace @ by @ + a, then choose a = @, 
20, --+, (mn — 1)8@. 

*8 Since the w? and w*-? types of affine-regularity are equivalent, we may and 
shall always choose p in the range assigned for q. 

* See footnote 15. 
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The rank of the system isr = 3. For the determinant of the first 
three equations is equal to 
o "(1 - #”)*(1 _ wo”), ‘ 
which is non-vanishing.™ 
The transposed homogeneous system is 


ito +0%% +--- +0", =0, 
(71) btw tw +--- +0", = 0, 
Bt Bt Bee + & = 0. I 


Since r = 3, we may expect exactly n — 3 linearly independent solutions 
of this system. Using (26), we easily verify the following n — 3: 


&=1 &=0, &=o0%,-.-,& =o", 
forg = 1, 2,---,m — 1 except p and n — p. 
Furthermore, these are linearly independent, for they are the coeffi- 
cients in the corresponding relations R,, which we have seen to be 
independent. 


Theorem VIII now follows immediately by the Fundamental Theorem 
on solvability. 


(72) 


3. Directly, by Theorem IV (and Theorem III), we have the fol- 
lowing consequence: 

TueoremM B. If, starting with an arbitrary n-gon Il, we perform 
successively in any order the n — 3 constructions” S(w™) for m = 1, 
2,---,n — 1 except p and n — p, so obtaining the sequence of n-gons 
ml’, 1”, --. , 0°", then 1" is an affine-regular n-gon of w?-type, and 
always identically the same one, including position, regardless of the order 
of the constructions S(w™). 

A regular n-gon of w”-type has exactly one more degree of regularity 
—that represented by R,—than an affine-regular n-gon of the same 
type. By Theorem IV, we can add this degree of regularity to any 
n-gon by the construction SW”). Therefore: 

Tueorem IX. Jf on any affine-regular n-gon of w’-type we perform 
the construction S(w”), we obtain a completely regular n-gon of w”-type. 

2% Except for the case mentioned in footnote 25, which is easily formulated ? 
separately. 

*° Cf. footnote 25. Here, if n is even and p = n/2, there are n — 2 construc- 
tions, and the final polygon is a pair of points taken alternately n/2 times. 













’ 
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This theorem is illustrated for n = 6 by the following figure, where 
the initial affine-regular hexagon, with numbered vertices, exhibits the 
following characteristic properties: that the three diagonals joining 
opposite vertices meet in a point which bisects each of them; that each 
of these diagonals is parallel to a pair of opposite sides." The auxiliary 
equilateral triangles which give the vertices of the regular hexagon 
ABCDEF are easily visualized. 


m 
o 








“a 
w 
w 


9. Affine Constructions 


1. Let 2, 2, 2: denote any three consecutive vertices of an n-gon, 
and let us associate with them the point z; defined by 


(73) zi = at + Bea + y2s, 
where a, 8, y are real and 
(74) a+p+y=1. 
" Any affine-regular hexagon can be obtained most generally as follows: start 


with any parallelogram, and cut off a triangle from each of a pair of opposite 
corners by joining the midpoints of the sides adjacent to that corner. 
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Then z; is the center of gravity of weights proportional to a, B, y placed 
at 2, 22, 23 respectively. If a:8:y = 1:1:1, we have the centroid 
of the three points. 

It is easily verified that z; as defined by (73) is an affine concomitant 
of 2; , 22, 23 i.e., if Z; and Z, , Z,, Z; are related respectively to z; and 2, ; 
22 , 23 by any affine transformation (63), then also 


(75) Zi = a%, + BZ, + Zs. 


Moreover, among all transformations (73) of three points into one, 
where a, 8, y are any complex numbers, the conditions that a, 8, y 
be real and obey (74) are necessary as well as sufficient in order that 2; 
be an affine concomitant of 2; , 22 , Zs . 

If the transformation (73) is applied to every three consecutive 
vertices of any n-gon: 


(76) zk = at, + Beer1 + VZn+2 (k = 1,2,---,n), 
then we have an n-gon to n-gon transformation, II to II’, which we shall 
term an affine construction and denote by A (a, 8, 7). 


This is a “ternary” affine construction; an “r-ary affine construction” 
is, most generally, 


(77) te = ante + crrtag +--+ + crtere (k = 1,2, ---,m) 
where a; , a, --- ,@, are any real coefficients subject to the condition 
(78) am +a +--+ +a, = 1. 


We shall employ for this affine construction the notation A(a; 
a@,---,a,). Evidently, any binary affine construction A(a, 8) is the 
same as the similitude construction S(a) with the real parameter 
a = —8/a, and consists in the division of each side of any given polygon 
in any fixed ratio to form the vertices of a new polygon. 


2. Factoring of affine constructions into similitude constructions. 
According to (51), the composition of any two similitude constructions 
S(a), S(b) (a # 1, b ¥ 1) gives for S(a)-S(b) = S(b)-S(a): 


s_ 2 — (a + b)z + abzs 
(79) y= Gi mes aj = b) . 





This is of the form 


(80) 21 = at, + Bes + ye. 








> 
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where, with the proportionality factor 
1 


saa °- dado’ 

we have 

(82) a=p, B=-—p(at+b), v= pab. 
We easily verify 

(83) a+tB+y=1. 


In order, then, to identify S(a)-S(b) with any given ternary affine 
construction: 


(84) A(a, B, y) = S(a)-S(b) = S(b)-S(a), 


where a, 8, y are real and subject to (83), we must find a, b in accordance 
with (82), (81). Forming the quadratic equation 


(85) az’ + Bx + = 0, 


—which we shall call the “auxiliary equation’™* of A(a, 8, y)—we 
observe the identity 


(86) ax’ + Br + 7 = p(x — a)(x — D). 


Therefore a, b must be the roots of the auxiliary equation. Con- 
versely, if a, b are the roots of (85), we must have (82), with an (at 
first) undetermined proportionality factor p. But since A(a, 8, 7) is 
an affine construction, (83) is verified, which implies the value (81) 
for p; and this completes the proof of the relation (84). Hence: 

TueoreM X. Any given ternary affine construction A(a, B, y) can 
be expressed in one and only one way as a product of similitude con- 
structions: 


A(a, 8, y) = S(a)-S(b) = S(b)-S(@). 
The parameters a, b are determined as the roots of the “auxiliary quadratic 
equation” 
ax’ + pr+y7 = 0. 


+18 Iu another context we have found it more appropriate to define the auxiliary 
equation as proceeding according to ascending powers of z: a + #z + yz* = 0, 
or generally, a, + az + --- + a,2*-! = 0. See our forthcoming paper cited 
in the firet footnote. 
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In view of the general formula (53) for the product of any numberr 
of similitude constructions, this theorem is easily extended from ternary 


to r-ary affine constructions as follows: 

TueoreM XI. Any given r-ary affine construction A(a , a2, +++ ,a) ; 
can be “factored” in one and only one way into similitude constructions: 
(87) A(a , a2, +++ , a) = S(a;)-S(a,) --- S(a,), 


the order of the factors being indifferent. The parameters a; , @2,--+,@ 
are determined uniquely as the roots of the “auziliary equation”™* of 
(r 7 - degree, 

(88) az” + at”? +... + a at + a, = 0, 


and because of the reality of the a’s, the a’s are real or conjugate imaginary 
in pairs. 


3. Illustrations. Consider, for illustration, the formation of the 
centroid of any three points; this is the ternary affine construction ; 
A(1/3, 1/3, 1/3). The auxiliary equation is 


(89) e+z+1=0, 
whose roots are the complex cube-roots of unity 2, 0. Therefore 
(90) A(4, 4, #) = S(@)-S(@’) = S(a’).S(Q). 


The geometric interpretation in terms of isosceles 120°-triangles, placed 
first to the right and then to the left of their bases, is obvious. 


Consider the centroidal operation for r points, i.e., the r-ary affine 
construction A(1/r, 1/r, --- ,1/r). The auxiliary equation is 
(91) gi+e77*+...424+1=0, 


which is the cyclotomic equation, whose roots are the r* roots of unity 


except unity itself: ) 


z= (qq = 1,2,---,r— }), 
92 
( ) Q= . Y = 1. 
Therefore 
(93) a(} Sees .4) = S(a)-S(@") -.. S@™), 


where the factors may be rearranged in any order. 








a 


— 
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4. Special affine constructions. By means of the factorization Theo- 
rem XI, we can give a complete answer to the question of what particu- 
lar affine constructions applied to a general n-gon II produce a special 
n-gon II’, and also in what manner and to what extent II’ is specialized. 
This is the same as the question of the solvability for II of the opera- 
tional equation 


(94) Il’ = A(a, ae, --- , a), 


where II’ and A are given. 
By (87), this relation is equivalent to 


(95) Il’ = S(a,)-S(a) --- S(a,)0, 


where a; , @2, --- , @, are the roots of the auxiliary equation (88). 

From Theorem V it follows that we have: 

Tueorem XII. If no n™ roots of unity” occur among the roots of the 
auziliary equation of A, then Il’ may be assigned arbitrarily and TI is then 
uniquely determined. 

Otherwise stated: under the specified circumstances, II’ is perfectly 
general if II is unrestricted. 

But if a certain number, exactly m, of distinct n* roots of unity, 


wo", we. ew 

(necessarily each with its conjugate imaginary: w” "' = w ”' with w”, 
etc.) occur among the roots of the auxiliary equation of A, then II’ is 
special in that it obeys the standard linear relations” R,,, R»,, --- 
R,,,, whatever the original n-gon II. 

In short, we have: 

Tueorem XII’. If, contrary to the hypothesis of Theorem XII, the 
auxiliary equation of A and the binomial equation of n** degree, x" — 1 = 0, 
are not relative prime, but have a er common divisor f(z) = 0, with 
roots ww”, w,w ™,--- w™,w ™, then » for a general initial polygon Il, 
the derived polygon II’ is die specialised by the affine relations Ri, , 


Ry (of (67)) where g = Pi, Pr, --+ 5 Pm 
No further specialization is imposed on II’ by A if II remains arbi- 
trary; ie., any n-gon II’ obeying R,, , Rp, , --- , Ry, can be derived 


by A from some initial n-gon Il—indeed, the determination of II in- 


volves m linear complex parameters. These facts follow quite directly 
} from Theorems IV, IV’; IV”. 


* Unity itself is excluded automatically by the condition (78). 
" Or their affine equivalents ®, , R, of (67). 
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As application, we can answer the question of exactly which ternary 
affine constructions A(a, 8, y) convert a general n-gon into a special 
one. The roots of the auxiliary equation 


ax’ + pr +7 =0 


are either both real, or are conjugate imaginary. 
In the latter case, in order that A be special, these roots must be of 


the form w”,w ”. Then the auxiliary equation is 
(zx — w)(x —w ”) = 0, 
or 
a? — 2x cos *e +1=0; 
therefore 


a:B:y = 1: — 2cos — :1. 


Suppose that these weights are placed respectively at the points w’, 
1, ”; then their center of gravity is located at 


wo” — 2 cos 2PF +w” 
(96) 2 = © = 0. 


2 — 200 2 
n 





Therefore, on account of the affine-invariant nature of A(a, 8, 7), it 
follows that when this construction is applied to any three points 





21, 22, 2: 
2p 
a= 222 cos —_ + 23 
(97) = - , 
4 sin? 2™ 
n 


the point z; is always affinely related to 2; , 22 , z3 in the same way that 0 
is affinely related to the isosceles triangle (w”, 1, w”); i.e., 2; is located 
on the median 2M and divides this in the ratio zz; :2;M = 1 : —cos 
2pr/n. 

The n-gon 


Il’ = A(l : —2 cos 2px/n :1)0 














it 
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rill then always be specialized by the two affine relations R,, > of 
(7)—equivalent to R,, Ra». 

On the other hand, if the roots of the auxiliary equation of A(a, 8, y) 
ge real, then their only possible special value is —1, which is an n* 
not of unity if and only if niseven. It follows that for even values of n 
ye have, in addition, the following special affine construction: If z , 
h, % are any three consecutive vertices of II, let M,, Ms denote the 
nidpoints of 2:22 , 29%; , and divide M,M; in any fixed ratio; the resulting 
plygon II’ will obey 


& + % + & + --- + Su = 0. 


If the ternary affine construction A(a, 8, y) is any but one of those 
just described, then its application to a general n-gon II leads to a 
gneral n-gon II’; i.e., the relation 


(8) Il’ = A(a, 8, y)Il 


is solvable for Il when II’ is arbitrarily given. This follows directly 
fom Theorems X and V. 

We can also restate Theorem B (§8) in affine-invariant terms by 
replacing the sequence of similitude constructions there specified by the 
ifine constructions A(1 :—2 cos 2qx/n:1) where g = 1, 2,---, 
(n — 1)/2 except p if n is odd, and q = 1, 2, --- , n/2 except p if n 
seven. 

Examples. For n = 5, we have the following rather interesting 
particular case. Take an arbitrary pentagon; let A, B, C denote any 
three consecutive vertices, and derive therefrom the point P located on 
the median BM of the triangle ABC and dividing it in the ratio BP : 
PM = 1:—cos 144° = 1: cos 36° = 4:+/5 + 1 or MP: MB = 
1:4/5. Then the five points P so obtained always form an affine-regular 
pentagon of the ordinary convex type. If, instead, the median BM is 
produced to the point P so that MP : MB = 1: +/5, then the resulting 
new pentagon is affine-regular of the star-shaped type (pentagram). These 
constructions are illustrated by the following figures, where the affine- 
regular nature of the pentagons PQRST' can be verified by the charac- 
teristic property that each diagonal is parallel to a side. 

No other ternary affine construction can specialize a general penta- 
gon, as remarked for an arbitrary value of n in connection with (98). 
More definitely: if any ternary affine construction not one of the two 


“See footnote 28. 
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just described is applied to any pentagon that is not affine-regular, the 
resulting pentagon cannot be affine-regular (Theorem VIII). 

For n = 6, we have the following. On an arbitrary hexagon, let the 
binary and ternary centroidal operations be performed successively in} 
either order. Then the resulting hexagon is always affine-regular, and 
does not depend even for its position on the order of the two centroidal 


c 














Fic. 4 


operations. This combination of binary and ternary centroidal pro 
esses : 


a+ vaatata 
’ 3 , 


is represented by 








(99) 





the a 
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go that, in short, this quaternary affine construction converts an arbi- 
trary hexagon into an affine-regular one. 

The following figure illustrates this construction and theorem, where 
the affine-regular nature of ABCDEF can be verified by the typical 
properties described at the end of §8. 

In all the figures of this paper the remark made in connection with 
(14) can be verified, that the centroid of the derived polygon coincides 
with that of the initial one. 


5. Centroidal process of r** order. As another application of the fac- 
torization Theorem XI, we give a solution of the following problem: 
For what values of n and r does the centroidal construction A(1/r, 


s 


/ 2 
Fie. 5 


l/r, --- , 1/r) performed on a general n-gon lead to a special one, and 
what is the degree and manner of specialization? 

According to the factorization (93) of A, and the remarks of the 
preceding article, no. 4, of this section, the answer depends on what r™ 
roots of unity, excluding unity itself, are also n* roots of unity. 

As is well known, the common roots of 


(100) z=1 and z*=1 
are identical with those of 
(101) 2” =1, 


where F is the highest common factor of n and r. 
For F can always be expressed in the form 


(102) F = an + br, 
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with positive or negative integer coefficients a, b; therefore (101) isa } Thes 
consequence of (100). Also, since r = r’F, n = n’F (r’, n’ integers), start 
we have thai conversely (100) is a consequence of (101). (105) 
If F = 1, ie., if n and r are relative prime, the only root of (101)is | gatiss 
the excluded root unity itself. Then the centroidal process of r™ order 
applied to a general n-gon II gives a general n-gon II’. (106) 
If, on the contrary, F > 1, then for an arbitrary choice of II, the 
r-ary centroidal polygon II’ must obey those F — 1 standard relations { Th 
R or R’ whose coefficients are, respectively, the powers from the 0 to | by tl 
the (n — 1)* tions 
> 
of r, of r’, --- , of r””, > 
where (106) 
. to (2 
(103) r= el? (r” =1) equa 
is the fundamental F* root of unity. The relations R in question are, | all th 
by reference to (44), the following F — 1: 
& + 18 + 1's + +s +7” sp + Sra. + T8r42 + T'Sr4s If 
oo eee +r”, = 0, 
(104) + een tein too ee + trys + ane t tte | OM 
fu. $Me, 2g) aren 
8 ey Hag oe Oe + Bry + 2” rs (108) 
+ *,,., ere a = 
then 
where the important feature is the periodic repetition of the coefi- teane 
cients after F terms. —het 
In his second Scripta paper,” Kasner has answered the question we ond 
are here considering by means of the following system of necessary and me, fe 
sufficient conditions: tude 
‘ 
8 = + Bran + Sergi + +++ + S-rys = 9, Th 
Theo. 
8 + Sr42 + Serge +--+ + Sn—r4e = O, natur 
Sra + Sera + Ser t-:: $+ hu == 0, Tu 
8r + Sr + 83r +--+ + Sn = 0. tin on 





* See footnote 1. Refer to p. 39 of the cited paper. 
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+ These express that the vector sum of every F™ side of the polygon II’, 
starting with any chosen one, is zero. Only F — 1 of the F equations 
(105) are independent, since the sum of all of them is the identically 


8 | satisfied closure relation 


_—] 


as 


(106) St etat--- +s, = 0. 


The equivalence of these conditions of Kasner to those (104) obtained 
by the present theory is quickly shown. For by combining the equa- 
tions (105) linearly with the coefficients 1, r, 7’, --- , r”*, we obtain 
the first equation (104), and similarly we can obtain all the others. 
Conversely, if we adjoin to (104) as first equation the closure relation 
(106), then e.g. the first equation of (105) is obtained, with reference 
to (26), by adding together all the equations (106), (104); the second 
equation of (105) by using the multipliers 1, r*, r*, .-. , 7°"; and 
all the others similarly. 


10. Similitude Constructions of R* Order 
If the coefficients a in the linear polygon-to-polygon transformation 


(107) th = cyte + ates +--+ + corte (k = 1,2, ---,n) 


are not required to be real, as in (77), but are permitted to be any 
complex numbers obeying 


(108) om +a +--- +a, = 1, 


then the relation (107) is no longer invariant under an arbitrary affine 
transformation performed simultaneously on all the variables involved 
—but, as is easily verified, it does remain invariant under any similitude 
transformation. We may say that z is a similitude concomitant of 
) ey Seen = * >» Shtea and term the transformation (107) an r-ary simili- 
tude construction. 

The statement and the proof by means of (53) of the factorization 
Theorem XI still apply, except as to the real or conjugate imaginary 
nature of the roots, which now may be r entirely unrestricted and 
unrelated complex numbers (# 1). 

Tueorem XII. Any r-ary similitude construction can be represented 





? in one and only one way as a product of binary similitude constructions: 
(109) S(ay , a2, +--+ , ar) = S(a;)-S(a) --- S(a,), 
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the order of the factors being indifferent. The parameters a are determined 
as the roots of the “auxiliary equation” 


(110) aya” + age” * +... + aut + a, = 0. 


Thus, while the general theory of r-ary affine constructions is iso- 
morphic with the theory of algebraic equations having real coefficients, 
the theory of r-ary similitude constructions is isomorphic with that of 
algebraic equations having any complez coefficients. 

This viewpoint should admit of interesting further development. 


Brooxtyrn, N. Y. 











A PROBLEM OF BUCKLING OF ELASTIC PLATES OF 
VARIABLE THICKNESS 


By R. Gran Ousson anv Eric ReissNer 


I. The theory of bending of elastic plates of gradually varying thick- 
ness has recently been dealt with on a number of occasions.’ So far 
as known no treatment has however been given to the problem of 
buckling of plates of variable thickness. 

The first investigation of the stability of plates of constant thickness 
is due to G. H. Bryan’ who considered a rectangular plate uniformly 
stressed in its plane and freely supported along the edges. 

In the present note a plate is assumed loaded and supported as in 
Bryan’s theory while its stiffness varies linearly in a direction parallel 
to one pair of edges (Fig. 1). 
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The mathematical solution of this problem appears in terms of 
“confluent hypergeometric functions.” These seduce to elementary 
functions if a certain dimensionless quantity containing load intensity P, 
width b and stiffness N = cz of the plate is an integer number. The 
stability conditions are discussed numerically for certain values of this 
number and the results are shown in Figs. 2, 3 and 4. The simplest 


' See R. Gran Olsson, Ingenieur-Archiv 5 (1934) p. 363 where further references 
are given. 
*G. H. Bryan, Proc. London Math. Soc. 22 (1891) p. 54. 
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solution is obtained for a semi-infinite plateO < y<b,0< 2S @ 
where P = 2x(c/b). 


II. The differential equation for the deflection w of an elastic plate 
of variable thickness h may be written in the form* 


aN aw aNaw aNaw 
vwe'w) + (1-9 (2 20 He _ eure _ ones) - =p (i) 


in which 
z, y denote the codrdinates in the plane of the plate, 
En , 
N= ia — the stiffness of the plate 


v Poisson’s ratio, 
on we ais 
va Hye 
at ay" 
When the plate is compressed in its plane the loading p arising from 
a deflection is given by the components of the plane stresses vertical to 
the original plane. If the plane stress is uniform and the stress resultant 
P kg cm™ (Fig. 1) this component is equal to — PV*w so that 


p= —PV'w (1a) 


Equation (1) is essentially simplified if it is assumed that the stiffness 
N is a linear function of one codrdinate, say 


N = cz. (2) 


Then the contents of the second parenthesis in (1) vanish and (1) 
becomes 


cV"(zV'w) + PV'w = 0. (3) 


This is an equation of the second order for V’w. If the boundary 
conditions can be chosen in such a way that the characteristic value P 
is determined solely from the knowledge of V*w and its derivatives, the 
fourth order problem has been reduced to a second order problem and 
the deflection w can be obtained by quadratures from V’w. Such edge 


conditions exist in fact, and furthermore these are the most important , 


from a practical point of view. 


* See EZ. Reissner, Journ. Math. Phys. 16 (1937) p. 43. 
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Ili. Assume that the plate of length a and breadth b is freely sup- 
ported along all edges and take a coérdinate system in which these 
edges are y = O and y = 6 as well as z = mand z = 2(z; — % = a). 


Then the edge conditions are 


2 2 
y=0,b; w=0, M,=N oe +r 22) =o 


oy? az? 
a'w os) 
zr=H%,n; w=0, M, n (33+ 0 


Due to the fact that (4) implies 


2 2 
(S y—0,b aed - (5). 7S 
these conditions may be written as follows: 
y=0,b; w=0, NV’w=0 
Z=H,n; w=0, ii 
Introducing as an abbreviation 
Vw =0 


the problem consists in finding a solution of the equation 
V'(zv) + Pe =0 


which satisfies the conditions 


y=0,b:0=0; Z=%H,m:0=0. 
Putting 


zv(z, y) = g(z) sin Bay, B= *, n=1,2,.-- 


(5) 


(6) 


(7) 


(8) 


(9) 


the conditions (8) are already satisfied along the lines y = 0 and y = b 


and (7) reduces to 
0") — (#127) 92) =0 


The solution of this equation is 


g(z) = oP (1 - oan 2; 28,2) 


(10) 


(11) 
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where F(a, 7; z) is a solution of the confluent hypergeometric differential 
equation 
2F"'(z) + (y — 2)F’(z) — aF(z) = 0. (12) 
A particular integral of (12) is 
2 
i(a, z) + iit q+ 2 
while in the case of an integer y which is dealt with here, a second 
solution in general is of much more complicated form. 
Further treatment will here be given only of the cases 


fev (13) 


1- jf ma =0,-1,-2,-.. 
from which a good deal of information can be gotten and in which P 
is a polynomial of the (1 — a)th degree. Then the second linearly 
independent solution of (10) is found explicitly with the help of the 
Lagrange method of variation of constants. Place 


Bot = t (14) 
and 
g:(&) = ge F(a, y; 28) (15) 
then the second solution of 
Mt _ P = 
w'@ -(:- 2) o@ -0 (10) 
is obtained by assuming 
g(t) = u(E)gi(E) (16) 
in the form 
- [_ #& 
u(é) | noe (17) 
The general solution of (10) is 
g(t) = Agi(t) + Bgs(é) (18) 


where A and B are two arbitrary constants. Introducing (18) into 
the remaining boundary conditions (8) leads to the following equation 


gilfo) ga(ko) 


(19) 
gil&) gal.) 











whi 
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The solutions of (19) which are conditions for instability satisfy the 
relation 

u(f) = u(é). (20) 


IV. Some special cases of (20) which show the properties of this 
characteristic value problem will now be discussed. 


7 





= 





a; 





Fie. 2. a = 1 — (P/2cf) = 0 
a. The case a = 1 — (P/28,c) = 0. 


Here 
a(t) = te* (21) 
From (17) follows 
ue) = [ Sar = -2 + Bian (22) 
? 2g 


where 
t 
nie = [0 
is the so-called “exponential integral’ which is a tabulated function. 
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Now u(é) is a monotonely increasing function (Fig. 2) so that there is 
instability only if* 


& = 0, & = @, (23) 


Thus there is buckling of the whole strip 0 < z < «. If only a part 
of it,  < z < 2, instead of the whole strip is compressed the stability 
of the system is obviously increased and 
2ex 

P= 7 (24) 
is therefore the smallest possible critical stress resultant for a freely 
supported plate, with linearly varying stiffness N = cz in a direction 
normal to the breadth b. 
b. The casea = —1. 
Here 


g(t) = te “(1 — &). (25) 
From (17) follows 


- e* dé ° *( 1 nid *) 
we) = | oqtp: = ti + e*(- =) 
The numerical calculation gives two branches for u(é) with vertical 
asymptotes at § = 0 and = 1 (Fig. 3). The instability condition is 


Ei(2) + im(4, - ) = Bi(2) + je (4 - r) (27 


In a given problem the dimensions of the plate, a and b, are known 
and hence 

ra _ «(x — 2%) 

oe ee 
isknown. Therefore the position in the u()-graph must be found where 
a parallel to the axis meets the two u-branches at a distance & — &. 
The known value of a then gives the relation between stiffness and 
critical load. The graph shows very clearly, how for given buckling load 
P and plate width b the length a = b(& — &)/ of the plate increases 
with an increase of its minimum stiffness cr» = cbto/r. 

‘ In order to get this result from the graph of the function u it must be assumed 

that for — = © u jumps from + to —#. The same assumption is necessary, 
in order to get all results concerning the function u in the following discussions. 


That this assumption gives correct results can be seen immediately, since for 
this case the characteristic function is g,(&) iteelf. 
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In the result is contained the buckling load of the strip 
l<t<~o (28) 


and has the value P = 4cr/b. Thus it is seen that if from the strip 
0 < z < ~ a piece of length b/z is cut off at the thin end the critical 
load is just doubled. 


Mr 

















wt 

Frio. 3. a = 1 — (P/2c8) = —1. A parallel to the {-axis intersects the two 

branches of the u-curve at points & and &. Then for given & = r2%/b and 
Pb/2xc = 2, the length a of the plate is given by a = 2 — % = b(& — &)/x. 


The critical pressure given by (27) can be compared with the buckling 
load of a plate of constant thickness, of the same length and breadth, 
and of a stiffness equal to the greatest value cz, of the variable stiffness. 
The critical load for the plate of constant thickness with the same edge 
conditions as (5) is given by* 


Ni(, , b 
P= (+5) (28) 


* See A. Nadai, Elastische Platten, p. 239, Berlin, 1925. 
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For the plate of variable stiffness one has with a = —1 that is 
with P/c8, = 4, 


£-i(+3) 


and thus 








a”, ee ee Oe ee ee ee) 











Fic. 4. a = 1 — (P/2cg) = —2 


It should be noted that according to Fig. 3 in this case & — & > 1 
that is 


ra 


52} (32) 


It follows therefore that by choosing a = —1, only such plates ar 
included for which the proportion of breadth to length is limited accord- 
ing to (32). 

c. The casea = —2. 
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Here 
gilt) = te *(1 — 2¢ + $e’). (33) 
From (17) follows 
e% dg 
u®) = | eae 


= 3x; -2«[? 2+ V3 3 v4 
gee - 54) +5 + (34) 








- si 

e=3-%, i =3+%3 (35) 
The function u() has now three monotonely increasing branches with 
vertical asymptotes in § = 0, = & , § = Er (Fig. 4). Fora/b < /3/x 
the plate lies between the first and the second branch, for a/b > +/3/ 
) between the second and the third branch. Buckling of the whole strip 
occurs when & = £,; and & = ©. As in case b), the proportion of the 
critical loads of a plate of constant thickness and of the plate dealt 
with in this paper can be found. This proportion is 


r= 8+ 5) (36) 


P. & 


From § — & > &, there follows again a limit for the possible propor- 
tions of the plate in the form 


= 4.955... (37) 


V. In this way it would be possible to discuss the instability condi- 
tions for further integral values of a. Since however no new features 
of the problem are expected to appear and the numerical calculations 
become increasingly long this has not been done. The praetical value 
of the calculations carried through should be greater as merely giving 
the results for the cases of Figures 2, 3, 4. By comparing them with 
the results of approximate calculations (for instance applying Ritz’ 
Method) for the same plate they will indicate the amount of error also 
for plates with dimensions not included in the present exact calculation. 


Norwecian Institute or TECHNOLOGY. 
Massacuusetts INsTITUTE OF TECHNOLOGY. 

















GENERALIZED EINSTEIN HYPERSURFACES OF SPACES OF 
CONSTANT CURVATURE 


By N. Cospurn 


1. Introduction. Consider an m-dimensional Riemannian manifold 
(V..) imbedded in an (m + 1)-dimensional space of constant curvature 
(Sm+1). We assume that the principal directions of the second funda- 
mental tensor (h,,) of V.. exist. Then by use of the Gauss relations, 
we find that the principal directions of the Ricci tensor (K3,) of V. 
exist and coincide with those of the second fundamental tensor. This 
result enables us to form an expansion for the second fundamental 
tensor in terms of the Ricci tensor. The study of a particular case of 
this expansion leads to a class of V,, which constitute a generalization 
of Einstein spaces. The properties of these V,, are discussed and their 
existence is proved. 


2. Notation. Let the unit tangent vector fields of m mutually or- 
thogonal non-isotropic congruences of V,, in Sms; be denoted by 


f=’, (k, A}, = 1--- m+ 1), 
(2.1) : 
e= +1, fi = 6. 


According to whether « is (+1) or (—1), we say that 7* is in the positive 


or negative quadric (region) of directions determined by the first funda- 
mental tensor of Sm4:(@,) 


(2.2) afi =<. 


The subscript (c) in (2.1) refers to the congruence (orthogonal index); 
the contravariant index (x) to the S,,4, coordinate system. We denote 
the first fundamental tensor of V,, (of rank m) by 


(2.3) a, = > eini, = thin, (c,b = 1.-- m). 
Hence the connecting unit affinor of V,, with respect to S,4; becomes 
(2.4) B= > dic iy. 

° & ¢ 
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For the second fundamental tensor, we write 

(2.5) hy = —BX BiVais, 

where V.. denotes covariant differentiation with respect to the metric 
tensor a, of S,.4; and % is the unit normal to V,, . 


If Ksex, denotes the Riemann Christoffel affinor of V,, then the 
Ricci tensor is given by 


(2.6) Ky = a’ Kihs ° 
The Gauss and Codazzi relations (1) are for V» in Sai 
(2.7) Kiy = e(herhig, — Raph) + K(aeray — Ganon), 


28) Viahn» = 0, 
where K is the curvature of S,.4, and V, is the covariant differentiation 
operator of Vn(@,,). 

3. The Ricci and Second Fundamental Tensors. By contracting the 
indices (8, A) of the Gauss relation (2.7), we obtain 
) (1) K., = chah®, — e(hna™)he, + K(1 — m)a’,. 


If the roots of the determinant equation (2) 

(3.2) | hap — pda, | = 0 

are real and its matrix possesses simple elementary divisors, then r < m 
principal directions 7** exist such that 

(3.3) Rept” = hig. 

By transvecting (3.1) with 7, we find, using (3.3), 

(3.4) Kit" = ki,. 


Hence the Ricci tensor has principal directions and these coincide with 
those of the second fundamental tensor. 
Let us assume that (s) of the A are distinct and consider the system 


(3.5) h=atak+oak*+... ak”. 


0 le 2e s—le 

















142 N. COBURN 


If the Vandermonde determinant of the system (3.5) 


| 1k... 
1 1 
a0  LIre@-ne-)~ 
1ék #... (4-8) --- 

* . . 2 3 
is not zero, then solutions for the a of (3.5) exist. From the expanded 


form of this determinant, we see that a necessary and sufficient condi 
tion that (3.5) determine (s) distinct h is that the k be distinct. 


Since the principal directions of Ki, and h,, coincide, the relation 
(3.5) may be written as (14) 


(3.7) hy = aay, + aKy, + aKy,Ki, +--+ a Ky, Kept e+. Kip. 
0 1 2 s—1 
Hence the theorem: 
If the principal directions of h,, exist and the tensors h,, and Ky, 


both possess the same undetermined principal directions then h,, may be 

written in the form (8.7). Here (s) denotes the number of distinct h. 
Two cases of particular interest arise. If a, @--- @ are all sro but 

a is not zero, then = 

(3.8) hy = aah. 


These are umbilical V,, in S,4; or hypersurfaces of constant curvature. 
The properties of these V,, are well known. If a, a,--- a are all zero 
2 3 


e—l 


but a, @ are not zero, then 
1 
(3.9) h, = adi, + aK,,. 
1 


These V,, have two and only two distinct h. They constitute a gen- 


eralization of umbilical spaces. Furthermore, the equation (3.9) may 
be written 


(3.10) Ki, = Bar, + Bhy, 


(3.11) 
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If we allow (a, a) to approach infinity, but require that the ratio of a 
0 


to a remain finite, then 
1 
(3.12) Ki, = Bara. 


Hence an Einstein space (3, 4) is a special case of this type of V.. We 
shall study some of the properties of these V,, . 


4. A Relation Between the Two Distinct h. Substituting (3.10) into 
(3.1), the latter becomes 
(4.1) [é + K(m — 1) ]o. = chy hi, = (8 + a’ har [haw 
Referring the A), tensor to its principal directions, this result becomes 

2 
« Law (¢+ EA) 
(4.3) L= [8 + K(m — 1)}- 
nLo 


Upon simplifying (4.2), we obtain 


Wo = -4@+ 24) 

where po denotes summation over all indices except the c”. By use 
of two aieien (4.4), we obtain 

” m(p + 228) = A(0 + 24). 

(4.6) aes (boo =1.---r;p,qgq=r+1.---m). 


where h represents one class of equal h’s and A represents the other 


class of equal h’s 

(4.7) h=h=h, 
1 b e 

(4.8) h=h=h. 
2 P q 


Hh is zero, then from (4.5) 


(4.9) B+ (m—r—Ih=0. 
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If none of the A are sero, then (4.5) can be written 
h B6+Dh 
(4.10) 2o )_f. 
h Bt Qh 
e 1 epk 3 
If m > 2 and 
(4.11) h¥ B+ Dh, 
P 1 me ke 
then (4.10) becomes 
h B+ h 
4. 2 ow )_ Se = 1, 
— wip it 
c 1 op k 
This contradicts the assumption that A, A are distinct. Hence 
Pee 
(4.13) h=6+ Dh. 
P 1 wok 
This relation can be written 
(4.14) B+ — Dh+ (m—r— Dh=0. 


We note that (4.9) is a special case of (4.14). 
Summarizing, for generalized Einstein spaces V,, in S.4: , the second 
fundamental tensor may be written as 
(4.15) bh, =h(irt, +--- ity) + h(a i, + sss this), 
iyi r 


r+irt+l 


where h and h are connected by (4.14). 


5. The Codazzi Relations. In our future work, we shall restrict 
these V,, by requiring that they be “ordinary” (positive definite metric 
tensor). This assumption is necessitated by the difficulty of handling 
the Codazzi relations in the indefinite case. The Codazzi relatiom 
(2.8) become 


(5.1) Viahp, = 0. 


Using the formulae of Schouten-Struik (5), the equations (5.1) become 
when referred to the orthogonal ennuple determined by the principd 
directions of hy, , 














Basa 


& & 
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(5.2) ( ~ hy is i PVAty + ( - hy is i Vii, = 0, 
- Sl fats ti 
(5.4) lL#jx#k=1.--m). 


Let us denote the principal directions belonging to h by 
1 


(5.5) - (c,b =1--- 1); 


and those principal directions which belong to h by 


' (5.6) s (p,q, =r+1---m). 
P 
Then (5.2, 5.3) may be written 
(5.7) PPV, = 0, i* Vi, = 0, 
6 P@ b 

(5.8) ‘ Yvan + ( - hy ee Vii, = 0, 

(5.9) : vi + ( - hy is ia Vis = 0, 

(5.10) ‘ vi = 0, J wah = 0. 


From (5.7) we see that the directions 7 of (5.5) build o”V, ; the 
directions 7* of (5.6) build ©"V,,_,. The equations (5.10) denote that 
h is constant over each V, and h is constant over each V,,. The 
equations (5.8), (5.9) may be written as 


(5.11) P74, = (# ih) (h _ ny = 6, 
PP e e 2 1 2 e 
sm Fenie= (eeANA a= 9 


In order to interpret these equations, we introduce the fundamental 
quantities of the V, and V,_-. Let us denote the metric tensors of V, 
and V,,_, by 


(5.13) a@y, = tty, 
mr Pp 


(5.14) any, = ty. 
td 
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Furthermore, let us write for the connection affinors of V, and V,_, 
in V., 


(5.15) B = i, 
(5.16) Be = Pi, 
Pp 


Since # are V, normal and # are V,,_, normal, we find for the second 
dundementel tensors of V, nt Vaw 


(5.17) he = — Be Vets, 
(5.18) hy = "Ret Vets. 


The equations (5.7), (5.11), (5.12) yield the result 


(5.19) hy = 0a,, 
p P 
(5.20) hy, = Oa. 


Furthermore, for the normal 7 which is perpendicular to V.. , we have 


(5.21) hy, = —Bx? BY5V,%., 
(5.22) hy = —Byf BYV,i,. 


By use of (2.5) and (4.13), these last equations become 


(5.23) hy, = han, , 
(5.24) h, = hay, . 


The equations (5.19, 5.20, 5.23, 5.24) express the fact that V, and 
Vn, possess umbilical points in Sn»4:. From Segre’s theorem (6), 
these ©” "V, and ~'V,,_, are hypersurfaces of constant curvature of 
o”"S..4, and ©°S,.4;. Hence the theorem: 
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The generalized Einstein V,, in Sms, consist of a system of »™’S, 
in ©” "S,4, and a system of completely orthogonal ©"S,_,in ©" Sm—r+41 . 


6. An Orthogonal Coordinate System in V,,. From the work of the 
last section, we find that the (m — r + 1) second fundamental tensors 
of the S, in Sm4: can be denoted by 


, 6.1) hy, = Gan, , (p,q,u=r+1,--- m,n). 
P P 





Let us drop the superscript (r) in our work on this S,. From (6.1), 
we have 


‘ q 
(6.2) hata hes, = 0. 
Dr 


Let us denote the vectors entering into the Ricci relations (7) of S, in 
Saw by 


aq r @ 
= - 7 ;* 
(6.3) ” BY (Y-ia) i. 
Furthermore, let us denote differentiation with respect to S, by 
(6.4) Va wy = Bs? VaWs . 
Then the Ricci relations for S, in Ss; become 
r @ ¢ “ ¢ 

(6.5) Va %} + Mp % = haphSy = 0, 

p uw P 5 


) 


the last simplification having been made by use of (6.2). It can be 
¢ 

shown that whenever the vectors »v, satisfy an equation of the form 
P 


(6.5) where the right hand side is zero, then a set of mutually orthogonal 
unit vectors 7° exist in the normal space (S,-,) to S, such that (8) 
P 


(6.6) 5, = 0. 


We shall drop the (~) and use this particular set of vectors @ for which 
P 
(6.6) is valid. From (6.3), the condition (6.6) may be written as 
(6.7) iV. = 0 (p,q=r+1---m,n). 
¢ 


cp 
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If we restrict the range of the indices, we may use (6.7) in the form 
(6.8) P74, = 0 (p,g=r+l1.---m). 
? ~ 


Since 7 belongs to the (m — r) domain of indeterminate principal 
? 
directions of h,, , the equations (5.7 to 5.10) are valid for this new 


choice of principal directions. The equations (5.7) may be written 
(6.9) 77V4, =0, PVG, = 0. 
edb 4 qe ? 


Select an arbitrary vector : of the above set. Let us denote it by ¢ é 
Then (2 y tr ’) build o”"V,,, in V.,. in virtue of (6.8), an 
1 


r+1 


We now define the second fundamental tensors and connection affinor 
of these V,,; in Say: in an analogous fashion to that of S, in 8,4, 
(5.13-5.20). The equations (5.7), (5.12) and (6.8), (6.9) enable us to 


write for these second fundamental tensors 

r+1 r 
(6.10) hy, = im, + « & ine (p=r+1.---m) 
(6.11) “Ie = hie + hf é. 


2 r+1 r+i 


Again, equations for these V,,; similar to (6.2) for the S, are valid. 

By reasoning with the Codazzi relations for the V,; in a similar fashion 

to that of S,, we find equations of the form (6.7) valid where (p, q = 

r + 2,--- m,n). Selecting a particular vector as i , we find that 
r+ 

(2, . ot ee ’) build V,4. in V.. By continuing this process a 


r+2 or+l 1 
finite number of times (m — r), we can finally select a set of vectors 7 


QP 
in the S,_, such that 


PP? Vii, = 0, jjk=1---mp=r+i1---m) 
(6.12) rf: Ate = Gj ‘ +P 
(k # j # p). 
Likewise, the vectors * in S, may be selected so that 
Si Vii, = 0, ik=1.--mic=1-.-. 
an = orien 
(k # j ¥ p). 


The equations (6.12), (6.13) are the necessary and sufficient conditions 
(9) that an orthogonal coordinate system be determined by the con- 
gruences 7’. Hence the theorem: 
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The generalized Einstein V,, in Sus, admit at least one orthogonal co- 
dinate system. In this coordinate system the o™’S, and 'S,_, are 
wordinate subspaces. 


7. An Existence Theorem (m > 4). The existence of these gen- 
galized Einstein spaces will now be discussed. From the general 
theory, the necessary and sufficient conditions for the existence (10) 
of these V., in Sn4; is that the Gauss, Codazzi relations (2.7) (2.8) be 
satisfied. However, the theorem of T. Y. Thomas (11) states that for 
Vnin Sms: (m > 4), the Codazzi relations are consequences of the Gauss 
relations. Hence we have only to show that the Gauss relations will 
be satisfied for some class of these V» . 

From the theorem at the end of section 6, we see that the V,, will 
always admit an orthogonal coordinate system such that 


(7.1) u* (a =1..--7), 
are the intrinsic coordinates of S, and 
(7.2) u? (p =r+1---m) 


are the intrinsic coordinates of S,,. The first fundamental form of 
V., can be written 


(73) ate = (a.)*, ay» = (a,)’, 
(74) ds* = [(a,du’)* + --- (a-du’)*] + [(@adu™)* + --- (andu™)’) 


We determine our a, , a, so that they satisfy the Gauss relations for S, 
in Sm4; and Sa, in Sm4,. Using (5.19) (5.21), these formulas are 
(7.5) Kapy = ( ) #+ i + K) (card — aman ; 

p=rt+l p 1 


(7.6) Kame = (+8 + K) Gay Upp, — Gey Apr 


From the formulas of Eisenhart (12) and (7.4), the equations (7.5) 
become 


8/1 da 8/1 @éa, 1 da, da. 
i oc & =) “i (i aa) + 2 ot 35) 


~-[E e+e +x) 
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and similar equations for (7.6) with @, hk replaced by @,h. The solutions 
pil a? 


of these equations exist and are well known (13). Let us condition 
these solutions by making the permissible restriction 





(7.9) a =fau'), a, = f,(u'), 
(7.10) > &@=>de=0. 

From (5.11), (5.12) we see that a solution of (7.10) is 
(7.11) h = gi(u'), h = gr(u”). 


Now the formulas of Eisenhart applied to the Gauss relations of V,. in 
Sn: give the sets of equations (7.7) and (7.8) for the indices (c, b --- ); 
a similar set for the indices (p,q --- ) which correspond to (7.6); and 
for the mixed indices (p, q, c, b --- ), the single condition 


(7.12) hh+K=0. 
1 


This last equation will condition the curvature K of Sa4:. Hence the 
theorem: 

There always exist some spaces of constant curvature Sms, such that a 
class of generalized Einstein spaces V,, can be imbedded into Sa4: . 


AppEenpDIx I 


In this section, we consider a V,, in S,. We shall show that the 
necessary and sufficient condition that a set of unit normal vector 
exist in the normal Z,_,, to V., for which 


¢ 
(1) » = 0, 
?’ 
is that 
, a 4a Me 
(2) Vis be) + % = 0, 


where V; is the covariant differentiation operator of Vn . 

The necessity follows at once. For if (1) is valid, then (2) is. 

To show the sufficiency, we study the orthogonal transformations in 
the normal £,_., 


(3) 











(6) 
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. where the orthogonality relations are 
e@ ¢ er r ¢ q 
nt (4) aa=é6, aa=éi, a=a. 
er’ r’ i i q @ ¢ 
o 
From the definition of » 
Pp 
q a ae 
(5) rn = By (%-ia) i", 
¢ 
we find that the » transform under (3) by 
v 
n ( @ @’ r eq’r 
.| 6 n= aviataa nm, 
); Pp’ p’re 


Setting the left hand side of (6) equal to zero, we have the system of 
partial differential equations 


(7) Vata n=0. 
»’ p's 


By differentiating and using (4), (6), we find that the integrability condi- 
tions of (7) are the equations (2). Hence we reason if (2) is valid, 


then e can be found so that (7) is valid and hence (1) is valid. By 
differentiation, it can be shown that (7) is consistent with (4). Hence 
the ©, are the coefficients of an orthogonal transformation. Thus (2) 
is sufficient for (1). 


University or Texas. 
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(14) Added in proof: 
The following note will explain our ideas more fully. Let us assume as 
in the text of this paper that h ee h are the only distinct h. From (3.1), 


we obtain 
Kai* = [™ =~ (7 h) h +K(il- m) Jie = kis. 
If h = h, then from the above, we find k = k. If @ exist such that (3.5) 


is valid then k = k implies h = h. But these last two results imply that 


the tensors h,, , K,, both possess the same undetermined principal directions. 
Conversely, assume both tensors possess the same principal directions. 
Since h = h intplies k = k, this last assumption is equivalent to h #h 


implies k # k. Then by reasoning of the text, a can be found such that 


(3.5) is valid. Hence our theorem should be generalized to read—if and 
only if --- 





where 





ON THE SOLUTION OF LINEAR DIFFERENCE 
DIFFERENTIAL EQUATIONS 


By Ausert E. Hens 


In 1937, Malti and Warschawski’ derived the solution of a given 





ordinary linear inhomogeneous difference equation with constant co- 
efficients by Laplacian methods. Given the difference equation 


{ Lase+k) =o) oz) =0 2<0 
| a,’s constant 


they found, under appropriate mathematical conditions, that 


n {z}-1 n a 

fiz) = 2) B > aig(z —c— 1) + DL) DY Buak" f(x — [xz] + 8 — 1) 
; kel om k=1 sl 

z-([z]>0; 2z2>0 
where the a,’s are the roots (assumed here to be distinct) of the char- 
acteristic equation 

P(a) = > a’a, = 0 

om) 

and where 


an i ° = Q. (ax) . eo — if 
B, = Pm) ° Bis P’(a) >: Q,(e) > ets 





They further demonstrated that the solution may be made to fit con- 
ditions for which values of f(z) different from f(z — [z] + A), A = 0, 1, 
+++ m — 1 were fixed. 

The following question may now be raised. Can these methods be 
applied to linear difference differential equations with constant coeffi- 
cients which have differences on one variable and derivatives on the 
other? Such equations are not uncommon in the applied sciences.” 


‘Malti and Warschawski, Transactions of the American Institute of Elec- 





trical Engineers, vol. 56, 1937, page 153. 
* See for example the work of von Karman, Born and Schrédinger. 
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The following note will serve to illustrate the possibilitics of the Lapla- 
cian methods in such problems. 
Given the linear difference differential equation 


> + Qyr, — wa — yu) = 0 (1) 


We desire the solution to (1) under the boundary conditions y(t) = 
Yon+(t) = 0. Further we assign the values of y, and oh ati=0. if 
then we let’ 

gp) = [ e ** y(t) dt 
and we multiply the equation (1) through by e” and integrate over 
(0, @) we have 


— (24+ pp + m4 = —[p~O) + nO) (2) 


Thus we have reduced the equation (1) to an ordinary inhomogeneous 
linear difference equation with constant coefficients. These coefficients 
depend on the parameter p. If we let f(z, p) = m-a(p),A -1<2<) 
then the solution of the difference — (2) is 


g—(p) = Aay* + Bay" + pio <- # o(e —[zl+r-¢,p) (3) 


This form follows from the work of Malti and Warschawski. Here 
A = Bu f(z — [z]) + Bu fe — [2] + 1) = Bug + Bu 
B = Bu f(z — [z]) + Bu f(z — [z] + 1) = Bugo + Ban 
ow = 2+?) + fe + 2 _ 2+? = ve + # 








o(z + 1, p) = —[p~0) + »O)) 


When we apply the boundary conditions to the solution (3) we get 


(a oie a) 2n+2 at =" 
fa(p) = PH o~ ant > —_ oe — [z] + 2n +A — ¢, p) 


c=) Gt) 





(4) 
er o(z — [x] +d — ¢,p) 
*For details on the Laplace Transform see Bochner, Vorlesungen uber 


Fouriesche Integrale, Leipzig, 1932; Courant-Hilbert, Methoden der Mathema- 
tische Physik, vol. II Berlin, 1937. 
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This in turn may be written as 


Mod /qdhtP® _ gtettay (get _ get 
nlp) = = ( ae — ght )( on ole — [x] +- ¢, p) 


= 





+b (2. = 1.) (a) ote — al +o, 2) " 





a~— a 


The coefficients of ¢(z — [z] + ¢, p) are rational fractions in p* when 
they are simplified. Moreover except for the boundary points \ = 1 
and \ = 2n + 2 these are proper fractions. At A = l orA = 2n + 2 
the sums in which these coefficients appear will vanish. Hence these 
proper fractions may be expanded into partial fractions in terms of p” 
and we will then have 














n—i(p) ' 
2 .. ker(’AX— 1)... kr(o — 1) (6a) 
in 2n+2 sin sin 
s-} yar! 2n +1 an +1 oe — [2] + 6,7) 
— ? + 4 sin’ = ws 
P 2(2n + 1) 
or 
gr-1(P) 
2n 2n+2 2 sin nO v sin — 2 (6b) 





[yea(0) + pye(0)] 
bi =i 2n+ 1 2 9 
p +4sin 2Qn + 1) 


The final form of the solution will be obtained if the integral 
etie 
Pa / — palpe dp = pad c>0 


isevaluated. This integral may be evaluated without difficulty and we 
have finally 











i a2, “et? 9 . kr(¥ -- 1) .. kr(o — 1) 
nal) = & & infin” nti tl 
sin {2e sin = i } 
. . 22n+ {|} (7 
Ye-1(0) cos {ae sin ec} + Ye-1(0) oa = 
SD 9(2n + 1) 


1svAS2n+2 
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This solution may be cast into another form which will enable us to 
consider the effect of n becoming infinite. Thus we will be in a position 
to treat the same problem with boundary conditions y and y, = 0. 
The sums over the k index may be evaluated without difficulty if we note 
some elementary properties of Bessels functions. Here we have 

2n+2 


pal) = > [yeast anal) + y.-1(0)bi2} ,-1(0)] 


where a") ,-,(¢) and b{"},-.(é) are given by the following two series 


which are convergent for any finite t. 


as} a(t) = 2 { Jap, (2t) + Sny,(2t) — Jo,,(2t) — Js,,(2%)} 


t 
bu) = [ as} x-a(r) dr 
and 
pr = A\—o + 2p(2n + 1) 
p= A+ o— 2+ (2p + 1)(2n+ 1) 
ps =A +0 + 2p(2n + 1) —2 
pe =A —o + (2p + 1)(2n + 1) 


Thus the elimination of k enables us to consider the effect of n becoming 
infinite. We have 


Lim a$2} a(t) = aera) = J2a—)(2t) — Jease-2)(2t) 


a~@ 


and 
Lim bf.) = barat) = [ @o-as-els) de 


Hence for any finite ¢, as n becomes infinite 
nal) = p> [ye1O)aearalt) + ye1(0)be-r1a-1(0)] A=1,--- @ 
provided this sum is convergent. 

In either solution (7) or (8) for a given A and ¢ = 0, the solution 


reduces to y,:(0). In the case of the solution (7) this takes place 
because of the identity 


Ean se Pangea? | 2 “4 1<d <2n+2 
0 








i 2n+1 2n+1 








| 





| 











| 
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In the case of the solution (8) this takes place since only Bessels functions 
of this type are unity when their order and argument are zero. At 
t = 0, the ¢ derivative of either solution satisfies a similar condition. 
Furthermore boundary conditions for the finite or infinite case are 
satisfied. A direct substitution will show us that (7) and (8) both 
satisfy (1). 

We hope to treat further applications and mathematical questions 
at a later date. 


Purpve UNIVERSITY 
LAFAYETTE, INDIANA. 











CORRECTION 
By I. N. Kaeno 


The author wishes to call attention to the following corrections to two 
of his papers: 
THe Mapptne or Grapus ON Surraces: This Journal, 
Vol. XVI, (1937) 


P. 48, lines 10 and 11; these lines should read “‘orientable) surface is 
called minimal for G if it is the surface of least possible genus on which 
G can be mapped.” 


Perrect Suppivisions or Surraces: This Journal, Vol. XVII, (1938) 
P. 86, line 14; this line should read ‘““The cyclomatic number of such 
a graph is” 
P. 86, lines 26 and 27; replace “‘the number of independent circuits in” 
by “the cyclomatic number of”’. 
P. 88, line 19; replace “(Theorem 11)” by “(Theorem 12)”’. 
P. 94, line 8; this line should read ‘‘—1, —2 exist.” 
P. 109, line 19; replace “continued”’ by “contained’’. 





ON 





ON HARDY’S THEOREM ON THE ZEROS OF THE ZETA 
FUNCTION 


By Norman Levinson 


Riemann discovered an entire function =(t) whose zeros are the non- 
trivial zeros of {(s). Z(é) is real for real ¢ and is even. The real axis 
for =(t) plays the same role as the critical line for ¢(s)._ Here we shall 
give a proof of the first theorem in the direction of the Riemann hypothe- 
sis. This theorem first proved by Hardy states that there are an 
infinite number of zeros on the critical line of the zeta function. This 
is the same as proving that =(¢) has an infinite number of real zeros. If 


ez) = ee" 
then a formula due to Reimann gives 
d se sal 
8 = 5,8 - = ve 
(1.0) tS {46} = [ = (202 dt. 
By using the well known result 


ro 50() 


rei 


it ean be easily shown’ that if z = 2e"*~**, 
0(z) = €* + O(1) 
(1.1) 6’(z) = —}e' + O(1) (e— +0). 
62) = ¥'+0(1) | 


fz2e= gist 

(1.2) e"(z) = Of"), (e+ +0). 

Let z = e**-* in (1.0). Then by (1.2) 

(1.3) lim | =(2t)e"~* dt = 0. 
«+0 2 


1See for example Bieberbach, Lehrbuch der Funktionen Theorie, Vol. II, 2nd 
edition, page 360. 
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Since =(2¢) is a real even entire function it follows that if =(2¢) has 
only a finite number of real zeros (1.3) implies 


(1.4) [ (2) |e dt < w, 

Let z = 2c" in (1.0). Then by (1.1) 

(1.5) lim | [ =(20)2-* ' dt| = ow. 
0 o 

’ Clearly (1.5) implies 

[ |= (20) |e" at = «. 


But this contradicts (1.4). Thus =(2¢) has an infinite number of real 
zeros. 


Massacuvusetts INsTITUTE OF TECHNOLOGY. 





QUADRATURES INVOLVING TRIGONOMETRIC SUMS 
By R. H. Cameron 


1. Introduction. It is the purpose of this paper to investigate the 
trigonometric character of the function 


(1) Y(z) = frm ¢ + ewe’ “eas 


when the functions P(z) and Q(z) are given trigonometric sums of cer- 
tain types. This is of course equivalent to saying that we shall study 
the trigonometric character of the solutions of the differential equation 


(2) a = P(z)¥(2) + Q(z) 


when the character of the coefficients is known. Moreover we shall 
/ obtain results from a direct consideration of (2) which do not seem to 
be obtainable simply by using known theorems on the integration of 
trignometric sums in connection with the formal solution (1). 

We shall deal with two main classes of trignometric sums, namely, the 
class Ul of uniformly almost periodic functions and the class & of abso- 
lutely convergent Fourier-Stieltjes transforms. We shall consider also 
certain subclasses' of %. Thus, the class % , (0 < @ < 1), will consist 
of all functions F(x) expressible in the form 


(3) F(z) = [ e* dala) 


where a(A) is a right continuous complex function of the real variable 
\ and is such that the norm 


,@ Nir] =2 > [ [ \aaoy i] 


is finite. Similarly the class %3", (0 < @ < 1) will consist of all func- 
tions F(x) expressible in the form 


(5) F(z) = iz e™* dg(a) + > B, o, 


‘ 1R. H. Cameron and Norbert Wiener, Convergence properties of analytic func- 
tions of Fourier-Stieltjes transforms, Transactions of the American Mathematical 
Society, Vol. 46, No. 1 (1939), pp. 97-104, esp. pp. 97-99. 
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where 8(A) is a continuous complex function of the real variable \, 
the B, are complex, the A, are real, and the norm 


6) NF) = 2 > [ [ (dB) i] +25 1B! 


is finite. We shall use the notation % to mean %% or %;” just as we 
use + to mean + or —; and of course N, will have the analogous 
meaning. We note in passing that the average of an element of U is 
its constant term, while the average of an element of & expressed in 
the form of (3) is the jump at the origin a(0 + 0) — a(0 — 0). 

Using merely the hypothesis that P(x) and Q(x) both belong to U (or to 
Ws) and that the real part of the average of P(x) is not zero, we shall show 
that there is one and only one value of C in (1) which makes y(x) bounded 
(— © <2 < + @), and that this bounded function y(z) belongs to 
U (or to As). 


2. Properties of the norms. It has been shown’ that the norms 
N.(O < @ S 1) have the following properties :— 
I. NoF(-) + G(-)] & NaF] + NdlG). 
(7) Il. NolF(-)G(-)] & Nol FINAG| 
Ila. NolaF(-)] < | a |'NofF). 
For uniformly almost periodic functions, we define the norm 


UIFi= Bd |F(z)| 


—ea<crc+o 


and we note that U[F] has the same properties (7) as N, . 


3. Simple operators. Derinition. Let F(z) be an element of ¥ 
expressible in the form (3). Then we define for R(a) # 0, 


1 « e* 
(8) (D — a) [F](z) = [ Ga — <a) da(n). 


Moreover if f(x) is not an element of U but is an element of UU having the 
Fourier Series 


fle) ~ > A,e™, 





— 
_ 
ws) 
~~ 





—_ 





QUADRATURES AND TRIGONOMETRIC SUMS 163 


then for R(a) * O we define 


1 
(9) (D—a) [F)(z) = g(z), 
where g(x) « Ul and has the Fourier series 
(10) g(x) ~ mm Are aides, 


= (a, — a) 


It is clear that (8) uniquely defines an element of % under the specified 
conditions, and Takahashi” has shown that (10) uniquely defiaes an 
element of Ul under the conditions given. Moreover, it is clear that 


) (9) and (10) may be applied even when f(z) is an element of & because 


then (8) applies and gives the same result as (9) and (10). 
Lemma 1. If F(x) is an element of U or UX and 


G(z) = (D- — FIG), R(a) ¥ 0, 


SRT te 


£. G(z) — aG(z) = F(z). 


This lemma is obvious when F(z) « AX; and when F(z) ¢ U it follows 
from the fact that* 


(un) a2) = ge) = of" pea, 


where the + © osataaiun o if R(a) > Oand — ~ if R(a) < 0. 
Lemma 2. If F(x) € UA and f(x) eV = ~ 0,0 < @ S 1, then 


= 's 
and 
Loma a Faia) 


*S. Takahashi, On the formal integration of the Fourier series of an almost 
periodic function, Matematisk Tidsskrift, B, No. 4, 1935, pp. 82-85. See also 
B. Jessen, Remark on the theorems of R. Petersen and S. Takahashi, Matematisk 
Tidsskrift, B, No. 4, 1935, pp. 85-86, and S. Bochner, Ueber die Struktur von 
Fourierreihin fastperiodischer Funktionen, Sitzungsberichte der Bayerischen Aka- 
demie, 1928, pp. 181-190. While Takahashi’s theorem is stated in terms of nega- 
tive a, it can easily be extended so as to apply to any a which is not 
pure imaginary. 
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The truth of (12) can be verified by substituting (8) in (4) (5); while 
(13) can be obtained by taking absolute values in (11) and replacing 
f(&) by ULfi. 


4. The solution in series. Using the operators just defined, we can | 
solve (2) by the method of successive approximations. 

Lemma 3. Let 0 < @ S 1, and let P(x) and Q(z) « M and NiP\ < 
| R(K) |’. Then 


aY = (K + POY + Qe) 


has one and only one bounded solution y(z). Moreover the bounded solu- 
tion of (14) is an element of W, and 


(14) 


NdQl 
NA) § (aK? — NAPI 
For the proof, let 
¥,(z) = [Ql(2), 
on o=™ “ 
Y,(z) = ow (D — K) [P(. )Y.-1(- 1, (n = 1, 2, e+e), 
and let 
(16) ¥(z) = > Ya(z) 
n=O 
(provided it exists). Then if p = Ng[P]| RK | andg = Nd{Q] | RK |", 
1 
(17) NAY S jagp Ne@ = 4 
and 
NAY) 5 pagp NPC] 
(18) 
S [agp NolPINGY a) = pNolYoal, (n= 1,2, +4) 
Thus 
(19) NolY¥a] & p"NelYo] S PG, 


and since p < 1, 


(20) } = NAY, | < ri; : 





(21) 


| But 


(22) 
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Hence p> Y,(z) converges absolutely and uniformly and 


But 
¥@) - Be ®) Ql(z) = ) 2 Y.(z) 
-2 -_ KH (P(-)¥na(-)1(@) 
(22) 
- 0% -® [ Porn) |@ 
= pw |[PO Ero ]@ = ggg POKMI@, 
0 that 
(23) Y@) = OK 5 [P(-)¥(-) + Q(-)Kz) 
and 
(24) a¥@) _ Ky (2) = PG)Y(@) + Q@). 
Hence y(z) is a solution of (14), and the general solution of (14) is 
@s) Y(2) + wn f P(t) at 


Since the exponential in this general solution becomes infinite either as 
t— + @ orasz— — ©, it follows that y(z) is the unique bounded 
solution of (14). 
Now let us replace %, by Ul, Ny by U, and @ by 1 in the statement of 
lemma 3 and in (14-25). These relations all remain true, and we have 
Lemma 4. Let P(x) Ul and Q(z) «Ul and U[P] < |R[K]|. Then 


.| (14) has one and only one bounded solution y(x). Moreover the bounded 


mae] y(z) of (14) is an element of Ui and U[Y] s UIQI{ | R(K)| - 
P\\~ 


5. The result in the large. By transforming (2) we are able to 
eliminate the quantitative restrictions of lemmas 3 and 4. 

Tueorem 1. Let P(x) and Q(z) both belong to Ui (or to M, ;0 < @ = 1), 
and let R(M) # 0, where M is the average of P(x). Then (2) has one 
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and only one bounded solution y(z), and this bounded solution y(z) is 
an element of Ui (or of Ue). 


We shall give the proof only for the case in which P(x) and Q(z) | 


belong to %, , leaving to the reader the simpler but entirely analogous 








! 
proof for the other case. 
Let P(z) = [ dala) 
where a(A) is right continuous, and let 7 > 0 be so small that . Syn 
T 
6 
Nudd] < | RM) | pe 
when mad 
o-0 Mec 
ie ide < 
¢(z) [ e* da(d) + [ e* da(n). colle 
resu 
Then since M = a(0) — a(O — 0), ) gres 
si tag in ihe whi 
P(e) — o(2)— M = [" e*dair) + | e* dan); i 
bad * 
and the function’ rg 
—-* Co e* the 
(xz) = exp ICs -— da(d) + Is — ~ dai) | | 
on 1 
and its reciprocal belong to W, , since the exponent belongs to Wf, and | adh 
the exponential can be expressed in a power series of infinite radius of | = 
convergence. Now oe 
S (2) = o(2)1P(z) — (2) - MI, = 
x ove’ 
and the solutions of (2) are all of the form z(z)#(z), where 2(z) isa = 
solution of ] 
dz Q(z) of | 
26 — =(M + ¢(z)|z + —— 
(26) a = WM + ole + Fe. . 
But by Lemma 3 there is one and only one bounded solution z(z) of 1 
(26), and this is an element of %. Thus the product of this bounded dev 
2(x) by &(z) is the unique bounded solution of (2) and it belongs to %. a 
whe 
Massacuvsetts INstTiITuTE oF TECHNOLOGY. 
1 
* In the uniformly almost periodic case, we would let log @(z) = siR@ - — 
M’'\dz, where R(x) is an exponential polynomial which approximates P(z), and 
M’ is its mean. 
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A THEORY OF CLAY CONSOLIDATION ACCOUNTING 
FOR SECONDARY COMPRESSION 


By Donatp W. Tartor anp Witrrep Mercnant' 


Synopsis 


The Theory of Consolidation developed by Dr. Karl von Terzaghi 
is one of the most important theoretical contributions which have been 
made in the new branch of Foundation Engineering known as Soil 
Mechanics. In the meaning of the term “consolidation” as applied to 
soils, there is included the concept of magnitude of compression which 
results when a load is applied to a soil, and in addition, but of fully as 
great importance, is the concept of continually decreasing speed at 
which this compression proceeds. 

If a building is constructed above a buried strata of compressible clay 
it may undergo large settlements; many years may be required, however, 
for the majority of this settlement to occur. By the combined use of 
the consolidation theory and the results of laboratory consolidation tests 
on natural clay samples, the settlement of such a building and the rate 
at which it will occur, may be predicted. Because of the very complex 


' nature and behavior of soils such predictions cannot be expected to have 
| the high degree of accuracy often aimed for in many engineering esti- 


mates. However, even though such predictions may on occasion be 
50 percent or even much more in error they represent a definite advance 
over the pure guess which was the only available procedure before the 
advent of Soil Mechanics. 

This paper presents a brief resume of the performance of soils accord- 
ing to the standard theory of consolidation and of the observed behavior 


| of laboratory consolidation tests on clays, following which a comparison 


of the two is made. 

The presentation of an amended consolidation theory which has been 
developed recently and which gives recognition to compressions of a 
secondary nature is the main purpose of the paper. This revised theory, 
when compared with laboratory results, shows better agreement than 


1 Respectively Assistant Professor of Soil Mechanics and Commonwealth Fel- 
low; Soil Mechanics Laboratory, Department of Civil and Sanitary Engineering, 
Mass. Institute of Technology. 
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does the standard theory. It also leads to better understanding of 
secondary compressions and changes of structure in soils, and furnishes 
an improved method for predicting rates of settlements in buried clay 
deposits. 


Introduction 


The investigations required to predict the behavior of clay strata, 
when they occur as foundation materials under important structures, 
may be broken up into the following sections: 


1. Obtaining representative samples of clay in its natural condition. 

2. Running laboratory tests to determine the action of the soil under 
load. This action is expressed as relationships between stresses, 
strains and time rates. 

3. Developing theories to fit the behaviour of small samples in 
laboratory tests. 


4. Using the theories so developed to extrapolate to the conditions / 


existing under the proposed structure. 
5. Checking the predicted settlements by actual time-settlement 
records on the completed structure. 


A mistake in any one of the first four Sections will invalidate the pre- 
dicted settlements and hence the necessity for check investigations as 
covered by Section 5. Such a check is especially desirable when the 
extrapolation is from laboratory samples to deposits of great thickness 
occurring in nature. However, satisfactory methods of accomplishing 
Sections 1 to 4 have by no means reached finality and an attempt will 
be made herein to explain why the behaviour of samples does not con- 
form to the classical theory which was first given by Terzaghi’ and is 
at present generally accepted. Some comments on Section 4 will also 
be given and a revised method for settlement predictions will be 
outlined. 


Notations 

z, vertical coordinate distance 
t, time 

% unit weight of water 


2 “Erdbaumechanik,”’ Karl von Terzaghi, Franz Deuticke, Vienna, 1925. For 
a more recent and very thorough treatment of Consolidation Theory, see ‘“Theorie 
der Setzung von Tonschichten.”” K. V Terzaghi and O. K. Fréhlich, Frans 
Deuticke. Leipzig and Vienna, 1936. 
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‘ Naperian base 
é, void-ratio, ratio of void volume to solid volume of a soil 
P, intergranular pressure in a soil 
For definitions of ¢,, ¢:, €., pi: and p, See Eq. II and 
XII A’ 
u, hydrostatic excess-pressure in the pore water 
a, coefficient of total compressibility (See Eq. II) 
a’, coefficient of primary compressibility 
1% primary compressibility ratio, equal to a’ + a 
k, Darcy’s coefficient of permeability 
H, thickness of a clay stratum with drainage on one face only, 
or the half-thickness of a stratum drained on both faces. 
B, coefficient of rate of secondary compression (See Eq. VIII) 
. settlement caused by compression of a clay stratum 


coefficient of consolidation (See Eq. XII A’) 


i U, T,F fundamental dimensionless variables used in the consolida- 


tion theory; other notations used are M, %,, #, and 4, ; 
for further description see Eq. XI. 


Nature of the Standard Consolidation Test 


Descriptions of the apparatus and testing procedure for the consolida- 
tion test have been given in numerous publications.’ Briefly, a sample 
44 inches in diameter and with an original thickness of 1} inches is 
contained laterally in a rigid ring and subjected to successive vertical 


| load increments during each of which deformation-time readings are 


taken. Conditions of free drainage are maintained at top and bottom 
of the sample throughout. 

Except for frictional effects on the sides, the load on the bottom of 
the sample is the same as at the top and conditions in the soil are alike 


, at ali points at like depths. Recent experiments made in the Massa- 


chusetts Institute of Technology Soil Mechanics Laboratory‘ show that 
the side friction is of the order of 10 to 20% of the vertical load. While 
important, the effects of this friction are only indirectly related to the 
problem of this paper. They will be neglected in the analysis herein 
and the problem will be treated as a case of one-dimensional compression. 


* E.g. See “Improved Soil Testing Methods” by G. Gilboy, Engineering News- 
Record, May 21, 1936, or Proceedings of the International Conference on Soil 
Mechanics and Foundation Engineering, Harvard Univ., Cambridge, Mass., 
June 1936, Vol. II, pp. 1-97. 

*M. I. T. Soil Mechanics Laboratory Research Report #2, 1939, by W. G. 
Hiltner—Unpublished. 
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The data obtained from the consolidation tests can be exhibited in 
the form of two types of curves of which examples are given in Figs, 
land 2. Fig. 1 shows the relationship between void ratio and pressure 
and is obtained by plotting the final points for successive loading incre- 
ments each of which acts an equal length of time before the following 
increment is applied. For an arbitrary increment of load the pressure 
is commonly designated as increasing from p, to p: , the corresponding 
void-ratio change being from ¢, to e,. Fig. 2 shows the deformation- 
time relationship for a typical load increment. The logarithmic time- 
scale is used in this figure because it has been found to be the most 
convenient form of plot for studies of the type presented herein. 

The object of Section 3 is to find a rational theory giving a function 
which conforms to the curve of Fig. 2. 
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Theoretical Analysis 


As the pore water is squeezed from the voids of a soil during the con- 
solidation process, the flow across any plane, expressed by Darcy’s law, 
is? = ki, wherein Q is the rate of discharge across area A, i the hydraulic 
gradient and k the coefficient of permeability. 

The hydraulic gradient is the ratio of head loss to distance within 


which this loss occurs and for vertical one-dimensional compression may 


be written — , h being the head and the minus sign denoting flow in 


the direction of decreasing head. Variations in hydrostatic excess- 


pressure in the pore water are the cause of the head variations which 
occur. As compression proceeds, gradual transfer from hydrostatic 
excess pressure to intergranular pressure takes place, the change in the 
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latter being equal in magnitude but opposite in sign to the change in 
the former. Thus the relationships between changes in head, hydro- 
static excess pressure and intergranular pressure are —yAh = —Au = 


4p. The gradient may, therefore, be written * 2 
Using this expression for gradient, the flow per unit of area across a 
plane at depth z, according to Darcy’s law is : P . Across a plane 


, ' is H(2e + 2 2 a) 
displaced a distance dz the flow per unit of area is #(32 + is Os dz }. 


Subtraction of the first of these expressions from the second gives the 
rate of loss of water from an element of unit area and height dz. From 
2 
this the rate of loss of water per unit of volume is we ‘ 
The above rate must equal the rate of decrease of unit volume v hich, 
. . a 1 @e 1 
expressed in terms of void ratio is ite x’ The factor ey ap- 
pears here because void-ratio is a ratio of void-volume to solid-volume, 
the solid-volume being one part to (1 + e) parts of total volume. 
Thus the fundamental equation from which the Standard Theory of 


Consolidation proceeds is 


“44 =< . I 


According to theory, Equation I governs the process of consolidation, 
but it is not capable of solution as the relationship between p and e is 
not known. ‘Terzaghi, to whom the standard approach is due, used the 
following continuation.* 

The smooth curve through the final points of loading increments in 
Fig. 1 is taken as representing the p vs. e relationship during the process 
of consolidation for each load increment. It is to be noted that this 
definitely is an assumption. For a small load increment this slope is a 
constant, commonly designated by a, and described as the coefficient 
of compressibility. The mathematical expression is 


a i or de = —adp Il 


The bar of 4 in this equation is used herein for Terzaghi’s derivation 
to differentiate this from the amended approach which is given later. 


5 See Erdbaumechanik, p. 140 and following. 
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It should be noted that the true value of a is equal to the ratio between 
the overall void-ratio change which actually occurs in the clay and 
the pressure change causing it. The full line curve of Fig. 1 is obtained 
in the standard test by allowing each loading increment to act for one 
day. If any one increment were allowed to run for a longer time a 
larger value of (e: — ¢,) would be obtained. However, if each inere- 
ment were allowed to stand for a longer interval, for example for one 
week, the resulting curve would be merely displaced vertically without 
appreciable change of slope, as shown by the dotted line of Fig. 1. The 
value of a is, therefore, independent of the time allowed for each loading 
increment. By the substitution of Equation II, Equation I becomes 


kK(l+e¢)]ap _ ap 
[*£2|3-% - 
All terms contained in the bracket of this equation are soil properties. 
While each of these is a variable depending on the pressure, the bracket 
as a whole varies only to a minor degree and is assumed to be constant 
for small pressure increments. On this basis, Eq. III is of the same form 
as a well known equation in heat conduction and has known solutions. 
The solution* for a clay layer of thickness 2H with drainage at top and 
bottom is the following: 


ans _f (mt) 7? Rl te)t 
ct a . 4 [sin Om De (=~) sar 
Pa — Pr mao (2m + i)e 2H 

This equation expresses the proportion of the ultimate pressure change 
which has taken place at depth z and at time ¢. From the practical 


viewpoint, however, it is the average value of this proportion over the 
depth of the clay layer which is of interest at any time. This average 


may be written 
a ee 2— ») 
hh — Pi «862 do (B=? )a 


wherein p, is the average intergranular pressure at time ¢, and from 
which: 





IV 











on mae 2 — (ee ys 
a? = Same > 2 ] , ? 7 V 
P2— —r m=O 


* See, e.g., pages 105-6 of ‘‘Fourier’s Series and Spherical Harmonies’”’ by W. E. 
Byerly, Ginn & Co., Boston, 1893. 
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by U and called the percent consolidation. Assuming a straight line 
between points 1 and 2 of Fig. 1, it is seen that U also is equal 
to lo —~ & 

é — & 
é, has the same significance as that of d. It will be seen later that, while 
U for the above case may be pictured as either a relative pressure change 


The proportion = _ ~ is commonly expressed in percent, designated 





wherein ¢, is the average void ratio at time t. The bar of 
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or a relative void-ratio change, the more fundamental conception is 
k(1 + e)t 

yaH? 
is a dimensionless expression known as the time factor and designated 
by T. 

A plot of Eq. IV is shown in Fig. 3, wherein the logarithmic abscissa 
scale as introduced in Fig. 2 is again used. The solution in tabular 
form is given in Table I. 


that in terms of a relative void-ratio change. The term 
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Comparison between standard theory and experimental curves 

Inspection of Figures 2 and 3 shows that a strong similarity of shape 
exists between the theoretical and laboratory curves in the early stages. 
A comparison of the two curves may be made by applying suitable 
changes of scale to the theoretical curve so that it may be superimposed 
onto the laboratory curve. This scale revision and superposition is 
commonly spoken of as curve fitting. The curve of Fig. 3, as drawn, 
has already been subjected to suitable scale revision and the super- 
position of Fig. 3 onto Fig. 2 is shown in Fig. 4. 

Two procedures for curve fitting are in common practice. A scheme 
proposed by the senior author’ in 1933 utilizes plots wherein abscissae 
are square roots of time or time factor. This method furnishes a de- 
tailed comparison between theoretical and laboratory curves in their 
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early stages. When conditions in the final stages of consolidation are 
the main subject of study, as is the case in the problem treated herein, 
a second method using the logarithmic time plots of Figs. 2 and 3 is 
more convenient. This method was advanced by A. Casagrande in 
1932 or earlier but since no description of it appears in literature, the 
principle behind it will be explained briefly. If two tangents to the 
theoretical curve of Fig. 3 are drawn, one being the final assymptote 
and the other the tangent at the point of inflection, they intersect at 
the point where e, = @ and 7’ = 1.13. An intersection of the corre- 
sponding tangents to the laboratory curve may be used to find the values 
of void-ratio and true time which correspond to @ and T = 1.13, thus 


7 See first reference under footnote 3. 
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furnishing the ties between scales which are needed to determine the 
seale revisions. 

Inspection of Fig. 4 shows that while theoretical and laboratory curves 
may be of like shape in the early stages, they show pronounced dis- 
agreement in the latter stages, since the experimental curve does not 
reach a horizontal asymptote within any practicable testing time. 

Thus in Eq. II the assumption of tg equal to a constant gives a the- 
oretical consolidation curve which shows a good initial fit with labora- 
tory curves but the important question must be raised as to whether or 
not this constant is the same as —a, the slope of the curve of Fig. 1. 
Referring to Fig. 4 it is seen that the theoretical curve, which is for the 
pressure increment p, — 9, , falls within a void-ratio range of e, — e 


rather than e; — ¢g. Therefore the expression for e should be amended 


to 





The constant a’ may be obtained by multiplying the constant a by 


the ratio“ — @ = r, as determined from fitted curves of Fig. 4. It 





aq = 
may now be noted that for the theoretical curve to show initial agree- 
ment with the laboratory curve, Eq. II and III and Fig. 3 must be 
amended by replacing @ by a’ and & by e: . 

The compression corresponding to e; — é: is spoken of as the total 
compression, that corresponding to e, — ¢; as the primary compression, 
while the difference between these represents the “secondary com- 
pression.” By way of a very brief explanation it may be stated that 
the primary compression causes shearing strains which constitute a 
small degree of remolding or destroying of structure of the sample and 
this breakdown of structure is the cause of the secondary compression. 

Considering only the conditions at the end of loading increments, 


a is equal to the constant-a. For best fit between theoretical and 


laboratory curves at small values of t, S is equal to the smaller con- 


stant-a’. It must be concluded that during the process of consolidation 
eis not a function of pressure alone but that it depends on both pressure 
and time, or, expressed mathematically 


e = f(p, t) vi 
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From Equation VI, the rate of variation of e may be expressed as 
follows: 


de dp 
+o a vil 


This relationship may be stated in words as follows. The speed at 
which the void-ratio undergoes change at any point in the sample 
equals the speed at which it would change were there no variation of 
intergranular pressure (this speed being the rate of secondary compres- 


sion) plus the product of > and the speed with which the intergranular 
pressure undergoes change (this product being the primary compression). 
In Terzaghi’s derivation the first term is neglected while = is assumed 


equal to the constant-a. It has already been indicated that > actually 


is not a simple constant. Equation VII will later be substituted for 
the right hand side of Equation 1, but since Eq. 1 contains the additional 
variable, z, the total differentials must be replaced by partial 

Before proceeding with the analysis it is necessary either to obtain 
experimental evidence or make assumptions about the nature of the 
terms in Equation VII above. Consider the possibility of deriving 
direct experimental evidence. The equation deals with point relations 
of the clay skeleton and not with the specimen as a whole. This re- 
quires that an experiment be made with the conditions the same at 
all points in the specimen. However, clay is a two phase system and 
there is continual transference of stresses from the pore-water to the 
clay skeleton and in all experiments which are at present conceivable, 
gradients are set up in the pore-water preventing any possibility of like 
conditions at all points. 

Thus, the procedure must be to introduce assumptions as to the 
nature of the relationship in Equation VI, obtaining a revised plot of 
the type of that in Fig. 3 and then to check the assumptions experi- 
mentally on the basis of the accuracy of the fit between this curve and 
the experimental curve of Fig. 2. The assumptions which are made 
should, if possible, be expressions of physical concepts. 

It has been shown that the theoretical analysis is in agreement with 
the first part of the laboratory consolidation process if it is assumed that 
de = —a'dp. This state of affairs is represented in Fig. 5 wherein 
points o and b correspond to points of the same notations in Fig. 1. 
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Here the first part of the consolidation process may be considered as 
taking place along line og. Also ultimately the curve must go through 
b. One curve which meets these two requirements is sketched in. Let 
it be assumed that the consolidation process has continued as far as 
point c. If the pressure increment had been (p — p,) instead of (p: — px) 
the specimen would ultimately consolidate to point d. Thus when the 
void ratio c has been reached, cd represents an available amount of 
secondary compression that has not yet taken place. 

If it were possible for the intergranular pressure to remain constant 
at the value obtaining at point c, then as time progressed (referring to 











b 








Average Void -Ratio ,@, 








Average intergronuler pressure p, 
RELATIONSHIP BETWEEN pS e. 
DURING A SINGLE PRESSURE INCREMENT. 
Fie. 5 


Equation VII) the settlement represented by cd would occur at a rate 
expressed by x . It seems reasonable to believe that this rate of strain 


should follow a law resembling that for viscous flow or for creep. This 
physical concept furnishes the assumption that secondary compression 
will develop at a rate proportional to the amount of undeveloped 
secondary compression. It may be expressed mathematically as 
follows: 


oe = —y(cd) 


where yu is a constant of proportionality which will be designated as the 
coefficient of secondary compression. Since (ed) = (fd) — (fc), while 
(fe) = (e, — e) and (fd) = a(of) = a(p -- m) 


a = —slelp — p) —  — a) VIII 
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By the use of Equation VIII, noting that when ¢ is small ¢ = 
e, — a'(p — p,) while for very large values of time e = e, — a(p — p,), 
a solution for Equation VI may be obtained which is as follows: 


e =e — ap — p;) + (a — a’)(p — pre™ 
and from this 


de " 

— = —g + (a _ a’ wt 

ap 7 

Inserting this expression and Equation VIII into Equation VII and 
then combining Equations VII and I, the following is obtained. 

[“ + 2} neal 


y 


az* at 
IX 


= pla(p — pi) — (e — e:)] + la — (a — ae“ * 


Solutions of Equation IX have not yet been obtained so no direct 
comparison can be made with experimental curves. However, when 
ut is small, e“‘ = 1 and Equation IX reduces to a form which has been 
solved. 


k(1 +9) ap _ _ve — eo , op 
Ee bz? at ula(p — pr) — (e — es) + ot xX 
Equation X was, in fact, obtained prior to Equation IX. From physi- 
cal intuition based on Fig. 5 and on the fitted curves of Fig. 4, it was 


assumed that was equal to the constant-a’. In addition the concept 


expressed by Equation VIII was introduced. Thus, by inserting one 
more assumption than was necessary Equation X was obtained and it 
was not until later that this equation was found to be a good approxima- 
tion, at small values of time, of the more rigorous Equation IX. 

The following is the solution® of Equation X: 


Qa & on 1 -_ bod 1 [(* + ~) (; a 1)e*t*? 


i — e: = M? rM? 
_(ma-& (@,-@))r 
( STE (+ 1 | 


* Details of this solution and other material covered in this paper appear in 
' “Some Theoretical Considerations on the One-Dimensional Consolidation of 
Clay,’’ by Wilfred Merchant; Master’s Degree Thesis, Dept. of Civil and Sanitary 
Engineering, M. I. T. 1939. 
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wherein M = }(2m + 1)x 
k(1 + e)t 
t°-JIr 
®, = —}(F + M’) 
&, = $4/(F + M*)? — 4rFM? 


_ %&+7rM* 
, 





bs 


F _ at as uya 2 
rT kite) 

The factor F plays a very important role in this solution. It is well 
known that the speed at which primary compression takes place is in- 
versely proportional to the square of the thickness of the sample. 
Secondary compression, however, occurs at a rate proportional to the 
coefficient » and independent of the sample thickness. The factor F 
is a measure of the ratio between rates of primary and secondary com- 
pressions. For the thin samples used in standard laboratory testing F 
will be very small as compared to its value for a thick clay stratum in 
nature. 

The left hand side of the equation is an expression of the ratio between 
the compression which has occurred and the ultimate compression 
and therefore may be replaced by percent consolidation, U. It should 
be noted that Equation XI is, for a given soil, of the form U = f(F, T). 
The Fourier Series in this equation converges slowly and a large amount 
of computational work is required to obtain from it plots of the nature 
of Fig. 3. However, for several values of F, the equation has been 
evaluated for both r = 0.7 and r = 0.3 and the curves for r = 0.7 
are presented in Fig. 6. 

Equation X musi be considered to be but an approximation of 
Equation IX. Thus, in order to indicate an arbitrary limit of the 
applicability of solutions based on Equation X the curves of Fig. 6 have 
been dotted in the range where [a — (a — a’)e “‘] differs by more than 
10% from the constant value a’. Within the range where the curves 
are not dotted the shape of the theoretical curves are in good agreement 
with those from experimental tests. 

No development of secondary compression occurs if » = 0 for which 
case F = 0. On the other hand there is no time lag in the development 
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of the secondary compression if» = « for which case F = o. Itis 
of especial interest, that for either F = 0 or F = ©, as may be found 
from analysis of Eq. IX to XI or from inspection of the curves of Fig. 6, 
the function reduces to the basic form given by Terzaghi in Eq. IV. 
This may be written 


Uinee aiu a nm oT rH00) Xl 


For the zero and infinite values of F there are, however, different con- 
cepts of the compressibility. When F = 0 the primary compressibility 
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is described by coefficient a’ = ra while, since no secondary compression 
takes place, the effective total compressibility is also described by @’. 
When F = ~ the total compressibility is described by the coefficient 
a, while, since all secondary compression superimposes itself without 
time lag onto the primary compression, the effective primary compres 
sibility is also represented by the coefficient a. These two interprets 
tions of Eq. XII may be presented as follows: 
When F = 0, the solution is Eq. XII wherein 


Ure) = tyr and Tr.) = ae XIIA 
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When F = o, the solution is Eq. XII wherein 


- k(1 t 
Uren) = ——. and Ty.n) = ae XIIB 
The above expressions do not involve the approximation used in 
Eq. X and the curves for F = 0 and F = = are, therefore, shown by 
full lines throughout in Fig. 6. 


Final Discussion and Recommended Practical Application 


If Sections 1 and 2 of the introduction have been carried out correctly, 
then by use of solutions of Eq. IX and by adopting some method of 
fitting theoretical curves to laboratory curves, a prediction of the settle- 
ment and its rate may be made for a site overlying a clay layer in nature. 
For such a problem a satisfactory approximation of Eq. [X is probably 
given in most cases by Eq. X, plots of which are presented in Fig. 6. 
The problem would involve the determination of the value of F which 
could be obtained by some method of comparison of the shapes of full 
line portions of curves of Fig. 6 and laboratory time-compression 
curves. 

A simpler approach, however, will be suggested which is believed to 
be as accurate as the conditions of such a prediction would warrant. 
Precise methods cannot be justified when it is recalled that in nature 
the assumption of one-dimensional compression is but an approximation. 
Actually, secondary compression in the consolidation test may be of the 
nature of a plastic adjustment of the clay structure, wherein all or prac- 
tically all of the shearing stresses are eventually dissipated. In nature, 
in contrast to this, the shearing stresses induced in the underground by 
building loads will of necessity be retained. While this condition is a 
variation from assumed conditions of the theory and its consideration is 
beyond the scope of this paper, it should be noted that it exists and may 
lead to slow long-time settlements of a plastic nature which are not 
covered by the theory. Other variations from the assumed ideal condi- 
tions also exist. To mention one important example, recent laboratory 
research® indicates that the value of the coefficient of consolidation 
which is described below in Eq. XII A is dependent not only on the 


intensity of pressure (best expressed by natn) , but also on the relative 


*M. I. T. Soil Mechanics Laboratory Research Report #3, 1939, by W. G. 
Hiltner, unpublished. 
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magnitudes of initial and final pressures (ic. on ). This later varia- 


tion is not indicated by the theory. 

The simplified procedure consists of two parts, first the interpretation 
of the test data and secondly the prediction of settlements in nature. 

By one of the recognized fitting schemes the basic theoretical curve 
may be superimposed on any time curve obtained by laboratory test, 
as was done to obtain Fig. 4. This may be considered to be merely 
superimposing a curve for F = 0 upon a curve for which F has a small 
value. The order of magnitude of F for a typical laboratory time curve 
is indicated by inspection of Figs. 2 and 6 to be about 0.1. At any 
point common to the fitted curves, the fundamental time relationship, 
as given by expressions following Eq. XI or by Eq. XII A, may be 


written 
k 1 + n\’ 1 + en\’ :, 
~ [revatraa|(“a*) #e(4e*) «2a 
Herein c is the combination of soil properties shown in the bracket, and 
is designated as the coefficient of consolidation. It is standard labora- 
tory practice to assume that e,, in this equation is the average of the 
initial and final values, i.e., $(e, + ¢2). Since the ratio between 7’ and 
t may be taken from the fitted curves and since H and e,, are known, 
the coefficient of consolidation may be evaluated for each load incre- 
ment. A summary of data from a typical laboratory consolidation test 
may be presented in the form of Fig. 7, which consists of plots of pres- 
sure p, against void-ratio e, coefficient of consolidation c, and primary 
compressibility ratio, r. In this Figure the values of c and r for each 
increment are plotted against p,, which is equal to 4(p: + ps). 

In order to predict the settlement of an actual structure some knowl- 
edge of the value of F for the clay strata in nature is required. If for 
a standard laboratory test on a sample with a total thickness of 1} 
inches it is assumed that F = 0.1, then since F is proportional to H’, 
its value would be 1000 for a strata 10 ft. thick and 100,000 for a strata 
100 ft. thick. It is indicated by Fig. 6 that for such large values of F 
as these, the theoretical consolidation curve is closely approximated by 
the curve for F = «©. The F = @ curve will be assumed, in this 
simplified approach, to hold for clay strata in nature. The fact that 
curves for high values of F in Fig. 6 are dotted, raises some question 
as to the degree of inaccuracy involved by this approximation. While 
the amounts of inaccuracy in the dotted curves is unknown, it is likely 
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that for high values of F in natural clay layers there will be little varia- 
tion from the F = curve. Moreover any variation that does occur 
will not be large until almost all of the total compression has taken 


place. 
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For the F = @ case it has been shown that the basic consolidation 
curve holds, subject to the conceptions of percent consolidation and 
tim factor given in Eq. XII B. Therefore, for predicting settlements 
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due to compression of thick clay strata, the time may be obtained, as 
given in Eq. XII B, from 


s ¥ rorlt +00)! ( H y: , 
t= Tre (2) | E . T (7m) Er q xB 


wherein H is the thickness of the clay strata in nature if it is drained at 
one surface only,—the half thickness if drained at both surfaces. The 
values for c and r to be used in this equation are those obtained by the 
laboratory tests; since both vary somewhat with pressure, the values 
that should be used are taken from curves of the type of Fig. 7 for the 
average pressure, (pi + ps), of the strata in nature. 

The relationship between Ty... and U,r.. is given by Eq. XII and 
Table I. A value of Uy... = 100% corresponds to a void ratio change 
of ¢, — é¢:. Fora clay strata drained at both surfaces the correspond- 
ing change in thickness, or ultimate settlement may be written 





(e: — és) aie and at any time the settlement, 6, is 
2H 
5 = Uvree)(e: — €2) ite XIII 


If the strata is drained at one face only, 2H in the above expressions 
should be replaced by H. In this use of the basic consolidation equa- 
tion, p, and p, must be taken as the average values of intergranular 
pressure throughout the clay strate before and after the consolidation 
period, while e, and e¢, are the corresponding values of average void- 
ratio. The values of p; and pz, are essentially constant in the standard 
consolidation test, but it is evident that they will not be constant in a 
natural clay deposit. Actually the assumption that p, — p, is constant 
for all values of z is involved in the theory used herein. However, 
equations have been derived for consolidation curves for cases in which 
P2 — 7, varies with depth as in natural clay deposits and such expres- 
sions vary to only a minor degree from the basic relationships. 

The steps of the simplified procedure may be summarized as follows: 
by curve fitting and the use of Eq. XII A the coefficient of consolida- 
tion may be evaluated: then by means of basic Eq. XII, using Eq. 
XII B to transform from time factor to true time and Eq. XIII to trans 
form from percentage consolidation to settlement, the relationship be- 
tween settlement and time for the clay strata in nature may be obtained. 





‘ cone 
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Conclusion 


Further work could be done toward amending the consolidation 
theory. For example, when loading increments act for only one day 
there is undeveloped secondary compression of one increment existing 
at the start of the succeeding increment. This factor could also be 
taken into account in the mathematical treatment. However, the main 
value of a theory such as that presented herein rests in the concepts it 
offers and it is believed that further refinement would be of little value. 

The practical application given in this report is presented as a rational 
treatment of secondary compressions. However, it must be recognized 
that its accuracy cannot exceed that of the assumptions which have 
been introduced. Also, as is the case in any prediction of strains in 
soils, the variations in the properties of the soil itself throughout the 
soil mass, preclude a high degree of accuracy. 

The research represented by this paper was carried out in the Soil 
Mechanics Laboratory at the Mass. Institute of Technology during the 
school year 1938-9. The ideas upon which the amended theory is 
based are the combined work of the two authors. All mathematical 
derivations and computations, as well as the general development of 
the research ard an original draft of the report are the work of Mr. 
Wilfred Merchant. Conditions in England made it necessary for Mr. 
Merchant to cancel an appointment as Assistant in the Soil Mechanics 
Laboratory of the Institute for the present school year and prevented 
his aiding in the final preparation of the paper. The authors wish to 
acknowledge suggestions, made by Professor G. P. Wadsworth of the 
Department of Mathematics, which aided in solving the general con- 
solidation equation. 














THE PHYSICAL PROPERTIES OF FLUID INTERFACES OF 
LARGE RADIUS OF CURVATURE. I. INTEGRATION OF 
LAPLACE’S EQUATION FOR THE EQUILIBRIUM MERID- 
IAN OF A FLUID DROP OF AXIAL SYMMETRY IN A GRAVI- 
TATIONAL FIELD. NUMERICAL INTEGRATION AND 
TABLES FOR SESSILE DROPS OF MODERATELY LARGE 
SIZE 


By B. Epwin BiatspELL 


1. Introduction 


In this laboratory an experimental study of the thermodynamic 
temperature scale has been under way for some years.” The thermo- 
dynamic scale has been realized in the range 0° to 450°C. by the use of 
constant volume gas thermometers, and the experimental technique has 
been refined to such an extent that, at the higher temperatures, the 
uncertainty in the capillary depression and meniscus volume of mercury 
is a relatively large source of error. For this work we wish to know the 
capillary depression to 2% and the meniscus volume to 0.2% for tubes 
of about 20 mm. diameter; these quantities to be given in terms of the 
readily measurable variables: tube diameter, meniscus height, and capil- 
lary constant, where the capillary constant is to be deduced from 
simple measurements made upon the meniscus in situ. Such informa- 
tion is not at present available. 

Capillary depressions of mercury in large tubes have not been tabu- 
lated anywhere with sufficient accuracy. Stulla-Gétz’ has reported a 
few scattered measurements for large tubes. Heuse,‘ and Cawood and 
Patterson‘ have made extensive investigations on capillary depressions 
in tubes up to a maximum diameter of 19 mm. Each set of values is 
internally consistent, but the differences between the values of the two 


1 Contribution from the Research Laboratory of Physical Chemistry, Massa- 
chusetts Institute of Technology, No. 437. 

*J. A. Beattie and co-workers. Proc. Am. Acad. Arts Sci., 66, 167: (1930); 
71, 327 (1937) ; 71, 361 (1937) ; 71, 375 (1937) ; 72, 137 (1938) ; and forthcoming papers. 

* J. Stulla-Gétz, Physik. Z. 35, 404 (1934). 

* W. Heuse, Z. Instrumentenk., 47, 324 (1927); W. Cawood and H. 8. Patterson, 
Trans. Faraday Soc., 29, 514 (1930). 
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investigators become as large as 100%. These large discrepancies are 
undoubtedly due to differences in the capillary constants of the mercury 
wed,” although it is also true that the problem of the accurate observa- 
tion of the height and crown of a mercury meniscus is one of great 
difficulty.* 

The volumes of mercury menisci in large tubes are tabulated in the 
International Critical Tables,’ but the data given are not smooth to the 
desired accuracy and represent the approximate average of two series 
of experimental determinations, one by Scheel and Heuse* and one by 
Palacios,” which differ systematically by 5 to 8%. The more recent 
measurements of Keesom, van der Horst, and Taconis’ agree with those 
of Scheel and Heuse to about 1%. 

Theoretical values of the capillary depression and meniscus volume 
of mercury are also lacking. The differential equation for the equilib- 
rium meridian of a meniscus of axial symmetry has been given by La- 
place.” But the exact solution of this equation in terms of known 
functions has proved impossible,” while approximate solutions have 
been obtained only for the cases of very small and of very large tubes. 
For mercury, tubes of 20 mm. bore fall slightly below the range of 
validity of the large tube formulae. Of the large tube approximations 
only that of Lohnstein” gives the capillary depression and meniscus 
volume explicitly in terms of tube diameter, meniscus height, and 
capillary constant. The usual large tube approximation is an asymp- 
totic expansion for the equilibrium meridian which is usually called 
Rayleigh’s formula.” Mathieu” has obtained the most extended 


* Part U1, Tu1s Journat, 19, 217 (1940). 

*R. S. Burdon, Nature, 128, 456 (1931); 8. C. Collins and B. E. Blaisdell, 
Rev. Sci. Instruments., 7, 213 (1936); see also a forthcoming paper by B. E. 
Blaisdell, J. Kaye, and J. A. Beattie. 

7 International Critical Tables, McGraw-Hill, New York (1926), Vol. 1, p. 72. 

*K. Scheel and W. Heuse, Ann. Physik., $$, 291 (1910); J. Palacios, Physik. 
Z., 24, 151 (1923). 

* W. H. Keesom, H. van der Horst, and K. W. Taconis, Commun Kamerlingh 
Onnes Lab., Univ. Leiden, #248a (1937). 

1©M. Laplace, Oeuvres Complets, Gauthier Villars, Paris (1880), Vol. IV, p. 
9. 

"1G. Bakker, Kapillaritét und Oberflichenspannung, Akademische Verlags- 
gesellschaft, M. B. H., Leipzig (1928). 

1 T. Lohnstein, Ann. Physik., $8, 291 (1910). 

% Lord Rayleigh, Scientific Papers, Cambridge University Press, Cambridge 
(1920) Vol. 6, p. 350; M. E. Mathieu, Théorie de la Capillarité, Gauthier Villars, 
Paris (1883). 
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asymptotic approximations which have been derived up to the present 
time. However, all of these formulae are too inflexible for convenient 
use, and are of insufficient accuracy for our purposes. The table of 
capillary depressions given by Gould,” which have been calculated from 
unspecified theoretical considerations for the surface tension of mercury 
equal to 0.444 gm.-cm.”’, is in error for large tubes by 10 to 40%. 

The integration of Laplace’s equation by numerical methods has been 
accomplished to five significant figures by Bashforth and Adams.” 
Their published values are, in the case of mercury, for tubes of about 
1.5 to 11.5 mm. bore, which is below the diameter used in precise 
mercury manometry. In order to achieve ease of initial computation, 
the tables have been prepared in a form extremely inconvenient for use 
in manometry. 

Porter” has bridged the gap between the tables of Bashforth and 
Adams and the estimated lower limit of validity of Rayleigh’s formula 
by a graphical method. His results are insufficiently accurate for our 


purposes. 
The dearth of information just cited led to a decision to extend the 


accurate results of numerical integration into the region of use in 
precise manometry, and to provide tables of a form of maximum useful- 


ness for manometry. In the first place the tables should give the de- |' 


sired quantities, capillary depréssion and meniscus volume as a function 
of all the relevant independent variables, in particular, of independent 
variables susceptible of easy measurement at the time of each pressure 
determination. Capillary depression and meniscus volume are direct 
functions of tube diameter, meniscus height (or contact angle) and capil- 
lary constant; and indirectly, through the capillary constant (see Eq. 2 
below) of pressure, temperature, gravitational field and interfacial 


tension. Tube diameter is a readily determined characteristic of the 


apparatus. Meniscus height is readily measured” at each determina- 
tion of the pressure, and this measurement is necessary at each deter- 


4 Part III, Tars Journat, 19, 240 (1940). 

4% F. A. Gould, A Dictionary of Applied Physics, Macmillan, London (1923), 
Vol. 3, p. 159. 

4 F. B. Bashforth and J. C. Adams, An Attempt to Test the Theories of Capil- 
lary Action, Cambridge University Press, Cambridge (1883). 

17 A. W. Porter, Trans. Faraday Soc., 29, 702 (1933); 29, 1307 (1933); Phil. 
Mag., 17, 511 (1934); 21, 703 (1936); 22, 726 (1936). 

18 The technical details of this measurement, as well as other practical features 
of the use, in practical manometry, of the formulae and tables of this series of 
three papers, will be discussed in a forthcoming paper by B. E. Blaisdell, J. Kaye, 
and J. A. Beattie. 
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sination since the contact angle (of which meniscus height is a function) 
¢ mercury on glass is well known to be inconstant.” The capillary 
onstant is quite difficult to measure. However, it is apparently quite 
sensitive to changes in pressure and relatively so to changes in tem- 
erature, being a function of these variables only to the extent that the 
iifference in the densities of the fluids on either side of the interface 
ud the interfacial tension itself are functions of pressure and tempera- 
wre. The gravitational field is of course constant for any given ap- 
jaratus. Since the mercury column is thermostated, and the mercury 
arefully purified and subsequently protected from contamination, the 
apillary constant can be regarded as a constant which needs only 
wcasional determination to guard against possible change in the purity 
athe mercury. These occasional determinations are absolutely neces- 
ary since slight traces of impurity will cause large variations in the 
capillary constant of mercury; and capillary depression and meniscus 
volume are strong functions of the capillary constant. 

Advantage is taken of the virtual invariance of the capillary constant 
in any one apparatus, and of a simple transformation of variables (see 
Eq. 3 below) to present the tables in dimensionless form, independent 
of the capillary constant. This accomplishes about a ten-fold decrease 
in total bulk by presenting essentially trivariate tables as bivariate 
tables. 

Therefore, there have been prepared tables giving the slope, tan ¢ 
or cot g, and radial coordinate X of the meridian curve of sessile drops 
of moderately large size as functions of the height Y of the drop at X 
and the shape determining parameter Hy, the quantities X, Y, and 
H, being given as dimensionless ratios. For values of Hy from 0.148 
to 0.004 the tables have been prepared by the method of numerical 
integration outlined below. 

These tables permit the determination of the capillary constant of 
the mercury while it is in use in the manometer.” By recomputation, 
tables have been prepared giving in dimensionless units the capillary 
depression and meniscus volume as functions of tube diameter and 
meniscus height.’ Supplementary tables are included which give in- 
formation of special use in problems of capillary rise, sessile drops and 
bubbles under plates. 


2. Method of Numerical Integration 


The tables were prepared by the numerical integration of Laplace’s 
differential equation for the equilibrium meridian curve of a surface of 


19 International Critical Tables, McGraw-Hill, New York (1928), Vol. 4, p. 434. 
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revolution defined by the interface between two fluids when the force 
of gravity is directed along the axis of revolution. 


+ 7 7 20+ 7 ~ 


The variables z and y are the Cartesian coordinates of the meridian curve 
of the interface of the two fluids. The origin is taken at the intersection 
of the axis of revolution with the surface of revolution; y being directed 
along the positive radius of curvature and z lying in a meridian plane 
(see Fig. 1). The densities, p, and p, of the two fluids separated by 
the interface are so assigned that p; is the density of the fluid below the 
~erface with respect to the gravitational field. The acceleration of 
gravity is g and the interfacial tension is ¢. The parameter hy is the 








(or = 9 (hy + y) ~ Se +y). (1) 
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Fic. 1. Cases of real coe constant, p: > p. a. Capillary depression. 
b. Capillary rise. c. Sessile drop. d. Bubble under plate. 


value of y’’ when z = 0, y = 0, and y’ = 0, that is, it is the common 
value of the reciprocals of the principal radii of curvature at the origin 
of coordinates. It is readily seen that ho is also the negative of the value 
of y when y/ = 0 and y” = 0, that is, when the interface is an infinite 
horizontal plane. In mercury manometry ho is thus the capillary de- 
pression. The capillary constant a is given by the expression: 


a= V a: (2) 


In the present series of papers numerical integration is carried out 
only for the case that a is real (p: > p:) since the case of imaginary 
a(p < ps) corresponds to a hanging drop, a case which has no bearing 
on problems of manometry. 
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The transformation to dimensionless coordinates, independent of the 
value of the capillary constant, is made by the change of variables: 


x ==, y =%, Hy = ™ (3) 


which gives on substitution in Eq. (1): 
y” + y’ 
(1+ Y*%2 © X(1+ Yj 


For purposes of numerical integration Eq. (4) is replaced by the sys- 
tem of Eqs. (5), (6) and (7). 





= 2(Ho + Y). (4) 


Y= | Y’ dX (5) 
y’ = / y" dX (6) 
Y” = He + YU + 9" — Fa + vy (7) 


Forward integration technique was employed.” Though this tech- 
nique uses formulae which do not converge as rapidly as some that have 
been suggested for numerical integration,” the formulae do possess the 
considerable advantage of having on the right side at any stage only 
quantities which are definitely known, thus obviating, in the case of 
slowly varying functions, the need for repeated approximations. 

The formulae are obtained by an appropriate integration with respect 
to @ of Newton’s formula for backward interpolation.” 


Yo = You + OA Yeu 


+ 0(8 os 1) de Ys e(8 + 7° + 2) 


Here the quantities aes = ¥e-s - Ys-s; ¥en = is - AiY n-2, 

... are the first, second, etc., tabular differences of Y41, Yo is the 

value of Y” at Xg, where 0 = oe 
a. a-l 

from X,_, to X,, that Eq. (8) gives the value of Y”, and AX = 

X, — X,-: is the constant value of the tabular difference of the argu- 


2° J. B. Scarborough, Numerical Mathematical Analysis, Johns Hopkins Press, 
Baltimore (1930) page 225. 

"L. J. Comrie, Interpolation and Allied Tables, His Majesty’s Stationery 
Office, London (1936). 


” (8) 
AsYn-1+:--. 





is the fraction of the way 
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ment X. The general significance of the notation used will be evident * 
from an inspection of Table I. AY 

The method of integration used is as follows. Suppose that the Ir 
numerical integration be completed through row n — 1 of Table I, so | for | 
that all the entries of this row are known. Then the value of Y’ in | ge. 


row n, Y,, is obtained from Eq. (6) If a 

, ‘ ’ , — 

Y.=Yiut+ LC Y¥o(AX) do (9) | syst 

1 ) tical 

where, by the definition of 0 Ir 
ad 

dX = (AX) do (10) | nen 





Upon substitution of Y¢ from Eq. (8) and performance of the indicated | Eq. 
integration between the limits 0 and 1 there results as a special form | ® 
of Eq. (6) the relation oe 
YS = You + AX[Y a1 + 5A: Ye + 416666742 Ys 
+ .375A3 ¥_, + 34861114, Y_) + 329861145 Y_, 
+ .3155919A¢ ¥n_1 + .3042245A, Y%,_, + .2948680As Y'_, }(11) 
+ .2869755A» Y._; + .2801896Ay Y_1 , 


+ .2742655An Y.._1 + .2690289A» Y._, + ---] Si 





which gives Y‘, in terms of the tabular differences of Y%_; of the pre- 
ceding row of the scheme. Thus Y,, is calculated and by successive the 
differences A,Y., , 4eY., --- are determined. 

When Y” is replaced by Y’ in Eq. (8) and Y’ by Y in Eq. (9), and the end 
Eq. (9), thus obtained, is integrated between the limits —1 and 0 there | the 


is obtained as a special form of Eq. (5) the relation . 
Y, = You + AX(Y,, — 5A: ¥%, — .08333334, Y, — .04166674; Y%, ro 
ere 

— .02638894,Y', — .018754;Y, — .01426924.Y,, eas] 


— .0113674A; Y4, — .0093565As Y;, — .0078926A, Y, } (12) 
— .0067859Aw Y’, — .0059241An Y., | 
— .0052367A Y, — .00467754: Y., — ---] } whi 


which gives Y, in terms of the tabular differences of Y‘, of the same row 
of the scheme. Thus Y, is calculated. 
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Then Y., is calculated by Eq. (7), and by successive differencing 
AiY., 4a¥% «++ are determined. 

In Eq. (12) we may replace Y’ by Y” thus obtaining a special form 
for Eq. (6) more rapidly converging than the form Eq. (11). By the 
use of this improved formula the value of Y’ first obtained is checked. 
If a difference is found, Y., is corrected and the now cyclical process 
repeated until the row n of the scheme, Table I, is consistent with the 
system, Eqs. (5), (6) and (7), where (5) and (6) are replaced for prac- 
tical purposes by the appropriate forms of Eq. (12). 

In this way the integration is advanced step by step. After each 
advance of four steps, a check on the previous work is obtained by 
means of strongly convergent Eq. (13), the special form of Eq. (5) or 
Eq. (6) obtained by integrating the appropriate form of Eq. (10) be- 


* tween the limits —4 and 0. 


Y. = Yau + AX4Y., — 8A: ¥. + 6.66666674 Y,, 
— 2.6666667As Y%, + .31111114, ¥., — .0084689A, Y’, 
— 002117147 ¥4, — .0018870ds Y%, — .00165794,Y,, }(13) 

001461640 Y, — .0012986An ¥%, 

— .0011630A» ¥., — .00104954:3 Y, — ---]. 


Since it is known by physical reasoning that Y and its first, second 
and higher derivatives are uniformly increasing functions of X, the con- 
vergence of the procedure just described is assured by seeing that all 
the orders of differences of Y’ and Y” increase regularly with increasing 
nand that at every stage of the calculation enough terms of Eqs. (11) 
and (12) are included so that the inclusion of more would not influence 
the result of the calculation. 

A glance at Table I will show that the above method needs modifica- 
tion at the start because of a lack of several of the higher order dif- 
ferences. In the particular case under consideration starting is made 
easy by the use of approximate formulae.” 


Y = Holo(/2X) — Ho (14) 
Y’ = Vf2Aoli(V/2X) (15) 


which give quite accurate values near the origin in the case of large 
drops. In these equations J, and J, are, respectively, the modified 


* Part III, Tats Journat, 19, 230 (1940). 
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Yr AY? 
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Y; aiYs Ms¥s | 4s¥s | Oc¥e | O¥s 
‘ ; - ; 3 ; 
for Ho = 0.004 
2.0693910) 04212583, .202560 | .026591 | 003842 | .000661 | .000146 
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Bessel’s functions of orders zero and one, and are tabulated in the < 
British Association Mathematical Tables.” 

The first few values of Y and Y’ are calculated by Eqs. (14) and (15), 
and the corresponding values of Y” by Eq. (7). Then the whole block 
of values are made consistent with the system, Eqs. (5), (6) and (7), by 
use of the following relations which are obtained in a manner similar to 
that used to derive Eq. (11): 


Yu = Yao + AX[Y, — 1.54, ¥), + 41666674: Y., 
+ .0416667A; Y’, + .01527784, Y., + .0076389A; Y, ) (16) 
+ .00448084, Y', + ---] 
Yu-2 = Yas + AX[Y, — 2.54, 4 + 1.91666674, Y%, 
— 3754; Y%, — .02638894, Y,, — .0076389A, Y., }(17) 
— 00315854. Y, — ---] 


Yous = You + AX[Y, — 3.54: ¥4 + 4.4166667A; Y;, 
— 2.2916667A3 Y), + .34861114,¥., + .01875As Y%, )(18) 
+ 00447804. ¥., + ---] 

You = Yas + AX1Y¥, — 4.54: ¥, + 7.916666742 Y, 


— 6.7083333A; Y’, + 2.64027784, Y, — 32990424, Y'’, > (19) 
— .01428154.Y, — ---] 
Yous = Yas + AX[¥. — 5.54: ¥4 + 12.41666674; Y;, | 
— 14.6254; Y', + 9.34861114, ¥, — 2.9702254s Y,, > (20) 
+ 315551946), + ---]. 


As the numerical integration progresses it will be found that due to 
the monotonic and accelerating increase of Y and its derivatives, mor 
and more terms of Eq. (12) must be used in order to maintain cor 
vergence of the integration process, and that eventually convergenc 
fails altogether. Convergence may be restored by reducing the incre 


2 British Association for the Advancement of Science, Committee for th 
Calculation of Mathematical Tables. Mathematical Tables, 6, Bessel Functiom, 
Part I. Functions of Orders Zero and Unity. Office of the British Association, 
London (1937). 
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ment of the independent variable. Since, however, the integration is 
finally to be continued slightly beyond the edge of the drop, where the 
slope Y’ goes to infinity, and since at this point convergence fails even 
for an infinitesimal value of the increment, it is necessary eventually to 
seek another solution. This is provided by the transformation of vari- 
ables 

1 


which changes the infinity of Y’ into a zero of X’, and in general, effects 
an inversion of Y and X in all the formulae given above. Thus the 
system, Eqs. (5), (6) and (7), transforms into the system 


x= | Xd (22) 
Xx’ = / x"ay (23) 
Xx" = z (1 + X*)"" — 2(Hy + Y)( + X*%)**. (24) 


The practical method of effecting this change of variables is as follows. 
The numerical integration is carried forward by the scheme of Table I 
until convergence fails. Then by the method of inverse interpolation 
described by Comrie” a scheme similar to Table I is constructed, but 
with Y as the independent variable given at regular intervals, and X, 
X’, and X” as the dependent variables. The inverse interpolation 


gives the new values of X and X’ = directly, and X” is then calcu- 


1 
y’ ’ 
lated by Eq. (24). By a method analogous to that described above the 
solution is then carried one or two increments beyond the point X” = 0. 
The convergence of the first few steps of the solution of the system, 
Eqs. (22), (23) and (24), in the range where it overlaps the solution of 
the system, Eqs. (5), (6) and (7), can be proven by application of the 
error test.” 

The integration finally yields values of Y at regular intervals from 

Y = 0.0 to slightly beyond the point X’ = 0.0, together with the corre- 
sponding values of X, X’ and X”. 


™ J. F. Steffenson, Interpolation, Williams & Wilkins, Baltimore (1927) p. 4. 
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3. Computation of the Volume of the Meniscus from the Results of | 
the Numerical Integration 


The values of the meniscus volume 
v 
ed 


where »v is the volume contained between the surface of revolution and a 
plane perpendicular to the axis of revolution at y, are obtained from the 
first integral of the differential equation, Eq. (4). Let 


¢ = tan” Y’ = cot” X’ (26) 
and 
— ore 
then, by Eq. (4) 
d(Xu) 
“ax = 2X (Ho + Y). (28) 
But 
Fe [ " ex'ay, (29) 
and integrating by parts, gives 
V = eX'Y — % [ xvax (30) 
xu x 
od? < r[ a(Xu) + 2% [ HeXaXx (31) 
0 0 


= X*(Y + Ho) — #X sin g = eX°(Y + Ho) — +X sin cot X’. (32) 


Since all of the quantities on the right hand side of Eq. (32) are known 
for each value of Y, the value of V is readily tabulated by direct com- 
putation. 
4. Accuracy of the Tables Obtained by Numerical Integration 

The solution of the system, Eqs. (5), (6) and (7) was carried out with 
an increment of the independent variable X of .1 unit, and with reten- 
tion of the 0.000001 unit in Y, Y’ and Y”. With this value of AX 
the process of integration is convergent up to the value Y’, approxi- 
mately equal to 0.6 at which point the transformation to the system, 





oe FF ea = 


‘ 
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Eqs. (23), (24) and (25) was effected. The solution of this latter sys- 
tem was carried out with.an increment of the independent variable AY 
of 0.02 unit and with retention of the 0.000001 unit in X, the 0.00001 
wit in X’ and the 0.0001 unit in X”. The volume was computed to 
0,001 unit by use of Eq. (32), and the seven-place natural trigonometric 
tables of Brandenburg.” 

These calculations were carried out for each of twenty values of the 
drop shape determining parameter H, , namely, for Hy equal to 0.148, 
132, .116, .100, .084, .068, .052, .044, .036, .028, .024, .020, .016, .014, 
O12, .010, .008, .006, .005, .004. 

The data thus obtained were retabulated as follows: 

(a) Tan ¢ (= Y’) was tabulated to the 0.00001 unit for each value 
of Hy and for values of Y extending from 0.00 to 0.60 by increments 
of 0.02. 

(b) Cot ¢ (=x = 7) was tabulated to the 0.00001 unit for each 
value of Ho and for values of Y extending from 0.60 to 1.12 by incre- 
ments of 0.02. 

(c) The volume V was tabulated to the 0.001 unit for each value of Ho 
and for values of Y extending from 0.00 to 1.12 by increments of 0.02. 

(d) Values of X were tabulated to the 0.0001 unit for each value of Ho 
and for values of Y extending from 0.00 to 1.12 by increments of 0.02. 

The very small values of Y (0.0 < Y < 0.1) were tabulated to the 
0.00001 unit in a supplementary table for each value of H» and for 
values of X extending upward from 0.0 by increments of 0.02. 

Each of the tables (a), (b), (c) and (d) was extended by Lagrangean 
subtabulation,” by the insertion of complete sets of values for each of 
seventeen values of Ho, namely, for Hy equal to 0.140, .124, .108, .092, 
076, .060, .048, .040, .032, .026, .022, .018, .015, .013, .011, .009, .007. 
However, in the tables for V and X even the ten ordinate Lagrangean 
failed to converge for Hy» equal to 0.060, and the corresponding values 
of X were, therefore, obtained by the integration of the interpolated 
values of tan ¢ and cot ¢, and the values of V by direct calculation with 
Eq. (32). In each of the tables thus obtained the second differences 
were computed both for rows and columns and slight adjustment made 


*H. Brandenburg, Siebenstellige Trigonometrische Tafel, Alfred Lorentz, 
Leipzig (1931). - 

“ K. Pearson, Tracts for Computers, # II, On the Construction of Tables and 
on Interpolation, Part I Uni-variate Tables, Cambridge University Press, London 
(1920). 
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in the tabulated values to assure smoothness. It is felt that these * 
adjusted values are not in error by more than +1 unit in the last 
place given. 


5. The Equator of the Drop: Data Resulting from Numerical Integration 


The tables just described are given in such a form as to be most 
useful for the determination of the capillary corrections in precise ma- 
T 
2 
in measurements upon sessile drops or bubbles under plates, and also 
measurements of capillary rise at zero contact angle. Therefore, pairs 


of values of X and Y at ¢ = 5 were evaluated to the 0.001 unit for 


nometry. In addition the point at which g = ~ has particular interest 


each of the twenty directly calculated curves by application of the 
formula for an extremal.” 


Y*(X, — X_. — 2X; + 2Xu) 


34 
+ 4Y(X, + X. — 2X0) — 4(X2 — X. — 8X, — 8X) = 0. 7" 


The corresponding volumes were calculated to the 0.001 unit by Eq. 
(32). These results are tabulated in Table VI, where Xx, Ye and Vz 
are the values of X, Y and V at ¢ = 3° 

Since in measurements upon a sessile drop or of capillary rise the 
region of greatest interest is that for larger drops or tubes than are 
covered by Table VI, the values of X and Y at ¢ = 5 were extended 
to indefinitely large drops or tubes. It is known that as the radius 
of the drop or tube becomes indefinitely large, the equations 


respectively. 





log i = .614185X, — .5 log X_ — .288713 (35) 
0 
(Vg + Hy)? = 1 + SOMTST , 3047379 , 1528689 (a4 
xX. Xt xt 


become increasingly exact." 
The differences between the twenty directly calculated points of 
27 K. Pearson, Tracts for Computers, # II, On the Construction of Tables and 


on Interpolation, Part I, Uni-variate Tables, Cambridge University Press, 
London (1920) p. 36. 








(Y, 
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Table VI and Eq. (35) were fitted by least squares to an expression of 
the form 





he = leg s — 614185X» + .5 log Xz + .288713 = 4 2+ a . (37) 
0 
When added to Eq. (35) this gives: 
1 101151 .180383 
+ = 614185X — .5 log X — .288713 — - . (38 
log 7, 0g x. xt (38) 


Similarly, the differences between the twenty directly calculated points 
of Table VI and Eq. (36) were fitted by least squares to an expression of 
the form 


_ 6094757 _ 3047379 





dy = (Ye + Ho) -1 

















Xr xi 
1523689 D E F (39) 
—“w Txmtwtxs 
When added to Eq. (36) this gives: 
(Vu + Ho)? = 1 + 2004757 5 8047370 | 1529680 
™ v 7 (40) 
+ .0978896 + .8969952 = .9643730 
Xt Xe — 


The large size and opposite signs of the coefficients of the last two terms 
in Eq. (40) show that the function (Eq. (39)) is not of the proper form, 
but since it does represent the results very well (see Fig. 5) and since 
these last two terms drop out in extrapolation to larger drops or tubes, 
the use of Eq. (39) for this latter purpose is fully justified. 

Plots of the cifference functions Ax and Ay Eqs. (37) and (39) against 
the reciprocal of the equatorial radius of the drop are given in Figs. 2 
and 4, respectively. These plots show the nature of the extrapolation 
incurred by the use of Eqs. (38) and (40). Plots of the differences 
between the directly calculated values given in Table VI and those 
computed from Eqs. (38) and (40), against the reciprocal of the equa- 
torial radius of the drop are given in Figs. 3 and 5, — Fig. 3 


shows that Eq. (38) fails for the smallest drops considered (> > 3s) 
but fits well for the larger drops. Fig. 5 shows that Eq. (40) gives 
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excellent agreement for all sizes of drops. A comparison of these devia- 
tion plots with the curves of Figs. 2 and 4 indicates that extrapolation 
to the origin should be good to five significant figures. Accordingly, 
by means of Eqs. (38), (40) and (32) there was computed Table VII 
which extends Table VI throughout the range of use for sessile drops 
and capillary rise measurements, that is, the range Hy, > 0.000000. 
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Fic. 2. Plot of the difference function Ay (Eq. 37) against the reciprocal of the 
equatorial radius of the drop. The dotted portion shows the nature of the ex- 
trapolation to indefinitely large drops. 
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Fic. 3. Deviation plot of the values of H, derived from numerical integration 
minus the values given by Eq. (38) against the reciprocal of the equatorial radius 
of the drop. 


There are likewise plotted in Figs. 3 and 5 the deviations for four points 
from the tables of Bashforth and Adams” corresponding to the largest 
drops computed by these authors, of which the three greater overlap the 
range covered in the present work. The agreement with our calcula- 
tion is very good. In addition, Bosanquet™ gave approximate values, 


* C. H. Bosanquet, Phil. Mag. [7], 5, 206 (1928). 
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good to about 0.01% of the coordinates at y = 5 for five values in the 


range covered here. These five values of X» are likewise plotted 
(Fig. 3) together with the five corresponding values of Y, (Fig. 5) de- 
duced by Porter.” The agreement with our calculation is within the 
estimated error. 
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Fie. 4. Plot of the difference function Ay (Eq. 39) against the reciprocal of 
the equatorial radius of the drop. The dotted portion shows the nature of the 
extrapolation to indefinitely large drops. 
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Fic. 5. Deviation plot of the values of Yx derived from numerical integration 
minus the values given by Eq. (40) against the reciprocal of the equatorial radius 
of the drop. - 

7. Description of the Tables 
(a) Notation: 
a is the capillary constant in cm. = / = = 
(er — pa)g 


¢ is the interfacial tension in dynes, cm.” 
g is the acceleration of gravity in cm. sec.” 


** A. W. Porter, Ibid., [7], 24, (1937). 
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T 
Slope of 
Y 
002 | 00 | 006 | 008 | 010 | O12 | OM | O16 0.18 | 0.20 | 0.22 | 02% | 0% 16 
He 
0.004 | '0.02808 (0.05372 |0.07959 |0.10571 (0.13208 |0.15873 (0.18568 |0.21298 |0.24068 (0.26881 0.zmao.sae. 
0.005 02872 | .05431 | .O8011 | .10616 | .13245 | .15003 | .18501 | .21314 | .24076 | .26882 | .29737| .32646) . 
0.006 02087 | .05493 | .08068 | .10667 | .13200 | .15041 | .18623 | .21341 | .24097 | .26807 | .29746| .32649) . 
0.007 03001 | .05557 | .08128 | .10722 | .13340 | .15086 | .18663 | .21375 | .24126 | .26021 | .29765) .32663) . 
0.008 -08064 | .05621 | .08189 | .10779 | .13303 | .16085 | .18707 | .21415 | .24162 | .26953 | .29793| .32687| . 
0.009 03126 | .05685 | .08252 | .10838 | .13449 | .16087 | .18756 | .21460 | .24203 | .26991 | .29827| .32717| . 
0.010 03187 | .05750 | .08315 | .10899 | .13507 | .16142 | .18808 | .21508 | .24248 | .27033 | .20866| .32752| . 
0.011 -03248 | .05815 | .08379 | .10061 | .13566 | .16199 | .18862 | .21560 | .24297 | .27079 | .29900) .32792| . 
0.012 03308 | .05879 | .08444 | .11024 | .13627 | .16258 | .18918 | .21614 | .24349 | .27127 | .20055| .32836) . 
0.013 -08367 | .05044 | .08509 | .11088 | .13690 | .16318 | .18976 | .21670 | .24403 | .27179 | .30004) .32884) . 
0.014 03425 | .06008 | .08574 | .11153 | .13753 | .16379 | .19036 | .21728 | .24458 | .27233 | .30056| .32034| . 
0.015 03482 | .06071 | .08639 | .11218 | .13816 | .16441 | .19007 | .21787 | .24516 | .27289 | .30110) .32986) . 
0.016 03588 | .06134 | .08703 | .11282 | .13880 | .16504 | .19158 | .21847 | .24575 | .27346 | .30166) .33041) . 
0.018 03649 | .06259 | .08833 | .11413 | .14010 | .16632 | .19284 | .21971 | .24606 | .27465 | .30283| .33156) . 
0.020 03756 | .06383 | .08963 | .11544 | .14141 | .16762 | .19413 | .22008 | .24821 | .27589 | .30405| .33276) . 
0.022 03860 | .06505 | .00001 | .11675 | .14273 | .16804 | .10544 | .22227 | .24950 | .27716 | .30531| .33401) . 
0.024 03962 | .06625 | .09218 | .11805 | .14405 | .17026 | .19676 | .22359 | .25081 | .27846 | . -33529) . 
0.026 04061 | .06743 | .00344 | .11934 | .14536 | .17159 | .19809 | .22492 | .25214 | .27979 | .30792| .33661) . 
0.028 -04158 | .06859 | .09469 | .12064 | .14668 | .17292 | .19943 | .22626 | .25348 | .28113 | .30927| .33796) . 
0.062 04346 | .07087 | .O9716 | .12321 | .14931 | .17559 | .20212 | .22897 | .25620 | .28386 | .31201| .34071) . 
0.086 04526 | .07308 | .09058 | .12575 | .15193 | .17825 | .20482 | .23170 | .25895 | .28664 | .31481| .34353) . 
0.040 -04609 | .07523 | .10195 | .12825 | .15452 | .18000 | .20752 | .23444 | .26173 | .28044 | .31764| .34639) . 
0.044 04867 | .07733 | .10427 | .13072 | .15708 | .18354 | .21022 | .23718 | .26451 | .20226 | . 34929) . 
0.048 -05029 | .07937 | .10655 | .13315 | .15962 | .18616 | .21290 | .23002 | .26729 | .29509 | .32337| .35221) . 
0.052 -05186 | .08137 | .10879 | .13555 | .16213 | .18876 | .21557 | .24265 | .27008 | .29793 | .32626) .35515) . 
0.060 05487 | .08524 | .11315 | .14025 | .16708 | .19389 | .22086 | .24808 | .27563 | .30361 | .33206| .36107| . 
0.068 05772 | .08894 | .11737 | .14482 | .17191 | .19894 | .22608 | .25346 | .28116 | .30927 | .33786| .36700) . 
0.076 06044 | .09250 | .12145 | .14927 | .17663 | .20389 | .23123 | .25878 | .28664 | .31490 | .34364) .37293) . 
0.084 06304 | .00503 | .12540 | .15360 | .18126 | .20876 | .23631 | .26404 | .20208 | .32050 | .34940) .37886) . 
0.092 06555 | .00925 | .12925 | .15782 | .18579 | .21354 | .24131 | .26024 | .20746 | .32606 | .35513| .38477| .41503 

0.100 06796 | .10246 | .13209 | .16195 | .19023 | .21824 | .24623 | .27437 | .30278 | .33157 | .36083) .39065| . 
0.108 -07029 | .10558 | .13664 | .16599 | .19459 | .22286 | .25109 | .27044 | .30805 | .33704 | .36649| .39650) . 
0.116 -07254 | .10862 | .14019 | .16904 | .19886 | .22741 | .25588 | .28445 | .31327 | .34247 | .37212) .40233) . 
0.124 -O7473 | .11158 | .14366 | .17381 | .20305 | .23188 | .26060 | .28940 | .31844 | .34785 | .37771| .40813) . 
0.132 -07686 | .11446 | .14706 | .17761 | .20718 | .23629 | .26526 | .20430 | .32356 | .35318 | .38325| .41389) . 
0.140 07804 | .11727 | .15039 | .18134 | .21124 | .24063 | .26986 | .29914 | .32863 | .35847 | .38876| .41962) . 
0.148 -08096 | .12002 | .15365 | .18500 | .21523 | .24491 | .27440 | .30393 | .33365 | .36371 | .39423) .42532) . 
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LE Il 

ridian (tan ¢) 

0.9 | 0.32 | 0.34 | 036 | 0.38 | 0.40 | 042] 0.44 | 0.46 | 0.48 / O50 | 0.62 | 054 | 0.56 | 0.58 | 0.60 

0.41802\0.45004|0. 48297 0.51691 0.55196/0.58824 0. 62589|0.66504|0.70587|0.74855 0.79330 |0.84036 | 0.89002 0.94257| 0.99840) 1.05796 
41764) .44958| .48242| .51627| .55122| .58740! .62493| .66396| .70465| .74719| .79178 | .83867 | .88813| .94048| .99608| 1.05536 
41748) .44935| .48213| .51590, .55077| .58687| .62431| .66324| .70383| .74625| .79073 | .83748 | .88678| .93806/ .99437| 1.08844 
AI747| 44928) .48200 .51571| .55052| .58654) .62391| .66276| .70327| .74560| .78998 | .83662 | .88580| 93784! .99309| 1.05200 
A1757| .44933) .48200| .51566 .55042| .58638) .62369| .66248| .70292| .74518| .78947 | .83602 | .88510| .93703| .99216| 1.05093 
AITTS| .44947| .48210| .51572| .55044) .58635| .62361| .66235| .70273| .74492| .78015 | .83562 | .88463| .93646| .99149| 1.05014 
41801) .44970| .48220| .51587| .55055| .58643 .62364| .66234| .70267| .74481| .78898 | .83539 | .88433| .93609| .99104| 1.04959 
41833) .44999| .48255| .51610| .55074) .58659| .62377| .66243| .70272| .74482| .78804 | .83530 | .88418| 93588) .99076| 1.04924 
41870| .45033) .48287| .51639| .55100| .58682) .62397| .66260| .70286| .74492| .78900 | .83532 | .88416| .93581| 99064) 1.04905 
41911} .45072| .48323| .51673| .55131| .58711| .62424| .66284| .70307| .74510| .78915 | .83544 | .88424) .93585| 99064) 1.04900 
. AS114| .48363| .51711| .55168| .58746| .62457| 66314) .70335 .74536| .78938 | .83565 | .88442| .93600| .99075| 1.04907 
42002| .45160| .48407| .51754| .55210) .58786| .62495] .66350| .70369| .74568| .78968 | .83503 | .88468| .93623/ .99095| 1.04923 
42052| .45209| .48455| .51800| .55254| .58829| .62537| .66391| .70408| .74606| .79005 | .83627 | .88500| .93653| .99123| 1.04949 
42160) .45315) .48559| .51902| .55354| .58927| .62632| .66485| .70500| .74696| .79093 | .83713 | .88583| .93734| .99201| 1.05025 
42276) .45429| .48672| .52014| .55465| .59037| .62741| .66593| .70607| .74803; .79199 | .83818 | .88688| .93839| .99305| 1.05128 
42398} 45550) .48792) .52134| .55585| .59156| .62860| .66712| .70727| .74923| .79319 | .83939 | .88810| .93962| 99430] 1.05254 
42525) .45677| .48919| .52261| .55712| .59283| .62089| .66841| .70857| .75054) .79451 | .84073 | .88047| .94101| .99572| 1.05400 
42657} .45809| .49052| .52304| .55846| .59418| .63125| .66979| .70996| .75195| .79594 | .84219 | .89096] 94254, .99729| 1.05562 
42792} 45945) .49189| .52532| .55985| .59559| .63267| .67123| .71142| .75344| .79747 | .84375 | .89255| .94418| .99898| 1.05737 
43072| .46227| .49473| .52819| .56276| .59854) .63567| .67428| .71454| .75662| .80073 | .84710 | .89601| .94775| 1.00268] 1.06122 
43362) .46520| .49770| .53120| .56582| .60165| .63884| .67752| .71786| .76003| .80424 | .85072 | .89976| .95164| 1. 1.06546 
43659] .46822| .50076| .53432| .56899| .60489| .64216| .68092| .72135| .76363| .80796 | .85457 | .90375| . 1.01108] 1.07002 
43962} .47130| .50390| .53752| .57226| .60824) .64559| .68445| .72498| .76738| .81184 | .85860 | 90794) .96018| 1.01567| 1.07484 
44260) .47443| .50709| .54078| .57560| .61167| .64911| .68807| .72872| .77125| .81585 | .86278 | .91229| .96473| 1 1.07989 
44580} .47760| .51034| .54410! .57901| .61516| .65271| .69178| .73256| .77522| .81998 | .86708 | .91679| .96045| 1.02542| 1.08514 
45210| .48405| .51694| .55088 .58597| .62233| .66011| .69043| .74048| .78344) .82854 | .87602 | .92617| .97931| 1.03581] 1.09614 
45847| .49058| .52365| .55778| .59308| .62967| .66770| .70729| .74864| .79195| .83742 | .88532 | .93593| .98959| 1.04668) 1.10768 
46489] .49718| .53045) .56478| .60030| .63714| .67543| .71533| .75701| .80068| .84655 | .89489 | 94600, 1.00022) 1.05795) 1.11967 
47134) .50383| .53730 .57186| .60762| .64472| .68330| .72351| .76554| .80959| .85589 | .90470 | .95634| 1.01116] 1.06957] 1.13205 
A7781| .51050| .54419| .57899| .61501| .65238| .69127| .73181| .77421| .81865| .86540 | .91472 | .96692| 1.02237) 1.08148) 1.14477 
48428) .51719| .55111| .58616| .62245| .66012| .69932| .74021| .78299| .82786| .87508 | .92492 | .97771| 1.03382| 1.09367] 1.15781 
49076) .52389| .55805| .59336| .62993| .66791| .70744| .74870| .79187| .83719| .88490 | .93529 | .98869| 1.04549] 1.10613) 1.17115 
497%3| .53060| .56501| .60059| .63745| .67574| .71562| .75726| .80085| .84663| .80485 | .94581 | .99985| 1.05736] 1.11882] 1.18476 
,50369| .53731| .57198| .60784! .64500| .68362| .72386| .76588| .80091| .85616, .90491 | .95646 | 1.01116) 1.06942) 1.13171] 1.19861 
51014) .54401| .57896| .61510| .65258| .69154| .73215| .77457| .81905| .86579| .91509 | .96725 | 1.02263| 1.08165 1.14482] 1.21271 
51658) .55072| .58504| .62238| .66019| .69049| .74048| .78332| .82826| .87551| .92538 | .97818 | 1.03425] 1.09407) 1.15814| 1.22706 
52302) .55742) .59293| .62968| .66782| .70747| .74885| .79213| .83754| .88532| .93577 | .98924 | 1.04602] 1.10666] 1.17166] 1.24165 
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Y 
0 0 0.62 0 06 0.8 0.7 0.72 0” 
He 
0.004 0.94522 | 0.89148 | 0.84009 | 0.79081 /0.74342 [0.69771 (0.65351 [0.61065 
0.006 94755 | .80380 | .84240 | .79311 | .74571 | .70000 | .65580 61204 
0.006 94027 | 80552 | .24413 | .70485 | .74746 | .70176 | .65756 61470 
0.007 95057 | .89683 | 84546 | .79619 | .74881 | .70311 | .65893 61609 
0.008 95154 | .80782 | .84646 | .70721 | .74984 | .70416 .65909 | .61717 
0.008 95225 | .89856 | .84722 | .70709 | .75065 | .70498 66083 | .61802 
0.010 95275 | .89009 | .84778 | .70857 | .75125 | .70561 | .66148 61869 
0.011 95307 | .80044 | .84817 .79800 | .75169 | .70607 | .66197 | .61920 
0.012 95824 | .80065 | .84841 | .79026 | .75199 | .70640 | .66232 -61958 
0.013 95320 | .89074 | 84854 | .70042 | .75219 | .70663 | .66257 -61985 
0.014 95323 | .80073 | .84856 | .79048 | .75228 | .70675 66272 | .62003 
0.015 9530s | 89062 | .84849 | .79045 | .75228 | .70678 | .66278 62011 
0.016 95284 | .80043 | .84834 | .79034 | .75221 | .70674 66277 | .62013 
0.018 95215 | 89884 | .84784 | .79802 | .75186 | .70646 66255 | .61997 
0.020 95122 | .89801 | .84711 | .79827 | .75120 | .70506 66211 | .61958 
0.022 95008 | .g0e08 | .84618 | .79743 | .75053 | .70527 66149 | .61903 
0.024 94877 | .80578 | .84508 | .79642 | .74960 | .70442 66071 | .61831 
0.026 94782 | .80445 | 84385 | .70520 | .74855 70844 | .65080 | .61746 
0.028 94574 | .80200 | .84250| .79403 | .74738 | .70235 .65878 | .61651 
0.082 94231 88079 | 83961 70123 | .74476 | .69089 | .65646 | .61432 
0.086 9gese | .98628 | 83621 | .78813 | .74183 | .60712 | .65384 61183 
0.060 90456 | 88252 | .83267 | .78478 | .73866 | .60411 | .65097 60909 
0.044 99086 | .87857 | .82804 | .78125 | .73530 | .69001 | .64792 60617 
0.048 92002 | .87447 | .82506 | .77757 | .73180 | .68757 | .64472 - 60810 
0.052 92154 | .87023 | .82104 | .77375 | .72816 | .68409 | .64139 | .50090 
0.060 91229 | .86146 | .81271 | .76581 | .72057 | .67682 | .63440 | .50317 
0.068 90279 | .85243 | .80410 | .75758 | .71260 | .66025 | .62712 | .58615 
0.076 80312 | 84322 | .79531 74916 | .70461 | .66148 | .61962 | .£°889 
0.084 88335 | .83300 | .78630 | .74061 | .69639 | .65356 | .61197 | .57148 
0.092 87354 | .82452 | .77740 | .73198 | .68808 | .64554 | .60421 | .56395 
0.100 86370 | 81511 | .76837 | .72320 | .67970 | .63744 | .59636 | .55633 
0.108 95986 | .80560 | .75032 | .71468 | .67129 | .62030 | .58846 | .54865 
0.116 94405 | .79628 | .75028 | .70586 | .66286 | .62113 | .58053 | .54093 
0.14 83430 | .78002 | .74126 | .O0715 | .65444 | .61206 | .57250 . 53319 
0.140 81496 | .76831 | .72332 | .67982 | .63764 | 50665 | .55672 | .51771 
0.148 gosss | .75008 | .71441 | .67120 | .62029 | .58853 | .54880 | .50907 
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0.88 | 0.00 | 0.92 | 0.04 | 0.96 | 0.98 | 1.00 | 1.02 | 1.04 | 1.06 | 1.08 | 1.20 | 1.12 

(0.38665 |0.29067 |0.26804 |o.22664 |0.19007 0.15851 |0.11674 | 0.07964 | 0.04208) 0 —0.08507|—0.07501|—0. 11613 

33804 | .90210 | .26560 | .22904 | .19262 | .18611 | .11041 | .08230 | .04491 —.08904) — 07186) —.11984 

34082 | .30400 | .26744 | .23102 | .10063 | 16817 | .12152 | .08456 | 04714) 00012] —. —.06087| —.1104 

34233 | .30654 | .26000 | .23261 | .19626 | .15084 | .12823 | .08632 | 04806) .01101| —. —.06734| —.10812 

34354 | .30677 | .27026 | .238300 | .19758 | .16120 | .129463 | .08776 | .06045) —.02608| —.06565| —.10635 

34453 | .30779 | .27130 | .23407 | .19868 | .16233 | .12580 | .08897|  .05170) —.02473| —.06424| —.10487 

34534 | .30862 | .27215 | .23584 | .19058 | .16326 | .12676 | 08006 | .08273 —.02361| —.06807| —.10864 

34500 | .30029 | .27285 | .23656 | .20082 | .16402 | .12755 | .09078 | .08350 —.02267| —.06200| —.10261 

34651 | .30083 | .27341 | .23715 | .20008 | .16406 | .12821 | .00147| .05430) —.02189) —, —.10174 

34003 | .31027 | .27387 | .23763 | .20143 | .16518 | .12876 | .00205 | .05491 =. = —.10090 

| 34726 | .31062 | .27424 | .23802 | .20184 | .16561 | .12021 | .00252 | .08541 —.02067| —.05907| —.10087 

| 34749 | .31087 | .27451 | .23831 | .20215 | .16504 | .12056 | .o9289| 08880) —.02023| —.05050| —.00087 

| 34765 | .31104 | .27470 | .23852 | .20238 | .16619 | .12083 | .00318 | .08611 —.01988| —.05013| — 000947 

34780 | .31123 | 27402 | .23877 | .90967 | .16651 | .13018 | .00357 | .08653 —.01988| —. —.00888 

3473 | .31120 | .27492 | .23880 | .20273 | .16600 | .13081 | .09873 | 05672 —.01912| -. — 00855 

: 34748 | .31008 | .27474 | .23805 | .20261 | .16651 | .13025 | .09360| .08671 —.01907| -. — .00846 

34708 | .31061 | .27440 | .23834 | 20933 | .10696 | .13002 | .00s49 | 05653 —.01922| —. — .00857 

34656 | .31012 | .27304 | .23701 | .20192 | .16587 | .12065 | .00s14| —.01952| —.05863| — 00884 

34502 | .30052 | .27836 | .23735 | .20139 | .16536 | .12016 | .00206 | .08574 —.01995} —. — .00025 

34436 | .30802 | .27192 | .23806 | .20004 | .16405 | .12789| 00142 | .05452, —.02114) —.00023| —.10042 

34250 | .30622 | .27017 | .23496 | 19838 | .16943 | .19620| 08084 | 05296, —.02260| —.06179| —.10199 

34040 | .30617 | 26817 | .23230 | 19606 | .10054 | .129442 | .08798 | 05111 — 02454) —.06366| —.10889 

33811 | .30193 | .26508 | .23015 | .10484 | .15844 | .12984 | .08501 | .04004 — 02664) —.06578| —.10605 

J 33565 | .20053 | .26362 | .22782 | .19204 | .15617 | .12008 | .08365 | .04678, — 02893) —.06811| —.10843 

J 33305 | .20608 | .26111 | .22535 | .18060 | .18873 | .11765 | .08123 | 04435) —.08141| —.07063| —.11101 

) 32750 | .20152 | .25574 | .22004 | 18432 | .14840 | .11242| .07500| —.09681| —.07614) —.11665 

3 82161 | .28572 | .25000 | .21435 | .17867 | .14286 | .10678 | .07083 | .08337 —.04200] —.08214| —.12280 
: 31545 | .27064 | .24308 | .20837 | .17272 | .13001 | .10081 | .06432 | 02731 — .04896 
l 30009 | .27835 | .23774 | .20217 | .16653 | .13071 | .00450 | .05805 | .02006, — .06553 
2 30257 | .200°0 | .23134 | .19880 | .16016 | .12433 | .08817 | .05157 | .01439) — .06235 
0 .29802 | .20030 | .29478 | .19026 | .15862 | .11777 | .08157 | 04490 .00783 — .00639) 
5 28015 | .25359 | 21810 | .18250 | .14005 | .11107 | .o7482 | .08807 | 00070, —.07664 
i 28230 | .24678 | .21132 | .17582 | 14616 | .10424 | .06793 | .08110 | —.00639) — .08406) 
1 27540 | .23902 | .20447 | .16807 | .13329 | .00732 | .0e004 | .02401 | —.01361 — 00168 
n 20844 | .23200 | 19756 | .16905 | .12683 | 09031 | .oss85 | .016s2 | —.c2004 — .00085 
J 26144 | .22002 | .19080 | .15506 | .11981 | .08323 | .o«ess | .00053 | —.02837 —.10719 
- .25440 | .21900 | .18357 | .14802 | .11223 | .07608 | .0s044 | .00217 | —.08sso) —.11514 
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0.12 0.14 0.16 0.18 
3.6341 | 3.7505 | 3.8510 | 3.9303 
3.4637 | 3.5800 | 3.6804 | 3.7686 
3.3251 | 3.4411 | 3.5413 | 3.6295 
3.2080 | 3.3237 | 3.4237 | 3.5118 
3.1070 | 3.2224 | 3.3222 | 3.4101 
3.0182 | 3.1333 | 3.2328 | 3.3206 
2.9389 | 3.0536 | 3.1529 | 3.2405 
2.8674 | 2.9817 | 3.0808 | 3.1681 
2.8024 | 2.9163 | 3.0152 | 3.1023 
2.7420 | 2.8564 | 2.9550 | 3.0419 
2.6879 | 2.8011 | 2.8004 | 2.9861 
2.6360 | 2.7497 | 2.8477 | 2.9342 
2.5803 | 2.7017 | 2.7004 | 2.8857 
2.5031 | 2.6147 | 2.7118 | 2.7977 
2.4265 | 2.5373 | 2.6338 | 2.7192 
2.3578 | 2.4677 | 2.5637 | 2.6486 
2.2055 | 2.4047 | 2.5000 | 2.5844 
2.2385 | 2.3469 | 2.4416 | 2.5256 
2.1863 | 2.2939 | 2.3880 | 2.4715 
1.9609 | 2.0032 | 2.1993 | 2.2922 | 2.3748 
1.8908 | 2.0122 | 2.1168 | 2.2086 | 2.2902 
1.8214 | 1.9409 | 2.0441 | 2.1347 | 2.2154 
1.7506 | 1.8773 | 1.9790 | 2.0685 | 2.1484 
1.7040 | 1.8199 | 1.9203 | 2.0087 | 2.0877 
1.6537 | 1.7679 | 1.8670 | 1.9544 | 2.0325 
1.5658 | 1.6769 | 1.7734 | 1.8588 | 1.9352 
1.4909 | 1.5000 | 1.6032 | 1.7767 | 1.8516 
1.4262 | 1.5315 | 1.6236 | 1.7053 | 1.7787 
1.3605 | 1.4722 | 1.5622 | 1.6422 | 1.7142 
1.3192 | 1.4195 | 1.5075 | 1.5859 | 1.6566 
1.2741 | 1.3722 | 1.4584 | 1.5353 | 1.6047 
1.2334 | 1.3204 | 1.4139 | 1.4893 | 1.5575 
1.1964 | 1.2004 | 1.3733 | 1.4474 | 1.5144 
1.1626 | 1.2547 | 1.3360 | 1.4088 | 1.4747 
1.1316 | 1.2219 | 1.3017 | 1.3733 | 1.4381 
1.1030 | 1.1916 | 1.2700 | 1.3404 | 1.4042 
1.0763 | 1.1633 | 1.2404 | 1.3006 | 1.3724 
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TABLE IV 
Radius to M4 ridian 
0.30 0.u 
4.3150 
4.1444 
4.0052 
3.8873 
3.7853 
3.6054 
3.6149 
3.5421 
3.4757 
3.4147 
3.3582 
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on 0.4% 0.36 0.38 0.40 0.42 0.4 0.46 | 0.48 | 0.50 | 0.52 | 0.54 0.56 | 0.58 | 0.60 
eu | 4.4000 | 4.4440 | 4.4814 | 4.5166 | 4.5405 | 4.5805 | 4.0007 | 4.6372 | 4.6682 | 4.6877 | 4.7108 | 4.7326 | 4.7532 | 4.7727 
tom f 4.2885 | 4.2786 | 4.3111 | 4.3462 | 4.3792 | 4.4103 | 4.4305 | 4.4671 | 4.4931 | 4.5176 | 4.5608 | 4.5627 | 4.5834 | 4.6029 
1.054 | 4.0063 | 4.13844 | 4.1719 | 4.2071 | 4.2402 | 4.2713 | 4.3005 | 4.3281 | 4.3542 | 4.3788 | 4.4020 | 4.4239 | 4.4446 | 4.4041 
5.005 } 9.9765 | 4.0166 | 4.0641 | 4.0803 | 4.1224 | 4.1535 | 4.1828 | 4.2104 | 4.2365 | 4.2611 | 4.2843 | 4.3062 | 4.3269 | 4.3465 
ais | 3.8745 | 3.9146 | 3.9621 | 3.9873 | 4.0204 | 4.0515 | 4.0808 | 4.1085 | 4.1346 | 4.1502 | 4.1824 | 4.2044 | 4.2251 | 4.2447 
74, 3.7865 | 3.8246 | 3.8621 | 3.8973 | 3.9304 | 3.9615 | 3.9000 | 4.0185 | 4.0446 | 4.0602 | 4.0025 | 4.1145 | 4.1353 | 4.1549 
seo | 3.7088 | 3.7440 | 3.7815 | 3.8167 | 3.8408 | 3.8809 | 3.9103 | 3.9579 | 3.9640 | 3.9886 | 4.0119 | 4.0339 | 4.0547 | 4.0743 
sam | 3.6810 | 3.6711 | 3.7086 | 3.7438 | 3.7760 | 3.8080 | 3.8373 | 3.8649 | 3.8910 | 3.9157 | 3.9389 | 3.9600 | 3.9817 | 4.0013 
35a 2p 3.0006 | 3.0047 | 3.6421 | 3.6773 | 3.7104 | 3.7415 | 3.7708 | 3.7084 | 3.8245 | 3.8402 | 3.8724 | 3.9044 | 3.9152 | 3.0348 
om) 8.0085 | 3.5436 | 3.5810 | 3.6162 | 3.6403 | 3.6804 | 3.7006 | 3.7372 | 3.7633 | 3.7880 | 3.8112 | 3.8332 | 3.8540 | 3.8736 
40} 3.4470 | 3.4870 | 3.5244 | 3.5606 | 3.5026 | 3.6237 | 3.6530 | 3.6806 | 3.7067 | 3.7313 | 3.7546 | 3.7765 | 3.7973 | 3.8169 
a5 3.804 | 3.4943 | 3.4717 | 3.5068 | 3.5308 | 3.5709 | 3.6002 | 3.6278 | 3.6538 | 3.6784 | 3.7017 | 3.7237 | 3.7444 | 3.7640 
320m, 3.0461 | 3.3850 | 3.4224 | 3.4575 | 3.4005 | 3.5215 | 3.5508 | 3.5784 | 3.6044 | 3.6200 | 3.6523 | 3.6743 | 3.6050 | 3.7146 
3.2m f 3.9565 | 3.2053 | 3.3827 | 3.3677 | 3.4006 | 3.4316 | 3.4608 | 3.4884 | 3.5144 | 3.5300 | 3.5623 | 3.5842 | 3.6049 | 3.6245 
$m) 3.1785 | 3.2162 | 3.2525 | 3.2874 | 3.3208 | 3.3512 | 3.3804 | 3.4079 | 3.4339 | 3.4585 | 3.4817 | 3.5036 | 3.5243 | 3.5439 
dom 3.1082 | 3.1428 | 3.1800 | 3.2149 | 3.2477 | 3.2785 | 3.3076 | 3.3351 | 3.3611 | 3.3856 | 3.4088 | 3.4307 | 3.4514 | 3.4709 
2.9m) 3.0873 | 3.0768 | 3.1139 | 3.1487 | 3.1814 | 3.2122 | 3.2413 | 3.2687 | 3.2046 | 3.3191 | 3.3422 | 3.3641 | 3.3848 | 3.4043 
2.005 \ 2.0767 | 3.0161 | 3.0531 | 3.0878 | 3.1205 | 3.1512 | 3.1802 | 3.2076 | 3.2335 | 3.2579 | 3.2810 | 3.3028 | 3.3235 | 3.3430 
2.6mm ( 2.0000 | 2.9602 | 2.9071 | 3.0317 | 3.0643 | 3.0050 | 3.1240 | 3.1513 | 3.1771 | 3.2015 | 3.2245 | 3.2463 | 3.2660 | 3.2864 
2.7 | 2.8006 | 2.8507 | 2.8064 | 2.9308 | 2.9632 | 2.9038 | 3.0227 | 3.0400 | 3.0756 | 3.0008 | 3.1228 | 3.1445 | 3.1650 | 3.1844 
2.0m ) 2.7824 | 2.7713 | 2.8078 | 2.8420 | 2.8743 | 2.9047 | 2.9334 | 2.9605 | 2.9861 | 3.0102 | 3.0331 | 3.0547 | 3.0751 | 3.0044 
2.0m | 2.6600 | 2.6927 | 2.7280 | 2.7680 | 2.7951 | 2.8253 | 2.8539 | 2.8808 | 2.9063 | 2.9303 | 2.9531 | 2.9747 | 2.9950 | 3.0142 
2.6m) 2.6683 | 2.6218 | 2.6578 | 2.0017 | 2.7236 | 2.7537 | 2.7821 | 2.8089 | 2.8343 | 2.8582 | 2.8809 | 2.9023 | 2.9226 | 2.9417 
2.4mm f 2.5191 | 2.5573 | 2.5031 | 2.6268 | 2.6586 | 2.6885 | 2.7168 | 2.7435 | 2.7687 | 2.7025 | 2.8151 | 2.8364 | 2.8566 | 2.8756 
2.4m) 2.4004 | 2.4084 | 2.5340 | 2.5675 | 2.5001 | 2.6288 | 2.6569 | 2.6835 | 2.7086 | 2.7323 | 2.7547 | 2.7750 | 2.7960 | 2.8lou 
2.310 | 2.9662 | 2.3937 | 2.4200 | 2.4621 | 2.4932 | 2.5226 | 2.5504 | 2.5767 | 2.6016 | 2.6250 | 2.6472 | 2.6682 | 2.6881 | 2.7069 
2.2m | 2.9000 | 2.3029 | 2.3377 | 2.3704 | 2.4012 | 2.4303 | 2.4578 | 2.4838 | 2.5084 | 2.5316 | 2.5536 | 2.5744 | 2.5040 | 2.6126 
2.4% > 2.1806 | 2.2231 | 2.2574 | 2.2897 | 2.3202 | 2.3489 | 2.3761 | 2.4018 | 2.4261 | 2.4491 | 2.4700 | 2.4914 | 2.5108 | 2.5202 
2.0m | 2.1157 | 2.1518 | 2.1857 | 2.2177 | 2.2478 | 2.2762 | 2.3081 | 2.3285 | 2.3525 | 2.3753 | 2.3068 | 2.4171 | 2.4363 | 2.4545 
2.00 | 2.0519 | 2.0876 | 2.1211 | 2.1527 | 2.1825 | 2.2106 | 2.2372 | 2.2623 | 2.2860 | 2.3085 | 2.3298 | 2.3499 | 2.3689 | 2.3869 
1.07 f 1.001 | 2.0203 | 2.0624 | 2.0036 | 2.1231 | 2.1509 | 2.1772 | 2.2020 | 2.2255 | 2.2477 | 2.2688 | 2.2887 | 2.3075 | 2.3253 
1.00} 1.012 | 1.9760 | 2.0087 | 2.0806 | 2.0687 | 2.0062 | 2.1222 | 2.1467 | 2.1699 | 2.1919 | 2.2127 | 2.2324 | 2.2510 | 2.2686 
1.0m) f 1.8086 | 1.9270 | 1.9503 | 1.9808 | 2.0185 | 2.0457 | 2.0714 | 2.0057 | 2.1187 | 2.1404 | 2.1610 | 2.1804 | 2.1988 | 2.2162 
1.80 § 1.8877 | 1.8816 | 1.9135 | 1.0437 | 1.9721 | 1.9989 | 2.0243 | 2.0484 | 2.0711 | 2.0026 | 2.1129 | 2.1321 | 2.1503 | 2.1675 
1.7m} 1.8008 | 1.8304 | 1.8710 | 1.9008 | 1.9289 | 1.9554 | 1.9805 | 2.0043 | 2.0268 | 2.0480 | 2.0681 | 2.0871 | 2.1051 | 2.1221 
1.7mm | 1.7670 | 1.8001 | 1.8313 | 1.8608 | 1.8886 | 1.9148 | 1.9306 | 1.9631 | 1.9853 | 2.0063 | 2.0262 | 2.0450 | 2.0628 | 2.0796 
i.e | 1.7006 | 1.7632 | 1.7940 | 1.8231 | 1.8506 | 1.8766 | 1.9011 | 1.0243 | 1.9463 | 1.9671 | 1.9868 | 2.0054 | 2.0230 | 2.0395 
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4 
V- Concluded 
fo Mi ridian (X) 
——) 
0. 0.86 0.88 0.90 0.92 0.94 0.96 | 0.98 | 1.00 | 1.02 | 1.06 | 1.06 | 1.08 | 1.10 | 1.12 
‘100 4.9004 | 4.06605 | 4.0628 | 4.9584 | 4.9633 | 4.9675 | 4.9710 | 4.9737 | 4.9756 | 4.9768 | 4.9773 | 4.9770 | 4.9750 | 4.9740 
4.702 4.7701 | 4.7773 | 4.7887 | 4.7804 | 4.7043 | 4.7085 | 4.8020 | 4.8048 | 4.8068 | 4.8081 | 4.8086 | 4.8083 | 4.8073 | 4.8055 
‘1m 4.6018 | 4.6300 | 4.6455 | 4.6512 | 4.6562 | 4.6604 | 4.6640 | 4.6668 | 4.6688 | 4.6701 | 4.6707 | 4.6705 | 4.6605 | 4.6677 
« Some 4.5146 | 4.6218 | 4.6283 | 4.6341 | 4.5301 | 4.5434 | 4.5470 | 4.5408 | 4.5519 | 4.5532 | 4.5538 | 4.5536 | 4.5526 | 4.5500 
4.4061 4.4181 | 4.4903 | 4.4968 | 4.4826 | 4.4877 | 4.4420 | 4.4456 | 4.4484 | 4.4505 | 4.4519 | 4.4525 | 4.4524 | 4.4515 | 4.4408 
4.31 4.39384 | 4.3307 | 4.8872 | 4.3490 | 4.3481 | 4.3524 | 4.3560 | 4.3580 | 4.3611 | 4.3625 | 4.3631 | 4.3630 | 4.3621 | 4.3605 
(aH 4.2630 | 4.2503 | 4.2568 | 4.2696 | 4.2677 | 4.2721 | 4.2757 | 4.2786 | 4.2808 | 4.2822 | 4.2829 | 4.2828 | 4.2819 | 4.2808 
4.108 4.1702 | 4.1775 | 4.1841 | 4.1809 | 4.1950 | 4.1904 | 4.2080 | 4.2050 | 4.2081 | 4.2005 | 4.2102 | 4.2102 | 4.2004 | 4.2077 
4.006 4.1008 | 4.1001 | 4.1177 | 4.1235 | 4.1286 | 4.1330 | 4.1967 | 4.1306 | 4.1418 | 4.1482 | 4.1439 | 4.1430 | 4.1431 | 4.1414 
4.@a) 4.0427 | 4.0500 | 4.0566 | 4.0624 | 4.0675 | 4.0719 | 4.0756 | 4.0785 | 4.0807 | 4.0822 | 4.0829 | 4.0829 | 4.0821 | 4.0804 
3.0m} 3.9860 | 3.0083 | 3.9009 | 4.0058 | 4.0109 | 4.0153 | 4.0100 | 4.0219 | 4.0241 | 4.0256 | 4.0263 | 4.0263 | 4.0255 | 4.0239 
3.98 9.9881 | 3.0404 | 3.0470 | 3.0520 | 3.9580 | 3.9624 | 3.9661 | 3.9601 | 3.9713 | 3.0728 | 3.9785 | 3.9735 | 3.9727 | 3.9711 
2.0m 3.8837 | 3.8010 | 3.8076 | 3.9085 | 3.9086 | 3.9190 | 3.0167 | 3.0197 | 3.0219 | 3.9234 | 3.0241 | 3.9241 | 3.0233 | 3.9218 
3.1mm / 3.7936 | 3.8000 | 3.8075 | 3.8134 | 3.8185 | 3.8220 | 3.8266 | 3.8996 | 3.8318 | 3.8333 | 3.8340 | 3.8340 | 3.8332 | 3.8317 
3.me) «3.7198 | 8.7201 | 3.7267 | 3.7326 | 3.7377 | 3.7421 | 3.7458 | 3.7488 | 3.7510 | 3.7525 | 3.7583 | 3.7533 | 3.7525 | 3.7500 
3.au) 3.6307 | 3.6470 | 3.6536 | 3.6505 | 3.6646 | 3.6600 | 3.6727 | 3.6756 | 3.6779 | 3.6704 | 3.6801 | 3.6801 | 3.6793 | 3.6778 
3.me) 3.5728 | 3.5801 | 3.5867 | 3.5026 | 3.5077 | 3.6021 | 3.6058 | 3.6087 | 3.6110 | 3.6125 | 3.6132 | 3.6132 | 3.6124 | 3.6109 
3am 3.5113 | 3.5196 | 3.5252 | 3.5310 | 3.5361 | 3.5405 | 3.5442 | 3.5471 | 3.5404 | 3.5500 | 3.5516 | 3.5516 | 3.5508 | 3.5402 
Sms -3.45e4 | 3.4617 | 3.4683 | 3.4741 | 3.4702 | 3.4836 | 3.4873 | 3.4002 | 3.40924 | 3.4939 | 3.4046 | 3.4946 | 3.4938 | 3.4929 
3.0m) 3.9518 | 3.8501 | 3.9656 | 3.3714 | 3.3765 | 3.3808 | 3.3845 | 3.3874 | 3.3806 | 3.3011 | 3.3018 | 3.3017 | 3.3000 | 3.3893 
3.) 3.9012 | 3.2684 | 3.2749 | 3.2807 | 3.2857 | 3.2900 | 3.2036 | 3.2065 | 3.2987 | 3.3001 | 3.3008 | 3.3007 | 3.2000 | 3.2082 
3.1m) «3.1902 | 3.1874 | 3.1989 | 3.1006 | 3.2046 | 3.2088 | 3.2123 | 3.2152 | 3.2174 | 3.2188 | 3.2104 | 3.2103 | 3.2184 | 3.2168 
3.0m} 3.1000 | 3.1140 | 3.1904 | 3.1261 | 3.1311 | 3.1363 | 3.1388 | 3.1416 | 3.1487 | 3.1451 | 3.1457 | 3.1455 | 3.1446 | 3.142% 
sant 3.0800 | 3.0470 | 3.0534 | 3.0500 | 3.0639 | 3.0681 | 3.0716 | 3.0744 | 3.0764 | 3.0777 | 3.0783 | 3.0781 | 3.0772 | 3.0754 
2.00) 9.9785 | 2.9855 | 2.9018 | 2.9073 | 3.0022 | 3.0064 | 3.0008 | 3.0125 | 3.0145 | 3.0157 | 3.0162 | 3.0160 | 3.0150 | 3.013: 
2.0m) 2.8685 | 2.8754 | 2.8816 | 2.8871 | 2.8919 | 2.8950 | 2.8092 | 2.0018 | 2.9037 | 2.0048 | 2.0052 | 2.0049 | 2.9038 | 2.9011 
2.70) 9.7723 | 2.7701 | 2.7852 | 2.7905 | 2.7052 | 2.7901 | 2.8023 | 2.8048 | 2.8066 | 2.8076 | 2.8079 | 2.8075 | 2.8063 | 2.804 
2.0%) 2.6870 | 2.0036 | 2.6006 | 2.7040 | 2.7004 | 2.7131 | 2.7162 | 2.7187 | 2.7203 | 2.7212 | 2.7214 | 2.7208 | 2.7194 | 2.717% 
1 2.6103 | 2.6168 | 2.6227 | 2.6278 | 2.6322 | 2.6358 | 2.6388 | 2.6411 | 2.6426 | 2.6434 | 2.6434 | 2.6427 | 2.6412 | 2.6381 
2.0u\ 9.5006 | 2.5470 | 2.5527 | 2.5577 | 2.5620 | 2.5655 | 2.5684 | 2.5705 | 2.5719 | 2.5726 | 2.5725 | 2.5716 | 2.5700 | 2.5671 
2.0m) =-9.4700 | 2.4882 | 2.4888 | 2.4986 | 2.4978 | 2.5012 | 2.5030 | 2.5060 | 2.5072 | 2.5077 | 2.5074 | 2.5064 | 2.5046 | 2.502 
2.40) 9.4182 | 2.4243 | 2.4208 | 2.4945 | 2.4385 | 2.4417 | 2.4443 | 2.4462 | 2.4473 | 2.4477 | 2.4473 | 2.4462 
2.3) 3.9637 | 2.3007 | 2.3750 | 2.3706 | 2.3835 | 2.3866 | 2.3801 | 2.3008 | 2.3918 | 2.3920 | 2.3015 | 2.3002 
2.08) 3.9129 | 2.9188 | 2.3940 | 2.39284 | 2.3321 | 2.3361 | 2.3375 | 2.3301 | 2.3300 | 2.3309 | 2.3393 | 2.3379 
2.98) 3.9655 | 2.2712 | 2.2762 | 2.2805 | 2.2841 | 2.2870 | 2.2802 | 2.2006 | 2.2013 | 2.2012 | 2.2004 | 2.2889 
2.28) 3.2900 | 2.2265 | 2.2313 | 2.2355 | 2.2300 | 2.2417 | 2.2437 | 2.2450 | 2.2456 | 2.2454 | 2.2444 | 2.2427 
2.1% 9.1788 | 2.18942 | 2.1889 | 2.1929 | 2.1962 | 2.1988 | 2.2007 | 2.2019 | 2.2023 | 2.2020 | 2.2009 | 2.1990 
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x 1 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
He — 
— —- --- ——- | —— | 0.0 
0.004 |/0.00002 |0.00008 (0.00018 0.00083 |0.00062 /0.00075 [0.00104 [0.00139 (0.00179 |0.00226 o 
0.005 || .00003 | .c0010 | .00023 | .00041 | .00065 | .00004 | .00130 | .00173 | .00224 | .00283 0 
0.006 || .00003 | .o0012 | .00027 | .o0049 | .00077 | .00113 | .00156 | .00208 | .00269 | .00340 0 
0.008 || .00004 | .00016 | .00036 | .00065 | .00103 | .00151 | .00208 | .00277 | .00358 | .00453 0 
0.010 || .00005 | .00020 | .00046 | .opos2 | .00129 | .00188 | .00260 | .00346 | .00448 | .00566 0 
0.012 || .00006 | .00024 | .00055 | .00098 | .00155 | .00226 | .00313 | .00416 | .00537 | .00679 0 
0.014 || .00007 | .00028 | .00064 | .oo114 | .00181 | .00264 | .00365 | .00485 | .00627 | .00793 0 
0.016 || .00008 | .00032 | .00073 | .00130 | .00206 | .00301 | .00417 | .00555 | .00717 | .00006 4 
0.020 || .00010 | .00040 | .c0091 | .oo163 | .00258 | .00377 | .00521 | .00693 | .00806 | .01132 A 
0.024 || .00012 | .00048 | .00109 | .00196 | .00310 | .00452 | .00625 | .00832 | .01075 | .01369 4 
0.028 || .o0014 | .00056 | .00127 | .00229 | .00361 | .00527 | .00729 | .00070 | .01254 | .01586 A 
0.036 || .coo1s | .00072 | .00164 | .00294 | .00464 | .00678 | .00038 | .01248 | .01613 | .02039 A 
0.044 || .00022 | .00088 | .00200 | .00359 | .00567 | .00828 | .01146 | .01525 | .01972 | .02493 A 
0.052 || .00026 | .00105 | .00237 | .00424 | .00670 | .00979 | .01355 | .01803 | .02331 | .02947 a 
0.068 || .00034 | .00137 | .00310 | .00555 | .00877 | .01281 | .01772 | .02359 | .03050 | .03856 x 
0.084 || .00042 | .00169 | .00382 | .00686 | .01084 | .01583 | .02190 | .02915 | .03770 | .04768 
0.100 || .00050 | .00201 | .00455 | .00817 | .01201 | .01885 | .02608 | .03472 | .04492 | .05683 
0.116 || .00058 | .00233 | .00528 | .00947 | .01497 | .02187 | .03027 | .04031 | .05216 | .06601 
0.132 || .00066 | .00265 | .c0601 | .01078 | .01704 | .02490 | .03447 | .04501 | .05042 | .07523 
0.148 || .00074 | .00298 | .00674 | .01209 | .01912 | .02793 | .08867 | .05152 | .06671 | .08449 
x 
3.1 3.2 3.3 3.4 3.5 3.6 3.7 
He ? 
0.004 |/0.05922 (0.06762 |0.07718 |0.08808 |0.10051 |0.11471 |0.13004 
0.005 || .07410 | .08461 | .09660 | .11028 | .12591 | | 
0.006 08808 | .10163 | .11607 | .13256 | .15143 | | | | 
0.008 || .11888 | .13588 | | | - 
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24/25 | 26 | 27 | 28 | 29 | 3.0 
(0.02301 |0.02642 |0.03029 |0.03469 |0.03969 /0.04538 |0.051 
03453} .03964 | .04545 | .05206 | .05058 | .06814 | .077 
04605] .05288 | .06064 | .06047 | .07952 | .09096 | .104 
.05759| .06614 | .07586 | .08602 | .09052 | .11388 | .130 
06915] .07942 | .09111 | .10443 | .11961 | .13695 
08072} .09273 | .10641 | .12200 | .13980 
00234) .10610 | .12178 | .13968 


— 
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p: and p; are the densities in gm. cm.~ of the two fluids separated by 
the interface, where p, > p:, and where p; is the density of the fluid 
below the interface at the crown with respect to the gravitational field. 


xX = * and Y = ¥, where z and y are the Cartesian coordinates, in 


em., of the equilibrium meridian curve of a fluid drop of axial symmetry 
in a gravitational field. The origin is taken at the intersection of the 
interface with the axis of symmetry, y directed along the positive radius 
of curvature and z lying in a meridian plane. 

tang = wie = * = 4 is the slope of the meridian curve at any 
point (X, Y) and ¢ is the angle between the tangent to the curve at the 
point (X, Y), and the X axis. 


V= =, where v is the volume of the drop, in cm.’, lying between the 
interface and the plane y = constant. 
Hy = ~, where ho is a shape determining parameter of the drop, in 


em., and is the reciprocal of the value of the radius of curvature at the 
origin. Also ho is the negative of the value of the y coordinate when 
y' = y” = 0, that is, when the interface is an infinite plane (see 
Fig. 1). 


X,» and Y, are the values of X and Y, respectively, when ¢ = 3° 


Vz. is the value of V when ¢ = 4 


2 

(b) Tables: 

Table II gives values of tan ¢ corresponding to the values of Y given 
in the column headings and the values of H» given in the row headings. 

Table III gives values of cot ¢ corresponding to the values of Y given 
in the column headings and the values of Hy given in the row headings. 

Table IV gives values of X corresponding to the values of Y given 
in the column headings and the values of Ho given in the row headings. 

Table V gives values of Y corresponding to the values of X given in 
the column headings and the values of Hy given in the row headings. 

Table VI gives the values of Xz, Ye and Vx for the values of A, 
given in the row headings. 


Table VII gives the values of log Et oe ze , and V» corresponding 
0 g 
to the values of Xz given in the row headings. 


Ss 
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TABLE VI 
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In all of these tables, in order to save space, the second differences 


are not given, but it should be noted that linear interpolation is, in 
general, not adequate, and that fourth order (or rarely, higher order) 
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interpolation is necessary. It should also be noted that in all cases 
the condition 


Y=X =tang=V=0 (41) 


obtains, a fact which aids interpolation near the beginning of many of 
the tables. 
Acknowledgment 
I wish to thank Prof. James A. Beattie for help in writing this paper. 


Summary 


The need for accurate capillary corrections in precise manometry is 
pointed out, and the lack of adequate methods for evaluating these 
corrections is discussed. 

Numerical methods are outlined for integrating Laplace’s differential 
equation for the equilibrium meridian of a fluid drop of axial symmetry 
in a gravitational field. 

The numerical integrations have been carried out for real values of 
the capillary constant a and for drops of moderately large size; and the 
results presented in tables. The tables give the slope of the meridian 


(tan g) and also the radial coordinate of the meridian (x = *) in terms 

of the height coordinate of the meridian (y = v) and the reciprocal 
a 

of the radius of curvature at the origin (H = ). The tables cover 


the range 0.0 <9 < 5 and 0.004 < Hy < 0.148 to five significant figures. 
Special tables give the characteristics of the curves at the point 
= ‘ . These characteristics are given for very large drops by analytic 


expressions. 
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" THE PHYSICAL PROPERTIES OF FLUID INTERFACES OF 


LARGE RADIUS OF CURVATURE. II. NUMERICAL 
TABLES FOR CAPILLARY DEPRESSIONS AND MENISCUS 
VOLUMES IN MODERATELY LARGE TUBES'* 


By B. Epwin BLaispBLL 


1. Introduction 


In the preceding paper’ the need in precision manometry for more 
accurate values of the capillary depressions and meniscus volumes in 
large tubes has been discussed. The integration of Laplace’s differential 
equation for the equilibrium meridian of a fluid drop of axial symmetry 
in a gravitational field has been carried out by numerical methods and 
the results tabulated for drops of equatorial radius X lying between 
2.2 and 5.0. These tables give the radial coordinate X, slope Y’, and 
volume V as functions of the height coordinate Y for various values of 
the shape determining parameter Hp (capillary depression). 

By means of inverse interpolation’ these tables have been converted 
to Tables I and II below, which list capillary depression Hy) and meniscus 
volume V as functions of meniscus height Y and tube diameter X. 
V was computed directly to 0.001 unit. H» was computed to 0.00001 
unit for 2.0 < X < 3.0, and to 0.000001 unit for 3.0 < X < 4.5. How- 
ever, in the region 3.0 < X < 3.5 and for Y > 0.9, Ho cannot be de- 
rived to this accuracy from the tables previously given.” This region 
was filled in with approximate values in the usual way and then 
smoothed to be consistent with the values given at the equator of the 
drop by Eqs. (38) and (40) of the preceding paper.” The extreme 
upper right-hand and lower left-hand corners were supplied from unpub- 
lished work now underway for the extension of these tables to larger 
and smaller tube diameters. The completed tables were second differ- 


| enced both for rows and columns and slight adjustment made in the 


‘Contribution from the Research Laboratory of Physical Chemistry, Massa- 
chusetts Institute of Technology, No. 438. 
* Supported in part by a grant from the American Philosophical Society. 
*B. E. Blaisdell, Tats Journa., 19, 186 (1940). 
+L. J. Comrie, Interpolation and Allied Tables, His Majesty’s Stationery 
Office, London, 1936. 
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0.018116 
0.015896 
0.013951 
0.012241 
0.010740 
0.000425, 
0.008268 
0.007251 
0.006361 





0.035738 
0.031351 
0.027505 
0.024135 
0.021180) 
0.018586 
0.016308 
0.014312) 
0.012559) 
0.011019 
0.009669 
0.008483 
0.007440 
0.006526, 





0. 10586 
0.09248 
0.08088 
0.07078 
0.06199 
0.05431 
0.04760 
0.04174 
0.036604 
0.082113 
0.028175; 
0.024723 
0.021697 
0.019040 
0.016707 























0.031160 
0.027347 
0.024005 
0.021072 
0.018493 
0.016229 
0.014243 
0.012498 
0.010965 
0.009620 
0.008438 
0.007401 
0.006491 
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Tahaita) =] 





0.029743) 0. 
0.026111) 0. 
0.022924) 0. 
0.020124) 0. 
0.017661) 0. 
0.015500) 0. 
0.013602) 0. 
0.011933) 0. 
0.010468) 0. 
0.000184) 0. 
0.008053| 0. 
0.007062) 0. 
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0.28 

0.02 | 0.04 Oc, | 0.08 | 0.10 | O12 | OM 0.16 | 0.18 0.20 0.22 0.24 
ae [| | oe |e — 2.08 
143 -287 431 575 719 863 | 1.008 | 1.183 | 1.200 | 1.4465 1.692 1.740 2.26 
160 -320 480 640 - 801 062 | 1.123 | 1.285 | 1.447 | 1.610 1.774 1,988 2.51 
177 355 533 mm -880 | 1.067 | 1.266 | 1.425 | 1.605 | 1.786 1.967 2.148 2.77 
-196 -392 589 - 785 O61 | 1.178 | 1.876 | 1.674 | 1.773 | 1.972 2.171 2.372 3.06 
-216 432 48 -B4 | 1.080 | 1.206 | 1.514 | 1.782 | 1.061 | 2.170 | 2.389 2.610 3.34 
36 473 710 O47 | 1.184 | 1.422 | 1.061 | 1.800 | 2.138 | 2.379 2.620 | 2.861 | 1 3.66 
258 -517 -777 | 1.086 | 1.206 | 1.565 | 1.815 | 2.075 | 2.336 | 2.509 2.862 | 3.127 > 3.98 
- 281 $63, -846 | 1.128 | 1.411 | 1.604 | 1.978 | 2.262 | 2.546 | 2.832 3.118 | 3.406 4.32 
306 -612 918 | 1.225 | 1.633 | 1.860 | 2.148 | 2.457 | 2.766 | 3.076 | 3.388 | 3.700 4.68 
331 663 905 | 1.328 | 1.661 | 1.004 | 2.328 | 2.662 | 2.007 | 3.333 3.671 4.008 5.06 
358 -T17 | 1.076 | 1.486 | 1.706 | 2.186 | 2.516 | 2.877 | 3.200 | 3.003 3.967 4.333 5.4 
386 -7738 | 1.100 | 1.548 | 1.086 | 2.325 | 2.714 | 3.103 | 3.404 | 3.886 | 4.278 | 4.671 5.87 
415 -BB1 | 1.248 | 1.665 | 2.083 | 2.501 | 2.019 | 3.338 | 3.750 | 4.180 | 4.602 5.025 6.30 
446 803 | 1.340 | 1.788 | 2.236 | 2.684 | 3.183 | 3.584 | 4.085 | 4.487 4.000 | 5.3% 6.75 
478 -957 | 1.436 | 1.916 | 2.306 | 2.876 | 3.357 | 3.830 | 4.322 | 4.806 5.292 5.778 7.22 
B12 | 1.024 | 1.536 | 2.060 | 2.562 | 3.076 | 3.500 | 4.105 | 4.621 | 5.139 5.657 6.177 7.7 
46 | 1.0083 | 1.640 | 2.187 | 2.785 | 3.283 | 3.832 | 4.382 | 4.032 | 5.484 6.087 6.592 8.21 
-582 | 1.165 | 1.747 | 2.380 | 2.014 | 3.408 | 4.083 | 4.068 | 5.255 | 5.8463 6.432 7.03 8.73 
619 | 1.239 | 1.858 | 2.478 | 3,000 | 3.720 | 4.342 | 4.065 | 5.680 | 6.215 | 6.842 7.470 9.23 
668 | 1.316 | 1.973 | 2.631 | 3.200 | 3.950 | 4.611 | 5.272 | 5.935 | 6.600 7.206 7.982 9.83 
007 | 1.3056 | 2.002 | 2.700 | 3.480 | 4.188 | 4.880 | 5.500 | 6.293 | 6.007 7.708 8.410 10.4 
-738 | 1.477 | 2.215 | 2.064 | 3.604 | 4.434 | 5.175 | 5.918 | 6.663 | 7.408 8.155 8.908 10.% 
-700 | 1.561 | 2.342 | 3.123 | 3.005 | 4.688 | 5.472 | 6.257 | 7.044 | 7.832 8.622 9.413 11.6] 
824 | 1.668 | 2.472 | 3.207 | 4.123 | 4.960 | 5.777 | 6.006 | 7.437 | 8.260 9.103 9.938 12.2 
-800 | 1.788 | 2.607 | 3.477 | 4.348 | 5.220 | 6.003 | 6.966 | 7.841 | 8.718 9.507 | 10.477 12.8 
O15 | 1.880 | 2.746 | 3.662 | 4.580 | 5.408 | 6.417 | 7.337 | 8.258 | 9.180 | 10.106 | 11.032 — 
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2.187 2.337 
2.435 2.602 
2.699 2.884 
2.979 3.184 
3.277 3.501 
3.502 3.838 
3.925 4.193 
4.275 4.567 
4.044 4.961 
5.081 5.374 
5.436 5.806 
5.860 6.259 
6.303 6.733 
6.765 7.226 
7.247 7.740 
7.747 8.274 
8.267 8.829 
8.806 9.405 
9.365 | 10.001 
9.943 | 10.618 
10.541 | 11.257 
11.160 | 11.917 
11.797 | 12.507 
12.454 | 13.208 
13.130 | 14.020 
13.827 | 14.763 











3 


o 
- 
& 






























































3.1 ; 

3.2 12.065 | 12.528 | 12.906 | 13.468 | 13.943 | 14.423 | 14.907 | 15.397 
3.3 12.041 | 13.437 | 13.937 | 14.441 | 14.950 | 15.464 | 15.983 | 16.506 
3.4 13.852 | 14.382 | 14.917 | 15.456 | 16.000 | 16.548 | 17.101 | 17.659 
3.5 14.900 | 15.366 | 15.936 | 16.511 | 17.090 | 17.675 | 18.264 | 18.850 
3.6 15.785 | 16.388 | 16.905 | 17.606 | 18.222 | 18.844 | 19.471 | 20.108 
3.7 16.906 | 17.446 | 18.001 | 18.741 | 19.396 | 20.056 | 20.722 | 21.304 
3.8 17.963 | 18.542 | 19.227 | 19.917 | 20.612 | 21.312 | 22.018 | 22.730 
3.9 18.956 | 19.676 | 20.402 | 21.133 | 21.809 | 22.610 | 23.358 | 24.112 
4.0 || 20.087 | 20.849 | 21.617 | 22.300 | 23.168 | 23.952 | 24.742 | 25.530 
41 21.254 | 22.059 | 22.870 | 23.687 | 24.509 | 25.338 | 26.173 | 27.014 
4.2 22.450 | 23.300 | 24.164 | 25.025 | 25.803 | 26.766 | 27.646 | 28.534 
43 23.700 | 24.506 | 25.407 | 26.404 | 27.317 | 28.237 | 29.165 | 30.100 
44 24.977 | 25.920 | 26.869 | 27.823 | 28.784 | 29.752 | 30.727 | 31.710 
45 26.201 | 27.282 | 28.279 | 29.283 | 30.203 | 31.310 | 32.335 | 33.368 
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0.86 0.88 0.90 

7.076 7.292 7.513 
7.830 8.067 8.308 
8.632 8.890 9.153 
9.484 9.765 | 10.051 
10.387 | 10.602 | 11.002 
11.343 | 11.673 | 12.008 
12.349 | 12.705 | 13.067 
13.408 | 13.702 | 14.183 
14.521 | 14.935 | 15.356 
15.688 | 16.132 | 16.583 
16.908 | 17.384 | 17.867 
18.184 | 18.604 | 19.211 
19.516 | 20.060 | 20.613 
20.902 | 21.483 | 22.072 
22.345 | 22.963 | 23.500 
23.846 | 24.503 | 25.168 
25.402 | 26.009 | 26.904 
27.012 | 27.751 | 28.499 
28.681 | 20.462 | 30.254 
30.407 | 31.233 | 32.068 
32.189 | 33.060 | 33.942 
34.027 | 34.945 | 35.874 
35.924 | 36.890 | 37.868 
37.875 | 38.892 | 39.920 
30.884 | 40.951 | 42.030 
41.948 | 43.067 | 44.199 
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tabulated values to assure smoothness. It is felt that these adjusted 
values are not in error by more than +1 unit in the last place given. 


2. Description of Tables 
(a) Notation 

. , , 20 
a is the capillary constant in cm. —= aie 

¢ is the interfacial tension in dyne-cm. * 
g is the acceleration of gravity in cm.-sec.~ 
p: and pg: are the densities in gm-cm.~* of the two fluids separated by 
the interface, where p; > pz, and where p, is the density of 
the fluid below the interface at the crown with respect to 


the gravitational field. 


= ~, where z is the radius of the circular tube in cm. 


a 

Y= e, where y is the meniscus height, crown to intersection with 
tube wall, in cm. 

V= =) where v is the meniscus volume in cm.* between the curved 


interface and a plane through its circular intersection with 
the tube wall 


Hy = *, where /» is the capillary depression in cm. 
Thus, X, Y, V, and Hy are dimensionless ratios. 
(b) Tables 
Table I gives values of Ho corresponding to the values of Y given in 
the column headings and the values of X given in the row headings. 
Table II gives values of V corresponding to the values of Y given in 


the column headings and the values of X given in the row headings. 
In both of these tables, in order to save space, the second differences 


are not given, but it should be noted that linear interpolation is, in | 


general, not adequate, and that fourth order (or rarely, higher order) 
interpolation is necessary. It should also be noted that in all cases the 
condition 
Y=V=H,=0 
obtains, a fact which aids interpolation near the beginning of the tables. 
I gratefully acknowledge a grant from the American Philosophical 
Society, which made possible the completion of the work. 
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Summary 

Tables to five significant figures are given of capillary depression 

(1 = *) and meniscus volume (v = 5) as functions of meniscus 


height (y = v) and tube diameter (x = “), The tables cover the 
range 2.0 < X < 4.5 and 0.0 < Y < approximately 1. 














RADIUS OF CURVATURE. III. INTEGRATION OF La- 
PLACE’S EQUATION FOR THE EQUILIBRIUM MERIDIAN 
OF A FLUID DROP OF AXIAL SYMMETRY IN A GRAVITA- 
TIONAL FIELD. APPROXIMATE ANALYTIC INTEGRA- 
TION FOR SESSILE DROPS OF LARGE SIZE’ 


By B. Epwin Biaispe.i 
1. Introduction 


In a previous paper’ the need in precise manometry for more accurate 
values of the capillary depressions and meniscus volumes in large tubes 
has been discussed. The integration of Laplace’s differential equation 
for the equilibrium meridian of a fluid drop of axial symmetry in a gravi- 
tational field has been carried out by numerical methods and the results 
tabulated for drops of equatorial radius, Xx, lying between 2.2 and 5.0. 

Data for larger values of X» are of occasional practical interest, 


especially in simple pressure measurements where the use of large 


manometer tubes with consequent decrease of capillary depression 
correction is not prohibited by inability to determine with sufficient 
accuracy the correspondingly larger meniscus volume correction. Large 
values of X, are also of interest in the precise determination of surface 
tension by the capillary rise and sessile drop methods. 

However, with increasing X, the numerical integration of the meridian 
curve becomes increasingly tedious, while at the same time the well 
known approximate analytic integrations valid for large Xx become 
increasingly accurate.’ The present paper gives extensions of these 


1 Contribution from the Research Laboratory of Physical Chemistry, Massa- 
chusetts Institute of Technology, No. 439. 

*Part I. Tuts Journat, 19, 186 (1940). 

* For a review of the approximate formulae for large drops, see N. E. Dorsey, 
Bur. Standards, Sci. Papers, 21, 563 (1926) and J. E. Vershaffelt, Commun Kamer- 
lingh Onnes Lab., Univ. Leiden, #42c (1918), #42e (1918). The most extended 
approximations have been given by M. E. Mathieu, Théorie de la Capillarité, 
Gauthier Villars, Paris (1883), and Lord Rayleigh, Scientific Papers, Cambridge 
University Press (1920). All of these authors give two separate solutions, one 
for the center and one for the edge of the drop. The solution for the edge is an 


) 
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spproximate formulae which are accurate to about 0.1% for Xx greater 
than 5.0, as checked against the numerical integration. 

The differential equation has already been given in Paper I of the 
' present series, to which reference is made for the notation and sig- 
nificance : 

y” + y’ 
(1+ Y")" © X(1+ Y")'" 


It is convenient to break the approximate solution of this equation 
\ into two parts: 

For one of these Y’ and Y” are taken to be small, which corresponds 
to the flat central portion of the drop. For this case the initial condi- 
tions are X = 0, Y = 0, Y’ = 0, Y” = Hp for the first approximation. 





= 2(Hy + Y). (1) 


The second approximation introduces an asymptotic expansion in : 


which goes to infinity at the origin and therefore the initial conditions 
? for the second approximation must be taken from the first approxima- 
tion at a point where the asymptotic expansion and the first approxima- 
tion are both valid. This part of the solution gives Y and Y’ as 
functions of X. The corresponding values of the volume V may then 
be calculated by Eq. (32) of Part I: 


V = +X*(¥Y + Ay) — eX sin tan” Y’. (2) 


For the second part of the solution X is taken to be large which corre- 
sponds to the edge of the drop. For this case the initial conditions are 
X= Xe, Y = Ye. Y’ = ~, and Y” is finite. The solution gives X 


and Y in parametric form as asymptotic expansions in zo X as an im- 


plicit function of (= tan™'Y’), Y as an explicit function of g and X. 
The corresponding values of the volume may be calculated as for the 
first part of the solution. 

It is necessary to establish a connection between the initial conditions 
for the first (center of the drop) and second (edge of the drop) parts of 


f 








ssymptotic expansion in z An entirely different method which establishes upper 


and lower bounds to the solution and which yields complicated and not very 
? scurate formulae was developed by T. Lohnstein, Wied Ann., 44, 52 (1891), 
Wied Ann., 58, 1062 (1894), Ann. Physik, $8, 296 (1910). For a general review of 
surface tension phenomena and theory, see G. Bakker, Kapillaritét and Ober- 
flichenspannung, Akademische Verlagsgesellschaft M. B. H., Leipzig (1928). 
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the solution so that the two solutions may be made to apply to the same 
meridian curve. This connection is given by Eq. (37) of Paper I. 


101151 _ 180383 


i 





log i = 614185 Xz — .5 log Xz — 288713 — 


In this equation a small change in Hy corresponds to a large change in 
Xx. Hence it is desirable to give the initial conditions for both parts 
of the approximate solution in terms of the easily observable quantity 
X,» and to solve for Hy by Eq. (3), rather than the reverse. 


2. Approximate Solution for the Center of Large Drops 


Laplace’ gave a first approximation to the solution of Eq. (1) for Y’ 
small, which corresponds to the center of a large drop. The change of 
variables 


= Vf2X, 2 = VAY + Mr) (4) 
is made in Eq. (1), which becomes 


i af. a - 
a+" + GF ape 1° " 
The denominators of the fraction are expanded in power series in the 
small quantity 7’, giving 
nat 3 P ae 
n thease -Ptge tt. (6) 


For values sufficiently near the center of the drop the right-hand side of 
Eq. (6) may be set to zero, so that 


w+ e100. (7) 
This is Bessel’s modified equation of order zero, and its solution 
9 = V2Hol(t) = V2(¥ + Ho) = V2Holo(V/2X) (8) 
has been tabulated.‘ The slope of the meridian 


tang = 9 = V2Holi(t) = V2Holi(V2X) (9) 


is Bessel’s modified function of the first order and is tabulated in the 
same place.‘ 
4 The British Association for the Advancement of Science, Committee for the 


Calculation of Mathematical Tables, 6, Bessel Functions, Pt. 1. Functions ol 
Order Zero and Unity. Office of the British Association, London (1937). 
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This approximation is good to about 0.1% up to Y ~ 0.05 for the 
smallest Ho(= 0.004) which was numerically integrated. 

For Y ~ 0.05 and for Hy < 0.004, which is the region of larger drops, 
»~ 17 ~ 0.07 and — > 4.5, so that in the region in which it is desired 
to extend the approximation Eqs. (8) and (9), the first term on the right 
side of Eq. (6) is much larger than any of the others. 

Thus a second approximation to the center of the drop solution may 
be obtained by integrating 


ttaw = 5m" (10) 
using Lagrange’s method of variation of constants. 
Let’ 
» = Aly + BKo (11) 
then 
I,A' + KoB’ = 0 
1A’ — K,B’ = 3+/2 Hill. (12) 
The solution of these simultaneous equations is 


At+a= [3-V2HiKoleriea 


-B+b= [ 3V2Hiired (13) 


where a and 6 are integration constants to be determined by the initial 
conditions. 

The integrations are performed by substituting the following asymp- 
totic expansions for the Bessel’s functions.’ 


b= (i+ e+-) (14) 
h= a(1-g- +) (15) 


Ke= 4/Ze*(1- 2 +--+) (16) 


‘The notation for Bessel’s functions and the formulae used may be found in 
A. Gray, G. B. Mathews, and T. M. MacRobert, Treatise on Bessel’s Functions 
and Their Applications to Physics, Macmillan, London (1931). 
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Thus, the first of Eqs. (13) gives , 


3V2 1 Be oa 
A+a=7-—-m /-% +7& (17) 


which, upon integration by parts, gives 
A+a= - mie -31¢ ax. (18) 


Since ¢ > 4.5 throughout the region of interest the second term in the 
bracket of Eq. (18) is negligible compared with the first,’ so that 








At+a= -*m(is i% (19) | wher 
Similarly, 
3/2 le La 
-B+b= vo mS . (20) { jarge 
Therefore { 
30/2 (3 ¢ 3/2 
o= 0 2¥? (3S - a|- Ke 2¥? ni(35 at - 0]. an — 
Differentiation gives 
v= 1[2%?n(3* eaters -»| 
4¢ 2¢/ 7 cay, Te 
ov 3c" 3¢ x,|*v3 (¥ - + )| pars 
Since the asymptotic expansions are invalid for small values of the 
argument, initial conditions at X = Y = 0 cannot be applied. But 
as stated above, the first approximation, Eq. (8) is valid to 0.1% up 
to Y = 0.05, so that the best practicable initial conditions are the values Sine 
given by Eq. (8) for Y = 0.05. These initial conditions are applied | inte 
and the variables changed to X, Y, and Hp , giving, inse 


Y+H= Io He +— Sn[' x } 
(23) 


3 1 etvix } 
coro Eee 
* Cf. British Association for the Advancement of Science, Committee for the 


Calculation of Mathematical Tables, Math. Tables, /, . . . Exponential Integra 
. . Table VII, Cambridge University Press, London (1931). 
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une = nvm + alt ae) 


+n rls ar 


2 x 
+ {vals @vix 3 evix \ 
6. 








24) 


_ x V2 ps rae ‘orl! 
KM, He| 2 Tex ~ 2 OXF I 





where Xo is the value of X at Y ~ 0.05. 


3. Approximate Solution for the Edge of Large Drops 
Laplace gave a first approximation to the solution of Eq. (1) for X 
large which corresponds to the edge of a large drop. The substitution 


Y’ = tang (25) 
is made in Eq. (1), which becomes 


. dg , sing a: 
sin * ay + x z\Ho + Y). (26) 
The solution of this equation is obtained in a form giving X and Y as 
parametric functions of ¢. 
The solution for Y is obtained as follows. Eq. (26) is rewritten 


[207 + Hoar = [ sinede + f° "Par. (27) 


Since, for the edge of large drops, X is large and Hp is small, the last 
integral may be omitted and the negligible small quantity, Hi, may be 
inserted. 


(Y + Ho)* = 1 — cos ¢ = 2sin® (28) 


nis 


¥ + Ho = V2sin 5. (29) 


This is the solution for a plane wall and semi-infinite fluid interface. By 
repeated substitution of such partial solutions in the last term of Eq. 
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(27), and subsequent integration by parts, the solution for Y at negli- 
gible Hy, may be developed as a power series in z: Thus 


(Y + He)" =2sin?S + f° 2 %ay (30) 


(31) 


Upon integration by parts, this last gives 


- 1 — cos’ ® 
2_ 9:39 aval ) 
(¥ + Ho) = 28in 5 + — a ine 


fy 9a| 


where terms in r are small compared with the others. The square root 
1 


of the right hand side is obtained to terms of the order of x by the 
binomial theorem. 
(1 — cos® e) 
— oe 2 
Y + He = V28in = + = +———_“ + ---. (33) 
2° 3 X sin? 
-s 


A further approximation was obtained by Mathieu.’ By differentia- 


tion, Eq. (33) gives to terms of the order of z 
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29 sin? © 
aX = cot cas eas (35) 


which, upon substitution into Eq. (30) and inclusion of the neglected 
term in Eq. (32), gives after some simplification 


s(1—- cos £) 

) (Y + Hy)* =2 sin’ ¢ + aval >» 
¢ 3¢ 

3 Jo XxX? , 


) Upon integration by parts, this gives 


1- si 
) _o..2¢ , 2/2 2 








(37) 


a Wes dees) 


x 





where terms in ve are small compared with the others. The square root 


of the right hand side is obtained to terms of the order of a by the 
binomial theorem. 
) 
(9 
Y+H= fen 4+ i\ _3/ 
2° 3 X sin? 
sin 2 
; (38) 
¢ ae 3¢ _ _ 3¢ 
gor $(1 cos 2 val! cos 2 
7% a 36 a 
X?sin & ¥ sin’S 
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By dropping the small term in brackets a further approximation of 
not too complicated form may be obtained by the same — as above, 


By differentiation Eq. (38) gives to terms of the order a re 


“en ¢) 
ay =@ V2 00s $ + 5 cos’ * — i( 





X 2 - 
a 3 
(39) 
cos’ & 
‘on 3/2 4 2W2 (1 - cos") 2 
X?] 6 2 6 2 - 29 
sin 2 


which upon substitution into Eq. (30) and inclusion of the neglected 
term in Eq. (37) gives, after some simplification 


2_ 9-2 _a?liv2. 3 
(Y + Hy) = asin? +3 (1 cos $) yt rc 
2¢ st 3¢ 
ova pls) 
6 x? : 
Upon integration by parts this gives 
(Y + Hy)’ = 2sin’ 5 


oi (41) 
‘l s(- we) [243 3]... 


where terms in x are neglected. This is the solution for Y. 


The solution for X is obtained as follows. The differential dX is 
obtained from Eqs. (35) and (39) 


¢ 
cos — 
aX =d5 [ V2 cos! ¢|+ i cos! — 3 (1 — cost) —2 
2 
(42) 
2¢ 2¢ 2¢ 





V2 3 ( 39 2 i 2 
+ MAI 3 cost — 2(1 — cos’ ¢ ae Meet 








Q 


39) 


40 


=> 


41) 


t is 


(42) 
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This is to be integrated with initial conditions ¢ = *,X = Xz. Inte- 


gration of the first bracket gives the first approximation valid for very 
large x Ry 


cos* £ 

x-x-/[¥ —? - sin? af (43) 
an 

= Vices? + Yin tan ¥ — 376747 = A. (44) 


Mathieu’ obtained the second approximation by integration by parts 
of the terms in the second bracket. 





X-—X,=A 
¢ 2¢ 2:¢ 
cos = \ |] cos = — sin’ = 
VL ot? — 11 — cos? ? 2 2 21a? 
+z] |o'5 3(} cae’) — re 
Ss =o (45) 
¢ 2¢ - 2¢ 
aX fl 2¢_ii1 a yj ce 2 olde 
+ [B15] o'§ he pe mew oe mid 
—s> SIN 5 08 5 














The first integral (= B) of Eq. (45) may be sizaplified and integrated. 
2.cos* © cos*£ cos’ ® 
pot {| 3 ~ secsfant —- —?+ —2+—_ ke? 
6x tn © 22 sin? © sin? ® sin’ 2 
2 2 2 
X-—-X,=A 
i} 1 1 8 5 | 2691589 - 
. 0. ah? 4 =. — cos’ ® ‘ a 
Fy gn; aint + 5 —2(1 oon 3) | * x, 


A further approximation may be obtained by integration by parts of 
the third bracket of Eq. (42) plus the neglected bracket of Eq. (45) in 
which is substituted the value of dX given by Eq. (35). The value of 
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these integrals (= C) to terms of the order of 2. is obtained as follows 


x? 
After some simplification there is obtained 





sa 4? 4¢ 
= cos = cos — cos 5 
c= V3 [| Being + 12-1 2 4 seine 493 
12X? 3: 63) lU84 ge 84 2 _ @ 
sin’ = sin sin 
2 2 2 
2¢ se ¢ 
Peet Pet 2%... on 
— 2-—*£+2 —* — 3cos** sin © + ——* (48) 
sin? sin? © kk. sin © 
2 2 2 


3 {1 _ osin?\ le? 
a: —<— 5 
sin 5 


In Eq. (48) all terms are easily integrable but the last which may be 
evaluated as follows: 


3/ ¢ 1 a: - ¢ dy 
5 we ~a 3 
wat) 








=; - —* .—4 — afin sin & — In cos fo sin ¥ cos ¢ 2% 
F # 
2 sin | C08 | Cos? | 
In tan® / a® 
aoe - 1 — 8 sin # In sin € (cos ¢ a) (49) 
2 ¢ ¢ 4 4 4 4 


3 ey _ act? ¢_ ¢ 
$ (in tan £) 6 sin qin tan | 6 In cos | + const. 


27 ey) _ ¢ € ¢_ ¢ 
+ (in tan ¢) 3 In tan | + 3 cos 5 In tan | 6 in cos | + const. 














a 
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| Using this result there is obtained 


's V2 )-11 


¥ 
jax?) 4 °*9 


cos’ cos’? 
+- i mane 
4..¢ 2 2 ¢ 
— 2 


+ 








3 
4 


2¢ 
as 
n2 # 

2 





3 v\ _ (21 _ ¢) ¢ .¢ 
+ $(in tan £) e 3 cos 5 In tan | + 3 Insin 5 (50) 


_ 6 In cos ¢ + const. 


The last two terms may be simplified 


\ 3 In sin 5 — 6 In cos 5 = 3in2 + 3insin ¢ — 3 In cos © 


(51) 


= 3ln2+43in tan? 


so that the approximate parametric representation of X as a power 
1 


series in Ly is, through terms of the order of Ye 


x 


xX-X,= V2 00s 5 + v2 in tan f — 3767747 
, 


1} 1 ¢. tasted 7 ee. 2) 2691589 
tyig=@ 75-73% 3*B8 . ( Vs a 
(52) 
V2 3( ey -(f- ‘) e_ $(3 in’) 
+ joy: 4 In tan | j 3 cos 5 In tan | 008 5 Zt sin 9 
cos’ - 
anv?! 4 2 2 12X%, 
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4. Connection between the Initial Conditions for the Solutions for the 
Center and for the Edge of a Large Drop 
An expression giving the drop shape determining parameter H) as a 
function of the equatorial radius of large drops was obtained by Laplace.’ 
Use of the asymptotic expansion Eq. (15) transforms Eq. (9) to 


Hoev2* 





Jax’ (53) 
For large values of X and small values of ¢, this approaches 
Ing = f2X + in Hy — ln 2V/2X (54) 
while Eq. (44) approaches 
X -—-X,= vi+ in e — ¥ ina — s7erza7. (55) 


Upon elimination of In g from Eqs. (54) and (55), and substitution of 


In Xx for In X, since — las X,— @, there is obtained 
R 


log 7 = 6141852 Xx — 5 log Xx — 2887127. (56) 
6 
Similarly by using Eq. (47) in the deduction of an analog to Eq. (55), 
Lord wes obtained a second approximation 


lee i. = 6141852 X, — 3 log X_ — 2887127 - a (57) 


The equation used in this paper is Eq. (3) above, which was obtained 


empirically from the results of numerical integrations treated to have _ 


at very large X, the limiting form, Eq. (56). 

In the case of the largest drop numerically integrated, (Xx = 4.9773, 
Hy = .004), these formulae give, respectively: Eq. (56), Ho = .003804; 
Eq. (57), He = .004024; Eq. (3), Ho = .004000. 


5. Comparison of the Approximate Formulae with the Results of 
Numerical Integration 


The adequacy of these approximate formulae in providing a method 
of extending to larger sized drops the results already obtained by numeri- 
cal integration was determined by direct comparison with the results 
for the largest drop numerically integrated. During the comparison 
it was found that, although the more extended formula, Eq. (52), gave 
better results over a wide range of ¢, in the limited range of greatest 
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interest, that is, the range not covered accurately by Eqs. (23) and (24), 
the following formula, which is obtained from Eq. (52) by dropping the 
term in z and replacing X in the remaining terms by its approximate 
value Xx, gives the better results. 


x-X.= V2 cos 5 +¥?in tan ¢ - 3767747 
(58) 


om 
+ sin’ $+ 5 (1 — cos’ £) + .2601589 


1 1 
Xa| 4 es 12 ne? 


A comparison between values calculated from Eq. (58) and those from 
Eq. (52) is presented in Table I. 


























TABLE I 
£ True X Eq.(62) Diff. Eq.(58) Dif me 
45° 4.9773 4.9773 .0000 4.9773 .0000 .0000 
35 4.9413 4.9411 .0002 4.9412 .0001 .0001 
31 4.9025 4.9021 .0004 4.9022 .0003 .0001 
27 4.8454 4.8447 .0007 4.8449 .0005 .0002 
2B 4.7657 4.7645 .0012 4.7650 .0007 .0005 
19 4.6565 4.6547 .0018 4.6557 .0008 .0010 
15 4.5064 4.5087 .0027 4.5055 .0009 .0018 
ll 4.2933 4.2804 .0039 4.2930 .0003 .0036 
8 4.0632 4.0583 .0049 4.0641 — .0009 .0058 
5 3.7123 3.7074 .0049 3.7166 — .0043 .0092 
3 3.3228 3.3219 .0009 3.3332 — .0104 .0113 





The recommended method of using the above formulae to calculate a 
meridian is the following. Choose a value of the equatorial radius Xx. 
Calculate the corresponding value of Hy by Eq. (3). Calculate corre- 
sponding values of X, Y and Y’ up to Y’ = 0.05 by means of Eqs. (8) 
and (9), and continue with these values as initial conditions to greater 
values of Y’ by means of Eqs. (23) and (24). For given values of g = Y’ 
calculate corresponding values of X and Y from Eqs. (58) and (41). 
Effect a smooth jointure of the two solutions Eqs. (23) and (24) and 
Eqs. (58) and (41) at the point at which they cross. Calculate volumes 
by the usual formula’ 


Y = eX°(Y + Ay) — eX sing. (59) 
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TABLE II 


.Comparison of Approzimate Formulae with Numerical Integration, H, = 0.004000 
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Applied in this way the approximate formulae will be good to about 
0.1% for all values of Hy < 0.004 (Xx > 5.0). 
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Fie. 1. Deviation plot of the differences between values of the height coordi- 
nate, Y, derived from numerical integration (N.I.) and values given by the 
indicated approximate analytic equation, against the radial coordinate X, of a 
curve of shape determining parameter H» = 0.004. Curve 1, N.I. minus Eq. (8); 
Curve 2, N.I. minus Eqs. (8) and (23); Curve 3, N.I. minus Eqs. (32) and (58); 
Curve 4, N.I. minus Eqs. (41) and (58); Curve 5 is obtained by joining Curves 2 
and 4 smoothly and is the result obtained in this paper; Curve 6 is Eq. (59) (Lohn- 
stein’s formula) minus N.I. Rayleigh’s formula is obtained by joining Curves 


7 | 1 and 3 smoothly. 
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Fie. 2. Plot of the meridian curve of a drop of shape determining parameter 
Hy = 0.004, height coordinate Y against radial coordinate X. 


A comparison of the approximate formulae with the exact numerical 
integration is given in Table IT and Fig. 1 for the case Hy = 0.004. 
Also included in Fig. 1 are the approximate formulae hitherto commonly 
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used. Rayleigh’s formula’ is a combination of Eqs. (8), (58) and the 
first two integrated terms of Eq. (32). Lohnstein’s formula’ is 


X= 





1 /2 8m ¥ (60) 
— |-V8+ V2—- w+ Vm 
rf : 2 He(1 + viva : =) 


where yu; = 0.8. In each case the difference between the value given by 
numerical integration and the value given by the appropriate approxi- 
mate formula is plotted against the value of the radial coordinate X. 
The actual meridian curve, Y plotted against X, is given in Fig. 2 for 
the case Hy = 0.004. 


6. Summary 
Approximate analytic methods are given for integrating, in the case of 
very large drops, Laplace’s differential equation for the equilibrium 
meridian of a fluid drop of axial symmetry in a gravitational field. 
The solution is given in two parts, one for the center and one for the 
edge of the drop. 
For the center of the drop: 


Y + Ho = Holo(/2X) (8) 


3 evix | 
42x Ix.) 


~ weet sah 


Y+H= I(t + 3 wl § 
(23) 





For the edge of the drop: 


(Y + Ap) = 2 sin’ 5 


? 2¢ 
2/,__ s\iv3,.~ 3 Va] 
+3(: we) [24h 
X — Xz = Vicon + ¥? in tan ¥ — 3767747 
(58) 


cos © 
+ +} lin tan? +; i §+ ip —(1- cos’ ©) — .2691589 
Xel 4 12 3 , 
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The initial conditions for the two parts of the solution are connected 
by the following relation, 


101151 __ 180383 


X. x? (3) 





log Pa = 614185 X_ — .5 log Xz — .288713 — 
° 


The formulae are shown by comparison with the exact results of 
numerical integration to be good to 0.1% for all drops of equatorial 
radius greater than 5.0. 




















THE CHARACTERIZATION OF FLAT RIEMANN SPACES 
AS A BOUNDARY VALUE PROBLEM 


By T. Y. Tuomas 


It is well known that the Riemann-Einstein equations obtained by 
equating to zero the contracted curvature tensor of a Riemann space 
(Bag = 0) are in some sense an analogue of the Laplace differential 
equation. This raises the question as to whether the equations Bag = 0 
together with the assignment of the fundamental metric tensor over a 
suitably defined closed hypersurface will result in the determination of 
this tensor in the interior of the hypersurface. If one demands more 
specifically the unique determination of the components of the metric 
tensor rather than the determination of this tensor as such restrictions 
must, of course, be imposed on the admissable coordinate systems. We 
have not here treated the general problem but have restricted ourselves 
to those boundary values of the metric tensor which are appropriate to 
a flat Riemann space. It has been proved (Theorem I) that if the 
components of the metric tensor have the Euclidean boundary values 
6; there is one, and only one, solution of the equations Bas = 0 with 
respect to which the coordinates will be normal. An invariant formula- 
tion (Theorem II) of this problem has then been given, i.e., it has been 
shown how a flat Riemann space can be characterized by the equations 
B.g = 0 and the metric tensor over a closed hypersurface independently 
of the coordinate systems employed. 

We first derive a formula for the (n — 1) dimensional volume of a 
sphere in a general n(22) dimensional Riemann space which has ap- 
plication in the proof of the above theorems. 


1. Volume of a small sphere in a general Riemann space 


Consider a Riemann space R of class C” and dimensionality n(2 2). 
By this is meant more fully that the fundamental metric tensor of R is 
positive definite and has components gas which are functions of class 
C’, the allowable coordinate transformations in the space being of class 
C’*". We consider that R may in particular be an analytic Riemann 
space in which case both the components gas and the allowable co- 
ordinate transformations are analytic. Exact requirements on the class 
of R will appear in the following discussion. 
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Let us denote by ¢(z', ---, 2") a function of class C’ such that 
¢ = 0 defines a regular hypersurface F in R. We shall suppose more- 
over that F can be covered by a finite number of (n — 1) dimensional 
coordinate neighborhoods which are related among themselves by trans- 
formations of class C’ and such that if u’, --- , u” are the coordinates 
of an arbitrary one of these neighborhoods there exist functions 
f*(u', ---, u™”) of class C’ such that 2* = f*(u) represents F para- 
metrically in the space R. It will be convenient to assume in the fol- 
lowing that Greek indices have the range 1, --- , n while Latin indices 
have the range 1, --- , nm — 1 and that both types of indices are to be 
summed over their respective ranges in accordance with the usual 
convention. 

To define the (n — 1) dimensional volume of F we consider first the 
fundamental metric tensor of F, the components y;;(u) of which are 
given directly in terms of the derivatives of the functions f*(u) by what 
are undoubtedly well known equations. In the determination of the 
volume we are however not concerned primarily with the quantities 
i; but rather with the determinant | 7; | which is given by 


¢ a a 
go! ast an 
ian aul aut Bu! 
(1.1) rs isu HPN 
az’ ax’ az” 
duet aw yi 








where the ¢’, --- , ¢” in this determinant are the contravariant com- 
ponents of the vector whose covariant components are 


ad 
5 ae 
"Tene ai. 
The volume of the hypersurface F is then defined by the integral 
(1.2) i Vive du! --. du, 
r 


If the hypersurface F under consideration is contained in a single z 
coordinate system and if the value of the determinant whose square 
appears in (1.1) is the same as the value of this determinant under the 
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hypothesis that F is a hypersurface in the Euclidean space then the 
volume is given by 


(1.3) [ Seal de, 


where do denotes the Euclidean element of volume of the hypersurface 
F, i.e., the volume of the hypersurface F, considered as a hypersurface 
of the Riemann space R, is equal to the ordinary integral of the function 
V\Gas| over F. 

We wish to apply the above general considerations to the particular 
case of what we shall call a “small sphere” with center at a point P of 
R. To introduce such a sphere let P be an arbitrary point of R and 
denote by y’, --- , y" the coordinates of a system of normal coordinates 
‘with origin at P. Normal coordinates have been shown to be defined 
in a Riemann space of class C’ with r 2 2, the transformation from the 
general x coordinate system to the normal coordinate system being of 
class C”*. In the case of an analytic Riemann space the transforma- 
tion to normal coordinates is analytic. For r finite the assumption 
r = 2, sufficient to insure the existence of the normal coordinates, will 
therefore be made. We suppose the normal coordinate system to be 
normalized to the extent that the components has(y) of the fundamental 
metric tensor have the values 43 at the origin. Within a sufficiently 
small neighborhood U(P) the arithmetic points (y’, --- , y") will be in 
(1.1) correspondence with the points of R. If & is an arbitrary unit 
vector at P and p is a sufficiently small positive number the set S, of 
all points given by y* = &*p will lie within the neighborhood U(P). 
We call S, a small sphere of radius p, the center being the point P. The 
existence of S, evidently implies the existence of all spheres S, having 
their centers at the point P provided that 7 < p. The adjective “small” 
in the designation of these spheres arises from the fact that our con- 
sideration has been limited by the extent of the neighborhood U(P). 

The above sphere S, is defined by the equations 


(1.4) Lv -=0 


relative to the normal coordinate system. The sphere S, is a hyper- 
surface in R satisfying the above general conditions for hypersurfaces 
F. The above function ¢ when taken with respect to the y coordinates 
is identical with the left member of (1.4) and hence is analytic. If R 
is an analytic Riemann space ¢ will likewise be analytic when taken 
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with reference to a general z coordinate system but not necessarily for 
the case of a Riemann space of class C” with r finite. In this latter case 
¢ will be of class C’ with respect to the coordinates of an arbitrary 
allowable coordinate system, i.e., of class C’ in view of the above con- 
dition r 2 2. It is possible to define a single system of coordinates 
u', --. , u”” which will cover the sphere S, with the exception of one 
point. Each of the coordinates u',-.-, u”’ of this system has the 
range — «© to + © and the corresponding parametric representation 
of S, is : 
i —p\{l— > uta) 
(is) v= - = ~~ — = 7 
-_ 
1+ »» uu 1+ »» uéu 





To an arbitrary set of values of u’, --- , u”” there is determined by 
(1.5) a set of values of y’, --- , y” which satisfy (1.4) and conversely 
to each set of values of y', --- , y” satisfying (1.4) with the exception 
of the set (0, --- , 0, 1) there corresponds a unique set of values of 
u',---,u™". We can introduce another system of coordinates analo- 
gous to the above coordinates u', --. , u”’ which will contain the ex- 
ceptional point and thus cover S, by two coordinate systems. The 
coordinate transformations relating these two systems will be of class 
C’ as will likewise be the corresponding parametric representation of S, 
with respect to an arbitrary z coordinate system. Hence the abov. 
general requirements are satisfied for the sphere S, (hypersurface) with 
the result that the volume of S, is given by an integral analogous to 
(1.2). In the determination of this volume we may confine ourselves 
to the above coordinate system u’, --- ; u” on S, since this covers 
S, with the exception of a single point. 

Using the representation (1.5) of S, the determinant whose square 
appears in the right member of (1.1) has the value 


2p in—1 
na—l 

1+ > u‘u* 
k=1 


and hence the formula (1.3) can be used in the determination of the 
volume of S,. Put A = ~/| has(y) | where the has(y) are the compo- 
nents of the fundamental metric tensor of R in the normal coordinate 
system. Assuming R analytic the function A admits a power series 
expansion about the origin of the normal coordinates. Thus 


A=1+ OPT a + FD Oaaru* yy” + +++. 
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Take p so small that S, and its interior lie entirely within the domain 
of convergence of this series. Denoting by Z, the Euclidean sphere of 
radius a the formula (1.3) yields 





Volume of S = [ de +5/ A(0) apy" do 


1 . 
+ al, A()anyy"yy" do + --- 


The first term of this series for the volume of S, is the volume of the 
Euclidean sphere of radius p. The m th term, namely 


(1.6) -, [ A(O)es...sy"9? +++ y'de 


ow 


vanishes if m is an odd integer since then the integrand has opposite 
algebraic values at diagonally opposite points on E, . 

Now consider the Euclidean spheres EZ, and E, with centers at the 
origin of the Euclidean space which we suppose referred to a system of 
rectangular cartesian coordinates. Let & be the coordinates of an 
arbitrary point on E, and y* the coordinates of an arbitrary point on 
E,. Then the relation y* = £“p establishes a (1, 1) correspondence 
between E, and E,. If do and dy denote the elements of volume on 
E, and E, respectively de — p” dy as the result of the above corre- 
spondence. Thus the integral (1.6) becomes p"*”"K,, where 


K.=1 [ A Oep..af +++ de, 


As so defined the quantities K,, are absolute invariants of the Riemann 
space R. Hence 


) (1.7) Volume of S, = p”"[Ko + Kap’ + Kap‘ + ---], 





| where Ky is the volume of the Euclidean sphere of unit radius. 
If R is of class C” with r finite the function A(y) is of class C’*. For 
* + > 4 we therefore have 


ay) =1+5 sd Oas*y + + + Aer 9" 


(r - = 
+ Cape nv" vee yy’, 


a variable which may depend on the y* and such that 
1. Owing to the continuity of the partial derivatives of 
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A(y) of order r — 2 we may unite 
A(Oy)a...48 = A(O)a...48 + €a--.48; 
where the «’s approach zero as the y* > 0. Making this substitution 


into the last term of the above expression for A(y) and then proceeding 
as in the derivation of the formula (1.7) we now obtain 


(1.8) Volume of S, = p”"[Ko + Kap’ + --- + K,-2p"* + w(p)p"), 


where w(p) + 0asp—0. In the particular cases r = 2 andr = 3 the 
above formula becomes 


(1.9) Volume of S, = p” [Ko + w(p)]. 
2. Determination of the invariants K, and K, 


It will be sufficient for our purpose to obtain a partial determination 
of the invariants K; and K, by which these are expressed in terms of 
the volume Ky of an (n — 1) dimensional Euclidean sphere of unit 
radius. Let us denote the (n — 1) dimensional volume (surface volume) 
of the Euclidean sphere E, by 2, so that 2; = Ko and let us denote 
by V, the n dimensional volume enclosed by E,. Then 


(2.1) V, = [ 2,dp = [ Kop” ‘dp = Fr, 


since 2, is given by the first term in the right member of (1.8). By 
Green’s theorem we now have 


22) [ sOev'vde =f 2 1a@ay'Ide = o(X 40) V,, 
where J, denotes the interior of E,. The above form of the parenthesis 
expression in this equation arises from the fact that the calculation has 
been made in a Euclidean space referred to rectangular cartesian co- 
ordinates. Since this expression must be an absolute invariant it will 
in general coordinates have the form 


gAO)as _ _ 
v\ Jo» | 
where B is the (scalar) Gaussian curvature of R. Hence taking p = 1 in 
(2.2) and using (2.1) it follows that 


vo 
& 


(2.3) Ky = -2 Ks. 
n 
Thus Kz is proportional to the Gaussian curvature of R. 
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In a similar manner we can determine the invariant K,. By Green’s 
theorem 


[ s@mmv-vv'v'de = | 3 2, t0Oamy"vv"lde, 
-3/ [= (0) aauv' | do =3 [ [U. . p> A(amuv"v) de |p, 
-3[ | >, Aaa |Vede, by (2.2), 


= x ¥ 4.0) aa [ e”*'dp, [by (2.1)). 





Hence 

ap x 
2.4 Ky, = g 9 A(0)aors Ko. 
ond laf + awa 


We shall be concerned particularly in this paper with Riemann spaces 
of constant mean zero curvature, i.e., spaces R over which the system 
of differential equations B.zg = 0 is satisfied where the Bas are the 
components of the contracted curvature tensor. In such a space 


gg" AO)aan _ _Q 


Vite0l = 18" 
so that (2.4) becomes 
QKo 
(2.5) Ky = ~ [20am + 2)’ 


where Q is the quadratic curvature’ of R. Hence in a Riemann space 
of constant mean zero curvature the invariant K, is proportional to the 
quadratic curvature. 
3. Order of flatness at a point 

Denoting as above by S, a small sphere of radius p in a Riemann 
space R having its center at an arbitrary (but fixed) point P of R and 
by EZ, the m — 1 dimensional Euclidean sphere of radius p let us now 
define a function a(p) by 


Volume of S, _ 
a(o) Volume of E, 


?T. Y. Thomas, New theorems on Riemann-Einstein spaces, Recueil Mathéma- 
tique, Moscow, 1938, pp. 331-340. 
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From (1.9) it follows that a(p) — 0 as p — 0 for any Riemann space 
of class C’, a result which we shall express by saying that a Riemann 
space of class C* is Euclidean at any point. To describe the nature of 
R at a point P more precisely in terms of the behavior of the function 
a(p) we lay down the following definition: A Riemann space R will be 
said to be flat to the order m at a point P if a(p) > 0 as p™™ when p +0 
where m is a positive integer. 

The order of flatness of an analytic Riemann space is immediately 
determined from the coefficients K in the formula (1.7). Thus an 
analytic space FR is flat to the order 1 at a point P if, and only if, the 
Gaussian curvature does not vanish at P and it is flat to the order 3 
at a point P if, and only if, the Gaussian curvature vanishes while the 
invariant K, ~ 0 at P. In particular an analytic Riemann space of 
constant mean zero curvature is flat to the order 3 at a point P if, and 
only if, the quadratic curvature (and hence the curvature tensor) does 
not vanish at P and it will be flat to the order 5 if, and only if, Q = 0 
while K, # 0 at P. Hence an analytic Riemann space R which is not 
flat to the order 3 at any point is locally flat in the sense that the curvature 
tensor vanishes over R. Analogous remarks can be made on the basis 
of the formula (1.8) for the case of a non-analytic Riemann space. 

It would be of interest to obtain an expression for the general invariant 
K,, analogous to the above formula for K; and on the basis of this to 
discuss the significance of the various orders of fiatness in a general 
Riemann space. Such questions have been answered in a large measure 
by the above remarks for the case of a Riemann space of constant mean 
zero curvature with which we shall be concerned entirely in the fol- 
lowing discussion. 


4. The boundary value theorem 


Let M be a manifold homeomorphic to the n dimensional number 
space and let y’, --- , y" denote the coordinates of a system of coordi- 
nates covering M. We shall consider a hypersurface 2 in M which 
satisfies the following requirements. 

(A). = is a closed regular hypersurface in M defined by an equation 
of the form ¢(y) = 0 where ¢ is a function of class C’. The hypersurface 
> divides the manifold M into two mutually exclusive regions, a finite 
region I, called the interior of 2, and an exterior region E. The region 
I contains the origin of the y coordinate system. Any point P of the interior 
I can be reached from the origin by an arithmetic straight line withoul 
encountering the hypersurface =. 
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Denote by h a Riemann metric tensor defined in J and on the bound- 
ary =. We shall suppose that this tensor satisfies the following con- 
tinuity and differentiability conditions. 

(B). The components has(y) are of class C* in I and continuous on =. 

It will furthermore be assumed that the y’s are normal coordinates 
based on the above metric tensor h so that in the region J (and hence 
on the boundary 2) we have the following identical relations 


(4.1) hesly)y"y? = hep(O)y’, —[has(0) = 35]. 


Note here that we assume that the hag(0) have the values 5s as was done 
in the preceding discussion. In the following the statement that the 
ys are normal coordinates will be equivalent to the statement that the 
equations (4.1) are satisfied. Since the y’s are normal coordinates the 
geodesics through the origin are identical with the arithmetic straight 
lines y* = €"s through the origin and as such can be continued in 
either direction until the hypersurface = is reached. In the equations 
y" = §"s we take the &* to be the components of a unit vector at the 
origin. Then the parameter s(2 0) is the arc length along the geodesic 
from the origin to the point P having as its coordinates the y* appearing 
in the left member of the above equations of the geodesic. By the 
assumption A any point P of I can be reached by a geodesic from the 
origin without encountering the hypersurface 2. 

On the basis of the tensor h we can define a small sphere S, of radius 
p having its center at the origin of the y coordinate system and since 
the y's are normal coordinates the sphere S, is given by the equation 
Q = p where 


' (4.2) 2 = > yy" 


Denote by I, the interior of S, and suppose that p is so small that J, 
together with its boundary S, lies entirely in the region J. 

Let us now consider a function ¥(y) = 2” where p = (2 — n)/2. 
Denoting by ¥,2s the components of the second covariant derivative of 
¥ we can deduce on the basis of a simple calculation involving the 
equation of definition of 2, namely (4.2), and the equations (4.1) char- 
acterizing the y’s as normal coordinates that 


ap ee -a29logH « 


where H stands for the determinant | hg |. The hypothesis A on the 
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hypersurface = and the assumption B are sufficient for the application 
of Green’s theorem in consequence of which we have 


@f af af 
(4.4) [..* Pode = [ h* otedr — [ WDaadr. 


The quantities ¥,. appearing in this equation are the ordinary partial 
derivatives of the function ¥. The yg. are the components of a unit 
vector normal to = and directed from the interior region J into the 
exterior region E. The 2, are the components of a unit vector normal 
to S, and directed into the region J. Since we are at liberty to change 
the algebraic sign of the function ¢ defining the hypersurface = we may 
suppose this sign so chosen that ¢ is negative in the region J and positive 
in the exterior region E. Then the gy, are defined by the formula in 
§1 and the Q, are given by an analogous formula. Using (4.1) and 
(4.2) we find that 


(4.5) 2. = hestne” (on S,), 


and making this substitution into the integrand of the second integral 
in the right member of (4.4) we readily deduce 


a = (2—n) 2 

(4.6) [ WM O¢adr = (2 — n) 2, 
where 2, is the volume of the sphere S,. Similarly 
(4.7) [ h™ gavgdr = 2p [ oF pay" dr. 
Now by (1.9) we see that 2,/p"' — Ky as p > 0. Hence letting » 
approach zero in (4.4) and using the above relations (4.6) and (4.7) we 
have 
(48) [Rado = 2p | O* gay"dr + (n — 2)Ko. 

The above requirements on the metric tensor h will be satisfied if 
heag(y) = 63 . But under this condition H = 1 and hence the integrand 


in the left member of (4.8) vanishes by (4.3). Hence the integral in 
the left member of (4.8) must vanish and we are led to the condition 


(4.9) 2p [ oF". y"dr + (n — 2)Ky = 0. 


Now if this equation is satisfied whenever has(y) = 5; it mast likewise 
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be satisfied if h.g = 53 over the surface = since the value of the integral 
appearing in the equation is independent of the behavior of the func- 
tions has(y) exeept on 2. a state this observation in the following 

Lemma. If has(y) = 53 over the hypersurface = the relation (4.9) is 


Now ‘suppose that the condition of the above lemma is satisfied. 
Then from (4.3), (4.8) and (4.9) we have 


(4.10) [a gute y"dv = 0. 


We now add a further ey on the quantities h.s(y), namely that 

these quantities satisfy the system of differential equations Bas = 0 
where the B,, are the components of the contracted curvature tenecr. 

But under this condition it has been shown that’ 


(4.11) ocks® 


=-- [ W ds, 
where s denotes arc length measured along an arbitrary geodesic issuing 
from the origin and 


” eo chr, 
(4.12) W= 5 Wh + 


Since W = 0 it follows from (4.11) that d log H/ds Ss 0 and hence 
the integrand in (4.10) does not change its algebraic sign. Hence this 
integrand must vanish identically in J (excluding the origin where it 
is not strictly defined) and from this it follows that H = 1 in J and on 
the hypersurface £2. Turning now to the equation (4.11) this becomes 


(4.13) [ Wds = 0. 


But since W 2 0 it follows from (4.13) that W = 0 everywhere in J. 
Knowing that dhasg/ds vanishes at the origin since the y’s are normal 
coordinates we can conclude the further result from (4.12) that dhas/ds 
vanishes along any geodesic issuing from the origin. Hence has(y) = 
§ in I. 

TueoreM I. Let = be a hypersurface which satisfies the assumptions 
A and let h be a Riemann metric tensor defined on © and in its interior I 
and satisfying the continuity and differentiability conditions B. Then 
there is one and only one set of quantities hag constituting the components of 


* Loc. cit. p. 338. 











258 T. Y. THOMAS 
a tensor h, namely those given by has = 53 in I + %, such that (1) th 
coordinates are normal in the region I, (2) the system of differential equa- 
tions Bag = 0 is satisfied in I by the components has and (3) the components 
hag assume the values 5; on the boundary >. 


5. Characterization of locally flat spaces by the volumes of small spheres 


Let R be a Riemann space of class C* and S, a small sphere of radius r 
having its center at an arbitrary point P of R. Introduce normal coor- 
dinates y* with origin at P. Then the transformation zt — y will be 
of class C* and hence the components has(y) of the fundamental metric 
a R with respect to the normal coordinate system will be of 
class C’. 

Identifying S, with the hypersurface = of the preceding section we 
see that the assumption A is satisfied. Also conditions B are satisfied 
by the components has(y) of the fundamental metric tensor. Hence we 
can proceed as in the preceding section. Under the present assumption 
that the hypersurface = is the sphere S, the equation (4.8) becomes 


6:1) Waado = (n — 2)| Ky — Volume ofS), 

where J denotes the interior of S,. Let us now make the assumption 
that the volume of S, is equal to the volume of a Euclidean sphere of 
the same radius r. Then the right member of (5.1) vanishes and we 
arrive at the equation (4.10). Under the further assumption that 
B.g = 0 over R it therefore follows as in the preceding discussion that 
the components has(y) are constant in the region J. Hence the curva- 
ture tensor of R must vanish in the interior of the sphere S,. We state 
this result in the following 

Tueorem II. If R is a Riemann space of constant mean zero curvature 
and of class C* and if the volume of a small sphere S, of radius r in R is 
equal to the volume of a Euclidean sphere of the same radius r then the 
curvature tensor of R vanishes identically in the region interior to S, . 

If every point of the above space R is the center of such a sphere S, 
(or if R admits a covering by the regions interior to such spheres) then 
the curvature tensor vanishes over R, i.e., the space R is locally flat. In 
the case of a connected analytic Riemann space the vanishing of the 
curvature tensor in any region implies the vanishing of this tensor over 
the space. Hence the above theorem admits the following corollary. 

Corotiary. If R is a connected analytic Riemann space of constant 
mean zero curvature and if there exists in R a small sphere S, of radius t 
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having a volume equal to the volume of the Euclidean sphere of the same 
radius r then R is locally flat. 

Remark. If Ky, = 0 for all m 2 1 at a point P then all small spheres 
§, having their centers at P have the same volume as the corresponding 
Euclidean spheres. Hence a connected analytic Riemann space of con- 


} stant mean zero curvature is locally flat if at any point P the invariants 


Kem = 0 for all m 2 1. 


Unrversity oF CaLirornia aT Los ANGELES. 











COMBINATORIAL TOPOLOGY OF POLYHEDRA 
By 8. L. Grerrzer* 


Introduction. Modern Topology may be considered to have begun 
with the attempt by Euler to classify polyhedra which led to the deriva- 
tion of the formula expressing the relation existing among the vertices, 
edges, and faces of a polyhedron of characteristic k = 2.' Further in- 
vestigation of polyhedra has been directed toward the derivation of 
generalizations of Euler’s formula applicable to generalized polyhedra, 
to the examination of special types of polyhedra, and to the derivation 
of properties of 2-complexes from special polyhedra called simplicial 
subdivisions. 

Non-homeomorphic polyhedra are non-isomorphic, and there exist 
well-known methods of distinguishing among non-homeomorphic poly- 
*hedra. However, little has been done in the way of distinguishing 
among homeomorphic non-isomorphic polyhedra. Euler himself had 
found that the number of vertices, edges, and faces did not serve to 
determine a polyhedron of characteristic k = 2 uniquely.’ 

Classification of polyhedra has since been attempted in various other 
ways, but the most fruitful appears to be that of Dehn.’ 

For polyhedra of characteristic k = 2, he derived canonic symbolic 
forms, making it possible to compare polyhedra by comparing these 
forms. The purpose of this paper is to extend this method to polyhedra 
of arbitrary characteristic and orientability. The point of view will be 
that of Combinatorial Topology, since the discussion lends itself most 
readily to the use of combinatorial methods. 

The work will be divided into five sections. Section I will contain a 


* The author wishes to express his gratitude to Professor P. A. Smith, at whose 
suggestion this paper was begun, and whose patient criticism, helpful suggestions. 
and inspiring guidance made its completion possible. 

1 Steinitz-Rademacher, Vorlesungen tiber die Theorie der Polyeder, p. 9, state 
that this formula was first derived by Descartes. 

* The figures (Plate 1, page 261) illustrate two polyhedra, each of which has 
one pentagonal, three quadrangular, and three triangular faces, six vertices 
with three edges on each, and two vertices with four edges on each, but which 
are not isomorphic. (Steinitz~-Rademacher, loc. cit., p. 9.) 

*Dehn, M. Uber Kombinatorische Topologie. Acta Mathematica, 1936, 
pp. 124-168. 
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new approach to two-dimensional manifolds. An intuitive explanation 
may not be amiss. Let C be a closed 2-complex such that the boundary 
of every 2-cell is connected, and let cuts be made along all of its 1-cells. 
It will fall apart into pieces which are 2-cells. The boundary of every 
piece will be a simple circuit, the elements of which will be called 
(-frontiers and 1-frontiers. If C be re-constructed by putting the pieces 
together again, the 1-frontiers will be contiguous in pairs, forming the 
l-cells of C, and the 0-frontiers will be contiguous in sets, forming the 
(-cells of C. The topological development of Section I will be in terms 
of the concept of frontiers. This development leads to a very general 
definition for a polyhedron. It admits as a polyhedron, for example, 
asphere with a tree on it. 





PuaTE 1 (See footnote 2) 


Sections II, III, and IV deal with symbolic methods of studying the 
structural properties of polyhedra. In Section V, examples will be 
given, and applications made to the study of n-points, triangulations, 
and the related mapping problems. 


Section I 


1. Duotopes. Our first step must be to define a polyhedron. To do 
this, we make use of an object D which will be called a duotope. This 
will consist of undefined elements called 0-frontiers and 1-frontiers, 
together with two undefined symmetric relations—incidence and con- 
tiguity. We make the following assumptions: 

DC -The number of i-frontiers (i = 0, 1) is finite. 
.1—Every i-frontier is incident to either one or two (1 — 1)-frontiers. 
(¢ = 0,1). Ifaand b are incident, we write a:b. 
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D.2—Every 0-frontier is contiguous with at least one other 0-frontier, 
If z and y are contiguous, we write zy. A 0-frontier is con- 
tiguous with itself. 

.3—Every 1-frontier is contiguous with exactly one other 1-frontier, 
D.4—If z, y are 1-frontiers, and a, b, c, d are 0-frontiers, such that zfy, 
a:z:b, and c:y:d, then either afc and bd, or afd and bc. 

D.5—D is irreducible with respect to D.1, D.2, D.3, D.4. 

The 0-frontiers and 1-frontiers fall into a finite number of sets of 
contiguous elements. We shall denote by vi, (a; = 1, --- , ks) the 
elements of the i-th set of mutually contiguous 0-frontiers, and by 
si , 8} the j-th set of mutually contiguous 1-frontiers. Thus contiguous 
elements will have identical superscripts. 

Def. 1. An i-frontier of type 1 is incident with two (1 — 7)-frontiers 
of type 1. An 7-frontier of type 2 is incident with one (1 — 7)-frontier 
of type 2. (i = 0,1). Frontiers of different type are not incident. 

A symbol of the form | ab --- d| containing three or more elements 
will be called a cycle. A symbol of the form (ab - - - d) containing three 
or more elements will be called an oriented cycle. The two oriented 
cycles (ab .-- d) and (d --- ba) will be called opposites of each other. 
Two oriented cycles are to be regarded as identical when one is a cyclic 
permutation of the other. Two cycles are to be regarded as identical 
provided that the corresponding oriented cycles are either identical or 
opposites of each other. 

Def. 2. A cycle of the form (v's” - -- v'"s*) such that (a) each », s, 
is of type 1, (b) v* # v**") and (c) v*:s*:v"**", will be called a trace of 
type 1. A symbol of the form (v‘s’) such that v‘, s’ are of type 2, and 
such that v‘:s’ will be called a trace of type 2.* 

Theorem 1:1. The elements of a duotope fall in a unique manner into 
traces, no two of which have an element in common. 

Proof: It will be sufficient to prove that every 0-frontier and 1-frontier 
belongs to at least one trace, and that two traces are identical or else 
have no element in common. Let us examine the 7-frontiers of ry 1. 
If we start with any element, v' for instance, then, from Def. 1,° 
must have a sequence v’, s’, v‘, --- in which each element is incident 
with those on either side of it. The number of elements being finite, 
v‘ must appear again incident with its second frontier. Consequently, 
there must occur »': :s’tu": ... :s":0°. Furthermore, from Def. 1, k # i, 
etc. Hence (v‘s’v* ..- s”) is a trace. Starting with an element which 

* The subscripts have been omitted here for the sake of clarity. However, 


each element is assumed to have an arbitrary but fixed subscript. 
*See note 4. 
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does not appear in this trace, we can, in a similar manner, derive a 
second trace. This process can be continued until every element has 
been used in a trace. 

We now prove that the traces just derived are distinct. Let traces 
[and II contain the same element, say v'. Then from Def. 1, trace I 
contains s”, s" such that s”:v‘:s", and trace II contains s”, s* such that 
?:v':s". From 9.1, it follows that either 8s” = s” and s" = s*, or 
s" = s* and s" = s”. Thus if two traces have one element in common, 
then the elements on either side of it in both traces are also identical. 
Consequently it follows that two traces with one element in common 
have all elements in common, and are either identical or opposites of 
each other, and that two traces with one element of one distinct from 
every element of the other have no elements in common. From the 
method used in deriving the traces, however, two traces must have one 
dement of one distinct from every element of the other. Hence traces 
which are opposites of each other cannot occur. Therefore the theorem 
is true for traces of type 1. 

From Def. 1, every i-frontier of type 2 is incident with one (1 — 1)- 
frontier of type 2, and from Def. 2, every pair of incident elements of 
type 2 forms a trace. Hence the i-frontiers of type 2 form a set of 
traces of type 2, no two of which have an element in common, and 
including every element of type 2. Finally, no element of type 2 can 
occur in a trace of type 1 and vice versa, from Def. 1. 

Cor. 1. Every element of D occurs exactly once in the set of its traces. 


2. Cells and Complexes. Def.3. The totality of contiguous 0-fron- 
tiers vi, (a; = 1, --- , ks) will be called a (0, D)-cell and denoted by v*. 
The two contiguous 1-frontiers sj and s} will be called a (1, D)-cell and 
denoted by s*. Every trace will be called a (2, D)-cell. 

Def. 4. A set of (0, D)-cells will be called a (0, D)-complex; a set of 
(0, D)-cells and (1, D)-cells will be called a (1, D)-complex; a set of 
(0, D)-cells, (1, D)-cells, and (2, D)-cells will be called a (2, D)-complex. 

Def. 5. If si:of for at least one value of a and one value of n, we 
will say that the corresponding (1, D)-cell s* and (0, D)-cell v™ are 
incident, and write s‘:v™. 

Def. 6. An ordered set v"', s’, --- ,.v', s™, v™ such that v:8*:0"*? 
will be called a chain connecting ov‘ and v*. If v™ = v, the cycle 
\n'ts** ... o'™s’™ | will be called a circuit. 

Def. 7. If, in a (1, D)-complex, there exists a chain connecting every 
pair of (0, D)-cells, then the (1, D)-complex will be called connected. 

Def. 8. A connected (1, D)-complex containing no circuits is a tree. 
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Def. 9. Consider the (0, D)-cells and (1, D)-cells associated with the 
elements of a (2, D)-cell E. They form a circuit which will be called 
the boundary of E. 

Theorem 1:2. Every (1, D)-cell occurs as part of a boundary exactly 
twice. 

Proof: Let s‘ = (sj , 8:) be a (1, D)-cell. From Theorem 1:1, s{ and 
8; occur either both in one trace or one in each of two distinct traces. 
Hence from Def. 9, s* will, in the first case, appear twice in one boundary, 
or, in the second case, appear once in each of two distinct boundaries. 
From Theorem 1:1, Cor. 1, it cannot appear again. 

From Def. 3-9, it follows that a duotope is abstractly equivalent to a 
2-complex. From now on, we shall omit the “D,” and speak of the 
0-cells, 1-cells, and 2-cells of a duotope, and of the 0-complex, 1-complex, 
and 2-complex formed by these cells. 

Theorem 1:3. A 1-cell is incident with at most two 0-cells. 

Proof: Let s = (si, 83). Then, from 9.1, there can exist at most 
four distinct 0-frontiers v7 , v3 , v? , vf such that v7:s}:v3 and v?:s8):0f. 
From D.4, m = p,n = g,orm =4q,n = p. Hence the four 0-frontiers 
can occur in at most two 0-cells. From Def. 5, s‘ is incident with at 
most two 0-cells. 

Theorem 1:4. The 1-complex C, consisting of the 0-cells and 1-cells 
of a duotope is connected. 

Proof: Let v' be an arbitrary 0-cell, and C{ the maximal connected 
sub-complex of C; which contains v'. Suppose that Cj does not contain 
the 0-cell v”. Let D’ consist of the 0-frontiers and 1-frontiers asso- 
ciated with Ci, and D of the 0-frontiers and 1-frontiers associated 
with C,. 

If v‘ is an element of C;, then since Cj is maximal, the associated 
0-frontiers vi, (a; = 1, ---, ks) are all elements of D’. If s’ is an 
element of C; , then si and si are both elements of D’. Hence the ele- 
ments of D’ satisfy assumptions D.2 and D.3. 

Let vi be an element of D’. Then it is an element of D. Hence 
there is at least one 1-frontier s} incident with it. From Def. 5, v‘:s’. 
Since C; is maximal, s‘ is an element of C;. Therefore sj is an element 
of D’. Again, let si, be an element of D. Then it is an element of D. 
Hence there is at least one 0-frontier v} incident with it. From Def. 5, 
s’:v". Since C; is maximal, v‘ is an element of C;. Therefore v is an 
element of D’. Hence the elements of D’ satisfy assumption ®. 1. 

Finally, let s‘ = (sj, 82) be an element of Ci. Then si and 8} are 
elements of D. Hence there exist 0-frontiers v’, , vj, v’, , vs such that 
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ouisiiv’, , vp:s3:04, and vi Xv), oho. From Def. 5, v’ and o* are incident 
with s°. Since C; is maximal, v’ and v* are elements of Ci. Therefore 
the 0-frontiers are elements of D’. Hence the elements of D’ satisfy 
assumption D.4. 

If C; does not contain v", then D’ does not contain the 0-frontiers v°, 
(a, = 1,-+-+,k,). Hence D’ is a proper sub-set of D which is itself 
aduotope. This means that D is reducible with respect to D.1, D.2, 
3, D.4, which contradicts D.5. Therefore C{ contains v", and is 
identical with C,. Since C{ is connected, then C, is connected. 

Theorem 1:5. The totality of 1-frontiers corresponding to the 1-cells 
incident with a O-cell v' = vi, (a; = 1, --- , ki) can be arranged in a 
faite number of distinct cycles | s}'s3' . -- si"s3"| such that s3*:v4.:s{**' or 
a = gist? 

Proof: Let s}* be a 1-frontier of type 1. Since s‘*:v‘, there exists 
(-frontier vi, of type 1 such that s}*:v,. Since vf, is of type 1, there is a 
second 1-frontier incident with it. Let this be sj**'. Then s;*:v4:si**?. 
If 83" is a 1-frontier of type 2, let si**' be identical with s}*. In either 
case, the element following s3* is fixed. Also, in either case, let s}**' 
be that 1-frontier which is contiguous with s{**'. This element is also 
uniquely determined. Since the number of elements is finite, an ele- 
ment s:" must be reached such that s:":v':s{'. Hence | s{i'sy' - - - si"s3" | 
is a cycle fulfilling the required conditions. If this cycle does not con- 
tain all the 1-frontiers incident with v‘, we can, in the same manner, 
start with an element which does not occur in it and derive a second 
cycle. This process can be continued until every 1-frontier occurs in 
one of the cycles... Since one element of a cycle uniquely determines 
the other elements of the cycle, it follows that all these cycles are dis- 
tinct. Since the number of elements is finite, the number of cycles is 
finite. 

Def. 10. Corresponding to every cycle | 8i'sy' --- si"ss"| there is a 
eycle | s*'s** ... s** | consisting of the 1-cells corresponding to the 1-fron- 
tiers. Every such cycle will be called a star on the 0-cell v*. 

.6. A duotore which has only one star on each of its 0-cells will be 
called a polyhedron.* 

Theorem 1:6. If a 2-complex P satisfies assumptions D.1, 2, 3, 4, 6, 


_and if the associated 1-compler is connected, then D.5 is also satisfied. 


Proof: Suppose the contrary. Since the number of elements in P is 
finite, there will be a proper sub-set P’ of P which satisfies D.1, 2, 3, 4, 


*It can be readily verified that this definition of a polyhedron is abstractly 
equivalent to that of Reidemeister—Kombinatorische Topologie, p. 129. 
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and which is irreducible. Let the 1-complex associated with P’ be 
denoted by C’. From Def. 3, every 0-cell of P’ corresponds to a 0-cell 
of P, and similarly for the 1-cells of P’. By hypothesis, P’ satisfies D.6. 

Since C is connected, P’ and P — P’ must have 0-cells in common, 
and may have I-cells in common. Let s’ = (sj, si) be an element of C’. 
From ©.3, si , 8 must both be associated with a 1-cell of P’. Hence s’ 
cannot be an element of P — P’. Consequently, P and P -- P’ can 
have only 0-cells in common. Let v‘ be such a 0-cell. From D.1 and 
Def. 5, there exist 1-cells s*, s° such that both are incident with v‘, and 
such that s* is an element of P’, while s° is an element of P — P’. 
Hence s* and s° cannot be in the same star of v’. This contradicts the 
hypothesis that D.6 is satisfied. Hence D.5 must be satisfied, and P 
be a duotope. 

Cor. P is a polyhedron. 

Def. 11. Consider cycle | sis} --- sj' | such that two successive ele- 
ments are incident with contiguous 0-frontiers. Such a cycle will be 
called a path on the duotope. 


3. Trees. We have already defined a tree on a polyhedron. We now 
give a proof of a very important theorem concerning trees. 

Theorem 1:7. It is always possible to choose, from among the 0-cells 
and 1-cells of a polyhedron, a tree which contains all the 0-cells. 

Proof: Since the 0-cells and 1-cells form a connected 1-complex, there 
exists a chain connecting 0-cells v' and v*. This chain, %,, is a tree. 
Now suppose that there is a tree %;_, which contains 0-cells v’, -- - , v' 
Consider a chain joining v' to v’. If this chain, has a 0-cell v’ in 
common with 8, , then that portion of the chain joining v' to v’ can 
be removed, leaving a chain in 8;_; joining v’ to v’ plus a chain joining v 
to v*". If this new chain contains a 0-cell v* in common with Bin, 
then the removal of that portion of the chain joining v’ to v* leaves a 
chain in the tree joining v' to v* plus a chain joining v* to vu’. After 
a finite number of such operations, however, a 1-complex is left which 
consists of the tree 8;, plus a chain joining just one of its 0-cells to 
v‘**. Hence this new complex is a tree. Call it 8;. %; contains all 
the 0-cells of B;; plus one added 0-cell. This implies that, from any 
tree consisting of 0-cells and 1-cells of a polyhedron, but not containing 
all the 0-cells, a new tree can be obtained containing one mose. Conse- 
quently, starting from %, , which certainly exists, it is possible to add 
0-cells one by one until a tree B, is reached containing all the 0-cells’ 


™ Kombinatorische Topologie—Reidemeister, pp. 103-104. 
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In the future we will call the 0-cells, 1-cells, and 2-cells of a polyhedron 
its vertices, edges, and faces respectively. 


4. Orientation. Def. 11. The chain (v%sjv3) will be called an ori- 
ented 1-frontier; (vjsjv’2) will be called its opposite. 

It follows that every trace falls into a set of oriented 1-frontiers. 

Def. 12. Let (v%sivy) and (v?sjvf) be oriented 1-frontiers. If v7Xvf 
and v3 fv? then sj and s} are discordant with each other. If v7%v? and 
wpfof , then sj and s} are concordant with each other. 

Def. 13. If the traces of a polyhedron can be so chosen as to make 
every pair of contiguous 1-frontiers discordant with each other, then 
the polyhedron will be called orientable. A polyhedron is either orien- 
table or non-orientable. 

We end this section with some results from 2-dimensional Combina- 
torial Topology which will be used later. First, it is known that for a 
tree with a» vertices and a; edges, a — a, = 1. Hence for the tree 8, 
of Theorem 1:6, = a — 1. It is also known that for a polyhedron 
with a» vertices, a; edges, and az faces, a — a; + a, = k. The constant 
k is called the characteristic. If k is known for a polyhedron, and if 
it is known whether the polyhedron is orientable or not, then the topo- 
logical character of the polyhedron is completely determined. 


Section II 
1. Introduction. Consider - errangement of the symbols 1, 1, 2, 
1 
2,---, a Gh tae, a. tastee-*- tat, Be ah aheosionen 


minus sign. This will be called an arrangement of type (m,n). An 
arrangement of the first set of symbols alone will be said to be of type 
(m, 0), and an arrangement of the second set of symbols alone will be 
said to be of type (0, n). Let the arrangement of these symbols be 
subject to the restriction that the pair of symbols 7, 7 are not separated 
by the pair j, 7. (7,7 = 1,---,mi+#j). Such an arrangement will 
be called a monomiail. The symbols i, 7 will be called mates, and the 
‘j 


same will be true for the symbols z;, z; . 

The purpose of this section is to associate, with every monomial z, 
a unique polyhedron P(x), in such a manner that the structure of P(x) 
will be derivable from #, and to deduce some of the more interesting 
properties of monomials. 


2. Arrangements of type (m, 0). We shall first note some of the 
effects of the restriction on the form of the monomial x. It is obvious 
that a direct or reverse cyclic permutation of a monomial is a monomial. 
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Def. 14. Two monomials will be called equivalent if they are equiva- 
lent when considered as cycles. Equivalent monomials will be denoted 
by the same symbol. 

Let x be a monomial, and let # be the monomial obtained from x by 
suppressing all the z’s. Then # is of type (m, 0). 

Lemma 1. Every # is of the form iAiB, where A is either null or con- 
tains an even number of elements, and the same is true for B. If a symbol 
occurs in A (or B), its mate also occurs in A (or B). 

Proof: Suppose that A contains an odd number of elements. Then 
there exists at least one element j in A without its mate. This mate 
must appear in B. Hence i, i separate j, j, which is impossible. 

Starting with a given monomial #, we derive an arrangement #, of a 
sub-set of symbols from it according to the following process: Consider 
# to be a cycle with a definitely chosen orientation. A symbol and its 
mate will be considered as distinct elements. Let any element i of # 
be the first element of #:. Then the next element of #,; will be the 
successor in # of the mate of 7. In general, if k is an element of #,, 
then the next element of #; will be the successor in # of the mate of k. 
Since the number of elements in # is finite, an element m must be 
reached such that the successor of its mate in # has already been chosen. 
We shall define #, as being [i -- - m). 

If #, does not contain every element of #, we start with an element 
not in #, and derive a second arrangement #,. If #; , #: taken together 
do not contain all the elements of #, we start with an element contained 
in neither and derive a third arrangement #;. Let this process be con- 
tinued until arrangements #; , #:, --- , #» have been derived such that 
every element of # occurs in at least one of them. Each #; (i = 
1, --- , p) will be called a pinnule. 

Theorem 2.1. The successor in # of the mate of the last element of a 
pinnule #, is the first element of #.. ; 

Proof: Let #. = [i --- jk --- m]. From the description of the process 
used in deriving #, , the successor of the mate of the last element of #. , 
namely m, is an element of #.. Suppose it to be k ~ i. Since k is 
the successor in # of the mate of j, k is at the same time the successor 
of two elements of #, which is impossible. 

Theorem 2.2. #a, %s have no elements in common, if a # 8. 

Proof: We may suppose that a < 8. Suppose that #, and #; have 
an element iin common. From the method used in deriving it, # has 
at least one element distinct from every element of #.. Let #. = 
(ij --- m) and # = (ik --.m) where j, k are distinct (although they 
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may be mates). From the form of #, and #,, it follows that j and k 
are the successors of the mate of one and the same 7. Hence j and k 
are both successors of one and the same element of #, which is im- 
possible. 

Lemma 2. Let # = iAiB = i’Ai’B, where i’ is the first element of a 
pinnule #., and i” is its mate.’ Then all the other elements of #. are 
contained in B. 

Proof: Since 7’ is the first element of #. , the second element is the 
successor in # of 7”, and is therefore in B. Suppose now than A con- 
tains elements of #.. In the derivation of #, , let x’ be the last element 
to come from B, and let zx” be its mate. Since the successor of 2” is 
in A, x” itself isin A. Hence 7’, 7” separate x’, x’, which is impossible. 

Theorem 2.3. A pinnule does not contain an element and its mate. 

Proof: Let # = 7’Ai’’B, where 7’ stands for the first element of #. . 
From Lemma 2, all the other elements of #, must be contained in B. 
Since 7” is not in B, it cannot appear in #, . 

Theorem 2.4. %g cannot contain the mates of two elements of #.. 
(a # 8). 

Proof: Let #. contain the two elements i, 7. From Lemma 1, we 
may write # = 7’Ai’’Bj’Cj’’"D. With the notation chosen in this man- 
ner, 7’ must appear in #,., from Lemma 2. Hence 7” must appear 
in #;, from Theorem 2:3. Therefore all the other elements of #; must 
be contained in A, from Lemma 2. Since neither j’ nor j” are con- 
tained in A, neither can be contained in #, . 

Theorem 2.5. Every element of # occurs once, and exactly once, among 
the elements of the pinnules #; --- #,. 

Proof: By construction, every element of # occurs in at least one 
pinnule. From Theorem 2.2, no element can occur in more than one 
pinnule. From Theorem 2.3, an element can occur only once in any 
one pinnule. Hence every element of # occurs once, and only once, 
among the elements of #; --- #,. 

Lemma 3. If #2, is a pinnule derived from #, there exist pinnules 
fay, -**, Fa, such that #.,,, contains the mate of an element of #a, 
(j= 1,---,q@— 1). 

Proof: Let #,, contain the element 7’. Choose as #., the pinnule 
containing 7”, and these two pinnules satisfy the required condition. 
If #., contains element z’ = 7’, 7’, choose as #., the pinnule containing 
2”. Then these three pinnules satisfy the required condition. Con- 


* We will frequently find it helpful to distinguish between an element and its 
mate by the use of superscripts as indicated. 
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tinue in the same manner to choose pinnules #., , #2, , etc. Since the 
number of pinnules is finite, there must exist a pinnule #., such that 
#a,,-** , #a, is of the required form, and such that there does not exist 
a pinnule not already chosen which contains the mate of an element 
of #a, - 

Theorem 2.6. Let a, -+- #a, (q > 2) be pinnules of # such that 
#a,,, contains the mate of an clement of #2; (¢ = 1,---,¢ — 1). Then 
#., does not contain the mate of an element of #a, . 

Proof: First, every pinnule except possibly #., and #., contains at 








~ 


least two elements, since it contains the mate x” of an element 2’ of 


the preceding pinnule and also the mate y” of an element y’ of the 
succeeding pinnule. From Theorems 2.2 and 2.3, x” and y” are distinct. 
In particular, #., wil! contain two distinct elements, say 7, j. 

Let # = 7’Ai’’Bj’Cj’D. With the notation chosen in this manner, 
#., must contain 7’, j’. For if #., contained 7”, then from Lemma 2, 
all the other elements of #., would have to be in A, and since neither 
j' nor j” are in A, neither could be in #,,. Similarly, if #., contained 
j’, then from Lemma 2, all the other elements of #., would have to 
be in C, and since neither 7’ nor 7” are in C, neither could be in #,,. 
Finally, let us assume that #., contains 7” and #,, contains 7”. From 
Lemma 2, the other elements of #,, are all in A, and the other elements 
of #., are all in C. 

From Lemma 1, if an element is contained in C, its mate is also con- 
tained in C. Let 2” be the last element of C and z’ its mate. From 
Theorem 2.5, z’ can occur in only one pinnule. But this pinnule also 
contains the successor of z”’, namely 7”. Hence this pinnule must be 
#.,. Now let c’ # 2’ be an element of C, and c” its mate. Since 
ce’ # x”, the successor of c” is also in C. Hence if pinnule #., (¢ ¥ 3) 
contains c’, then the successor of c’ in #., will also be in C, and the 
same will be true for every element of #.,. Since #,, contains the 
mate of an element of #., , not j’’, #., contains one element of C. Hence 
every element of #., is in C. In a similar manner, it follows that 
#a,,,°** » #2, contain only elements of C. Consequently, from Lemma 
1, #2, cannot contain an element whose mate is in #a, . 

Lemma 4. The successor of an element in # is the successor of the mate 
of that element in a pinnule #. . 

Proof: Let # = 7’Ai”j’B. Then there exists pinnule #, = (i'j’ - - - ). 
Conversely, if #. = (--- 7’j’ --- ), then j’ must be the successor of the 
mate of i’ in #. Hence j’ is the successor of 7” in #. 
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3. The Tree Associated with # We shall now associate a unique 
tree with a given monomial #. Let # be of type (m, 0). Let every 
(2k + 1)-st element (k = 0, 1, --- ,m — 1) be marked with a single 
prime, and every other element with a double prime. From Lemma 1, 
an element and its mate will thereby receive distinct markings. Let 
pinnules #;, --- , #, be derived from #, and let j. be the number of 
elements in #," (a = 1, --- , p). 

We now introduce 2m 1-frontiers s} , 8: (i = 1, --- , m) and 2m 0-fron- 


) tiers vf (a = 1,---,p;j = 1,---,ja). Assign to the elements 7’, 7” 


of # the 1-frontiers s}, s} respectively, and let sifs} (i = 1, --- , m). 
Let j’ be an arbitrary element of odd rank of # and 7” its predecessor, 
and let # = A7z’Bi”j’C. From Lemma 4, there exists a pinnule #,. = 
(.-.@j'---). Ifj7 is the r-th element of #, , let s} and si be incident 


| withv?. Similarly, if 7” is an arbitrary element of even rank of # and k’ 


its predecessor, and if j” is the r-th element of pinnule #, , let si and sj 
be incident with v?. Also, let the 0-frontiers vf (j = 1, --- ,ja) be 
mutually contiguous. The 1-frontiers associated with two successive 
elements of # are thus incident with the same 0-frontier, and the 
1-frontiers associated with the elements of any one pinnule are incident 
with contiguous 0-frontiers. 

It is obvious that the 0-frontiers and 1-frontiers satisfy assumptions 
D.1, D.2,D.3. Suppose that # = .-. a”i’b” ... cid’ --- . Consider 
the pinnules #, = (i’d’ --- ) and # = (¢”b’--- ). From the method 
of association and from Lemma 4, we find vf :s}:v3 and v3 :8}:v. There- 
fore assumption ®.4 is satisfied. The frontiers constitute a 1-complex, 
B(#). (Def. 3, 4). This is connected. - For, let v*, v° be any two 
0-cells, and consider the associated elements vf , vi. There exist 1-fron- 
tiers s; and 8} corresponding to 7’, j’ of # respectively, and such that 
sitet and si:v{. Let # = 7’Aj’B. A given element of # and its suc- 
cessor are both associated with 1-frontiers which are incident with the 
same 0-frontier. From Def. 5, the corresponding 1-cells are incident 
with the same 0-cell. Consequently the 1-cells and 0-cells corresponding 

, to *’Aj’ form a chain connecting v* and v*. (Def. 6). Since the 0-cells 
v", v° are arbitrarily chosen, 8(#) is connected. 

Theorem 2:7. S(#) is a tree. 

Proof: Let #. = (ijiz --- i,), where n = ja, be a pinnule derived 
from #. Associated with successive elements i;_; , i, of #., there exist 


* From the method of construction of the pinnules, all the elements of any 
one pinnule have one prime, or all have two primes. 
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1-frontiers s;’~', sj" and O-frontier v* such that s}"~':v%:s{" (r = 
1, «++, m5 83 = Siaey Gh Dnata ceieeiiion @ Oo Ot 
diate al Ga, Celiihas (Ot Gite cennen, a Maen 6 enna 
| st'sy' --- si"es"| such that s)"~':o%:s)". Therefore, from Def. 10, the 
cuamiinads id ...ditmhenaan? There is one such 
star associated with every pinnule derived from #. 

From Theorem 2:3, every 1-cell of 8(#) is incident with two distinct | 
0-cells. Hence Se) contains no loops consisting of cingle lool | 
From Theorem 2:4, two 1-cells incident with one 0-cell cannot both be | 
incident with a second 0-cell as well. Hence 8(#) does not contain — 
circuits consisting of two 1-cells. From Theorem 2:6, three or more 
stars of @(#) forming a connected 1-complex cannot contain 0-cells and 
1-cells which form a circuit. Consequently 8(#) is a connected 1-com- 
plex containing no circuits, or a tree. 

Incidentally, it follows from the previous discussion that the 0-fron- 
tiers and 1-frontiers associated with the elements of # form a polyhedron 
which we shall denote by P(#). 





4. The Polyhedron P(x). We shall now associate a unique poly- 
hedron P(x) with a given monomial r. Let x be of type (m, n), and 
let #,, --- , #, be the pinnules derived from #. We may write r = 
t’Aij"As --- k’’Age ,” where the expressions A,, which we shall call 


clusters, are null or contain only zs. Let z, be an arbitrary z-element 
of x, where 6 = O ord = t, and 2, = 2. Let u(a, 6) be the number 


of z’s in x which lie between 7’ and z,. We shall let k(a, 6) = 
(2m + 1) + u(a, 8). 

We now introduce 2(m + n) 1-frontiers sj , 83, (¢ = 1, ---,m +n) 
and 2(m + n) O-frontiers v7 , (a = 1, --- ,p) where the values of j 
will be specified presently. on © ome +. 6 + 
1-frontiers 8}, 8 respectively, (¢ = 1,---,m), and let siks}. Assign 
to the elements z; , a of x the 1-frontiers s7'*‘, s}** respectively, (i = 
1, ---,m), and let sT*Yet**. If p is the nh pies of pinnule #., 
then the I-frontiers associated with p and its successor in x are to be 
incident with v7 ," (r = 1, --- ,j.). If z.is an arbitrary 2-element of f, 
A, the cluster which contains it, and if the predecessor of the first 


ma  SQSBsa Be FQETA 


* Sec. 2.3, par. 1. 
4 See Theorem 2:7. 
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dement of A, is an element of pinnule # , then, if is positive, (nega- 
tive), let the 1-frontiers associated with the mate of z, and with the 
successor (predecessor) of z. in be incident with vfs) .” 

We observe that, in any pinnule #, , r ranges from 1 to j. , and that 
+ 5, = Sm. Glace, in addition, two clements of © which ase in @ 


= 

cannot occupy the same position in the same pinnule, the 1-frontier 
associated with every element of # is incident with a unique 0-frontier. 
From the definition of k(a, 4), it is seen that k(a, 8) # k(a’, 8’) when 
a ¥ a’, or 6 # 8’, or both. Hence k(a, 8) takes on 2n distinct values. 
These values are greater than 2m and, in fact, include all the integers. 
from 2m + 1 to 2(m + n) inclusive. Therefore the cc nstruction assigns 
incidence relations involving each of the 2(m + n) 0-frontiers. More- 
over, each v* is incident with exactly two 1-frontiers, and each vices 
is incident with at most two 1-frontiers—namely, those associated with 


the mate of z, and with the successor or predecessor of z, in *. These 
may be identical. Let the 0-frontiers and 1-frontiers thus associated 
with the elements of x be denoted by P(x). We have shown in what 
precedes that assumptions D.1, D.2, D.3 are satisfied by the elements 


| of P(x). 





Lemma 5: The elements of P(x) satisfy D.4. 


Proof: ine teteetimeadenee enbtameti.meds. 
We may write r = --- zA; --- yAy , Where say, z € #., y € ¥. 
Hence, by construction, sz **:vg(e.) ont thee ‘ 

Let the successor (predecessor) of z. be 2) (23), and the successor 


(predecessor) of 2 be z-(27). Then sf**:vfe,.[sT**:vitem] and 
= 4: he.-yi83* :Uatem)- Therefore Uhcece) 241 2080,-) or hiecs) 281: 
06,0) and Siem 28s hie.) or Uiten 283: k(c,0) « Ift = u, then z = y 
and a = 8. If z, is the successor (predecessor) of z, , then k(a, «) = 
k(b, —)[k(a, €.) = k(b, 0)], and sT** and vf...) are of type two.” Hence 
assumption 2.4 is satisfied in this case. In a similar manner, D.4 can 
be shown to be satisfied when either z, or z. or both are successors of 


elements of #, and for an element of # and its mate. 
Theorem 2:8. P(x) is a polyhedron. 


Sec. 1.1, par. 2. 
* Def. 1. 
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Proof: First, the 1-complex C(x) associated with P(x) has, by con- 
struction, the same 0-cells as has G(#), while the 1-cells of 8(#) are in 
C(x). Since B(#) is connected C(x) is connected. 

Let = 7A,j"Aok’A; --- p’’Aom, and consider the auxiliary mono- 
mials 7; , 72, --- , %2m, Where x; is derived from by suppressing the 








clusters Aisi, -+-,Aom. Hence m = # and m, = x. In m, let 
8 $8 i 


Ai = Z%--- 2, and let *’ be in pinnule #, = (i’---). By con- 
struction, the 0-frontiers and 1-frontiers associated with 7’ and the ele- 
ments of A; can be arranged in the form sjsyst “sy “st *sy’” . .. where 
the 2r* element and the 2r + 1** element (r = 1, 2, --- ) are incident 
with the same 0-frontier or are identical. Therefore the associated 
1-cells s‘s"**s"* ... belong to the same star on 0-cell v*."* 

From Theorem 2:7, the 1-cells associated with the elements of #, 
form part of the same star. Hence the 1-cells associated with the ele- 
ments of A; and #, form pert of one and the same star. Consequently 
the number of stars in P(2;) is the same as the number of stars in P(#). 
In a similar manner, it can be shown that P(2;) has the same number 
of stars as has P(z;_;). By construction, the number of stars in P(#) 
is p. Hence P(m), P(m2),---,P(a2m) have p stars. Therefore 
P(x) [= P(2m)], which has p 0-cells, has p stars. Consequently there 
can be but one star on each 0-cell. From Theorem 1:6, P(x) is a 
polyhedron. 

Since neither cyclic permutation of the monomial z, nor # and the 
pinnules derived from it, nor interchanges of subscripts or superscripts 
affect the essential uniqueness of the relations of incidence and con- 
tiguity existing among the 0-frontiers and 1-frontiers, P(x) is essen- 
tially unique. 


Section III 


1. Introduction. In the previous section it has been shown that a 
monomial x determines a unique polyhedron P(x). In this section, we 
shall, given a polyhedron P, show how a monomial w may be determined 
from it such that P(@) = P. 


2. The traces of P(r). Starting with a given monomial x, we derive 
an arrangement @,(7) of a sub-set of symbols from it according to the 
following process: Consider x to be a definitely oriented cycle, and let a 
symbol and its mate be regarded as distinct elements. Let any element 


4 Def. 10. 
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8, of x be selected as the first element of @,(7). If s, is an element of #, 
then the second element s, of 6;(7) is to be the successor of s;in x. If 
is a z-element, and if s, and its mate have like (opposite) signs, then 8 
is to be the successor (predecessor) of the mate of s; in r. If s is a 
“successor,” then 8; in 6;(#) is selected in the same manner as was 8 . 
If s; is a “predecessor,”’ then we interchange the words “predecessor” 
and “successor” in the above rule in defining s;. We continue in the 
same manner. Let s, be the first element such that 8,4: = 8; (¢ < n). 
Let @:(3) = 8,8, --+ S,. 

From Sec. 2, par. 4, the 1-frontiers associated with two successive 
elements 8; , 8:4: of 0,(7), (¢ = 1, --- ,n;n + 1 = 1) are incident with 
the same 0-frontier. From Def. 2, therefore, the 1-frontiers associated 
with the elements of 6;(x), together with the 0-frontiers incident with 
them, form a trace. Starting with an element which does not appear 
6,(x), we derive a second trace 6,(7). From Theorem 1:1, 6,(7) and 
6:(7) have no elements in common. Continuing in this manner, we 
derive a set of traces @,(7), --- , 6,(7), which, from Theorem 1:1, are 
distinct, and which, by construction, contain among their elements all 
the elements of rx. 


3. The expression w. Consider now a polyhedron P with ap vertices 
and a edges. On it select a tree 8 which contains all the vertices.” 
Let the edges contained in the tree,” (aj — 1) in number be labeled 
with the numbers 1, --- , a — 1, and let the other (a; — a + 1) edges 
be labeled with the distinct symbols z; (¢ = 1, --- ,@) — a: + 1). 

We now derive an expression w from P according to the following 
process: Let a path be traced on P passing along the edges forming 8 
without cutting them until a complete circuit has been made around 8. 
Since every z-edge joins two 0-cells of 8, the path obviously cuts every 
such edge exactly twice, and since % is a tree, the path passes along 
every G-edge exactly twice. Record in the order encountered every 
B-edge passed along and every z-edge cut. In addition, let z; be an 
edge cut while passing from face (a) to face (b). If the path cuts 2; 
again while passing from face (b) to face (a), place positive signs above 
the corresponding elements inw. If, however, the path cuts z; a second 
time while passing from face (a) to face (b), let the two corresponding 
z-elements in w have opposite signs placed above them. In the special 

4 Te, if it is the successor in x of 8; or its mate. 

1° Theorem 1:7. 

17 Sec, 1, par. 4. 
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case where (a) = (b), examine the relative directions of the path with 
respect to the edge z;. If the path crosses z; twice in the same direction, 
place opposite signs above the corresponding z-elements in w; otherwise 
place positive signs above them. Hence w is a signed and ordered 
expression. 

Theorem 3:1. w is a monomial. 

Proof: By construction, every element of w has a mate. We must 
therefore show that the elements 1, i do not separate the elements j, j 

This is obvious when the tree on P consists of a single 1-cell. Suppose 
therefore that we have a tree §, containing the 1-cells 1, --- , k, and 
let there be a closed path around it. (Since the z-edges do not affect 
the discussion, we may disregard them.) Assume also that, in the 
corresponding w, the elements i, i do not separate the elements j, j. 
Let the l-cell (k + 1) be added to S, so as to form a new tree, B,,;. 
The path around &, ° ili cut the 1-cell (k + 1) at some point. How- 
ever, by taking the path at this point and mov'ng it toward the free 
end of (k + 1), we can stretch it until it no longer intersects this edge. 
The new path will now pass around (k + 1). For the new tree By 
and new path,w = --- (k + 1)(k +1)---. Henceelements 1,1, ---, 
(k + 1), (& + 1) do not separate each other in w. Therefore the 
theorem follows by induction on k. 


4. The polyhedron P(w). Starting with a polyhedron P, we have 
derived a monomial w. We now show that Pw) = P. 

Lemma 6: P(w) and P have the same number of edges and vertices. 

Proof: Let (m + 1) be the number of vertices of P, and (m + n) 
the number of edges. Then the tree on P containing all the vertices 
contaias m edges.” Hence w will contain 2m numerical elements and 
2n z-elements, and will be of type (m, n). Consequently P(w) must 
also contain (m + 1) vertices and (m + n) edges. 

Theorem 3:2. The elements of P and Pw) are in 1 — 1 incidence- 
preserving correspondence. 

Proof: Let w be derived from P, P(w) be derived from w, and let 
corresponding 0, 1, and 2-cells be identically labeled. Let s,; be an 
element of w and % its successor. Then the path determining w must 
have passed along a face of P from the edge corresponding to s; to the 
edge corresponding to s, not meeting another edge. Hence these two 


18 Sec. 1, par. 4. 
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edges must form successive elements of the boundary of a face of P, 
and be incident with the same vertex. 

However, from Section 2, par. 4, s; and 8 , being successive elements 
of w, are associated with successive edges of a face of Pw). These 
edges are therefore incident with the same vertex. Since this is true 
for all the elements of w, it follows that the 1-complexes on P and P(w) 
are isomorphic, and that corresponding 1-cells of P and P(w) are incident 
with corresponding 2-cells of P and P(w).” 


5. Orientability. If P(x) is an orientable polyhedron, then, from 
Def. 12, the traces can be so oriented as to give every pair of contiguous 
1-frontiers discordant orientations. Let P(x) be so oriented, and let 8 
be a maximal tree on it. The 1-frontiers which constitute the tree will 
be called B-frontiers, and the 1-frontiers which constitute z-lines will 
be called z-frontiers. If a path passes along a $-frontier in a direction 
concordant (discordant) with its orientation, we shall say that the path 
and the %-frontier are concordant (discordant). If the path meets a 
z-frontier, and if, at the point of junction, the orientation of the z-frontier 
is in the direction away from (toward) the tree, we shall say that the 
path and the z-frontier are concordant (discordant) at the point of 
junction. 

Lemma 7: If P(x) is orientable, then a path concordant with one B-fron- 
tier is concordant with all the B-frontiers. 

Proof: Let i, 7 be successive B-frontiers met by the path, and let the 
number of z-lines met by the path in passing from i to j be m. Hence 
the path, in passing from i to j, cuts 2m z-frontiers. These occur in 
discordantly oriented contiguous pairs. Therefore if the path is con- 
cordant with the first of these, it will be discordant with the last, and 
concordant with 7. But it is obvious that if the path is concordant 
with 7, it must be concordant with the first of the z-frontiers. Hence a 
path concordant with 7 is concordant with 7. Since 7 is arbitrary, the 
path must be concordant with every %-frontier if it is concordant 
with one. 

Theorem 3:3. If P(x) is orientable, then the path around the maximal 
tree B cuts every z-line in two opposite directions. 

Proof: Suppose the contrary, and let the path cut the line z, twice in 
the same direction. If it is concordant with the z-frontier zi when it 

* This does not imply that P and P(w) are isomorphic. For example, if wo = 


Z2e8122, and w’ = 2:22%,2,, P(w) and P(w’) are in 1-1 incidence-preserving corre- 
spondence, but P(w) is on a torus, while P(w’) is on a Klein Bottle. 
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cuts it for the first time, it must be discordant with it when it cuts it 
for the second time. Since the 1-frontiers of P(r) occur in discordantly 
oriented contiguous pairs, the path will then be discordant with the 
first B-frontier encountered after z; has been cut twice. From Lemma 7, 
this is impossible. 

Cor: If the path does not cut every z-line in two opposite directions, then 
P(x) is non-orientable. 

Theorem 3:4. If B is the maximal tree on P(x), and if the path around 
B cuts every z-line twice in opposite directions, then P(x) is orientable. 

Proof: Let the path start on an arbitrary face (a), and let it cross to 
face (b) by cutting z-line z; = (2), 23). Let zj (a), z} e (b), and let 2 
and zi be incident with the same 0-frontier. Give (a) an orientation 
such that zi and the path are concordant, and give (b) an orientation 
such that zi and 2} are discordantly oriented. Since the path must 
return from face (b) to face (a) in cutting z; a second time, it must then 
be discordant with zj and hence concordant with zi. In the same 
manner, it can be shown that the path must be concordant with every 
1-frontier of (a). In general, a path concordant with one 1-frontier 
of a face will therefore be concordant with all the 1-frontiers of that face. 

Let the process of orienting the faces as above be continued until a 
face (m) is reached such that the path, after cutting the 1-cell z, = 
(zi , 22), enters a face (n) which has already been oriented. Suppose it 
to be so oriented that z, is the first 1-cell such that zj and z} are con- 
cordantly oriented. Let 2} ¢ (m), 22 « (n), and let zi be the next element 
met by the path after cutting z,. Since z, is the first 1-cell whose 
1-frontiers are concordantly oriented, it follows that the path must have 
been concordant with z; when it cut it the first time. Hence it must 
be concordant with zi. At the same time, the path must be concordant 
with z}. Therefore it will be concordant with z; when it cuts it the 
second time, and must consequently be discordant with zi. Since this 
is a contradiction, z, cannot have concordantly oriented 1-frontiers. In 
a similar manner, it can be shown that P(x) cannot have 1-cells whose 
1-frontiers are concordantly oriented. Hence P(r) has only discord- 
antly oriented 1-frontiers, and is orientable. 

Cor: If P(x) is non-orientable, then a path around a maximal tree on it 
must cut at least one z-line twice in the same direction. 

Theorem 3:5. If P is a polyhedron and w a path derived from it, then 
Pw) and P are isomorphic. 

Proof: From Theorem 3:2, P and Pw) are in 1-1 correspondence 
such that incidence relations are preserved. If P is orientable, w con- 
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tains no negatively signed z-elements. Hence, from Theorem 3:4, P(w) 
is orientable. If P is non-orientable, w contains negatively signed 
zelements. From the corollary to Theorem 3:3, P(w) is non-orientable. 
Since P and Pw) agree with respect to incidence relations and orient- 
ability, they are isomorphic. 

Theorem 3:6. The topological character of P(x) is completely deter- 
mined when x is given. 

Proof: Let x be of type (m, n). From Lemma 6, P(x) will have 
(m + 1) vertices and (m + n) edges. From Sec. 3, par. 2, the number 
of faces in P(x) can be determined from x. From Theorems 3:3, 3:4, 
the absence or presence of negatively signed z-elements determines the 
orientability or non-orientability of P(x). Hence, from Sec. 1, par. 4, 
the topological character of P(x) is completely determined. 

Section IV 

1. Introduction. It has been shown (Section II) that a monomial 
determines a unique polyhedron. A method has also been described 
(Section II) whereby a monomial w can be derived from a polyhedron 
P such that P(@) and P are isomorphic. However, by selecting dif- 
ferent maximal trees on P, it is usually possible to derive other mono- 
mials w’,w’’, --- which are not equivalent, and such that P(@’), P@”’), -- - 
are also isomorphic with P. Let the class of all monomials whose de- 
rived polyhedrons are isomorphic be denoted by II). We shall define 
transformations enabling us to change any monomial of IT(w) into any 
other of the same class. 


2. Arcs of the path. In what follows, it will be necessary to make use 
of ares of the path which determines w. We denote the positively 
oriented path by 2. Let A be a set of successive elements of w. We 
shall also denote by A that arc of Q which begins on the edge cor- 
responding to the first element of A, and ends on the edge corresponding 
to the last element of A. The arc A will meet the edges corresponding 
to the elements of A in the same order in which the symbols occur in 
A. Let A consist of the same set of elements of w as A, but in reverse 
order and with the signs of all the z-elements changed. We shall also 
denote by A the arc A with the orientation reversed. 


3. Transformation of monomials. Starting with a polyhedron P, let 
& monomial be derived from it based on the maximal tree 8. The 
numerically labeled edges of P form the tree 8. If a B-edge i and a 
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z-edge z; be relabeled z; and ¢ respectively, the new set of numerically 
labeled edges may or may not form a new tree. In the case where a 
new tree is formed, we shall call the relabeling of the edges an allowable 
interchange. 

Lemma 8: Let P be a polyhedron, and w a monomial derived from it 
based on the maximal tree ®. A necessary and sufficient condition that 
B-line i and z-line z; admit an allowable interchange is that i, i separate 

“4 
2, 2; ne. 


¢j 
Proof: Suppose instead that w = 1Az,;Bz,CiD, and let z; be added to 
the tree 8. From the nature of &, the edges corresponding to the nu- 
merical elements contained in 8, together with the edge z; , will form a 
circuit which does not contain the edge t. Therefore, if i be made a 
z-line, the S-edges which remain, together with z;, still include « 
circuit, and so do not form a tree. Hence the condition is necessary. 


j 
To prove sufficiency, let w = 1Az,;BiCz;D, and let z; be added to the 
tree 8. From the nature of 2, the edges corresponding to the nu- 
merical elements contained once in BiC (and therefore in DiA), together 
with the edge z;, form a simple circuit containing the edge 1. Hence 
if i be removed from this circuit and made a z-line, the effect will be 
to break the circuit, and form a tree. 


‘j 

Theorem 4:1. Let w = 1Az;BiCz,;D be a monomial derived from poly- 
hedron P, and let edges i, z; of P undergo an allowable interchange. Then 
the monomial w’ based on the new tree on P will have the form 

w’ = iDz,CiBz;A_ if «; is positive, and 
w’ = iC2,DiBz,;A if ¢; is negative. 

Proof: We shall derive the second result; the derivation of the first 
result is similar in method, and is simpler, in that no reversals of are 
are necessary. 

The path 2 which determines w consists of the four ares Az; , z;Bi, 
1Cz;, and 2,Di. Let (a) and (b) be the faces bounded by edge i, and 
(c) and (d) the faces bounded by edge z;. Assume that are tAz; 
begins by passing along i in face (a), and eventually emerges from 
face (c) across z;. Since ¢; is negative, it follows that arc z;Bi crosses 
z; into face (d), and eventually passes along i in face (b); are iC2; 
begins by passing along i in face (b), and eventually emerges from 
face (c) across z;; arc 2,Di crosses z; into face (d) and eventually 
passes along i in face (a). 
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Let edges i, z; undergo an allowable interchange. Then the four arcs 
which compose 2 become 2;Ai, iBz; , z;Ci, iDz; respectively. (We will 
omit the signs above the elements z; for the moment.) We now con- 
struct a new path 0’ around the new tree on P by making the following 
alterations in the four paths: where a path formerly crossed z; from a 
given face, let it now pass along the relabeled edge in that face, where 
a path formerly began by crossing z; into a given face, let it now begin 
by passing along the relabeled edge in that face, and where a path 
formerly passed along 7 in a given face, let it now emerge from that 
face across the relabeled edge. 

After these alterations have been made, 

are C2, , which begins by passing along i in face (c) and eventually 

emerges from face (b) across z;, 
arc 2,Di, which begins by crossing z; into face (a) and eventually 
passes along i in face (d), 
arc 1Bz;, which begins by passing along i in face (d) and eventually 
emerges from face (b) across z;, 
arc z;Ai, which begins by crossing z; into face (a) and eventually 
passes along 7 in face (c) 
form, in the order named, the four arcs of a new path 2’ which crosses 
the new z-line and passes along the new %-line without crossing it. 
Since 2’ is identical with 2 except at the new z-line and new %-line, it 
cuts none of the %-lines, and is therefore a path around the new tree. 
Finally, @’ cuts the new edge z; twice while crossing it from face (b) 
to face (a). Consequently, the new monomial has the form w’ = 
iCz,DiBz;A. 


4. Allowable transformations. The tiansformations defined in the 
previous paragraph will be called allowable transformations of type 1. 
In addition, let the z-lines z; and z; be relabeled z; and z; respectively. 
This operation has no effect on the form of the polyhedron P, and will 
be admitted as an allowable operation. In the derived monomial w, 
the subscripts of the corresponding z-symbols will be interchanged. 
A similar result holds for the B-lines and the corresponding 8-symbols 
in w. We shall call an interchange of the subscripts of z-elements 
(S-elements) of a monomial an allowable transformation of type 2. 

Theorem 4:2. If w and w' are monomials of the same class x(w), 
then w can be transformed into w’ by a finite number of allowable trans- 
formations. 

Proof: If wand w’ are both based on the same tree on P, it is obviously 
possible to transform w into w’ by means oi a finite number of allowable 
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transformations of type 2. Suppose that w is based on a tree B, while w’ 
is based on a tree B’ distinct from B. If an edge of P which is in B 
does not belong to %, it must be a z-line on P(w). Add it to the tree 8, 
and a circuit is produced which can be reduced to a tree 8, by removing 
an edge belonging to 8. Hence, from Lemma §8, it is possible to apply 
one of the transformations of type 1. There results a monomial w 
based on the tree 8, which consists of 8 with one of its edges replaced 
by an edge of 8’. In a similar manner, we can successively replace 
all the lines of 8 by lines of 8’ until a monomial w, is derived based 
on the tree 8’. Then w, is either equivalent to w’ or can be transformed 
to w’ by means of a finite number of transformations of type 2. Since 
the number of elements in w is finite, a finite number of transformations 
will be sufficient. 

Theorem 4:3. A necessary and sufficient condition that two monomials 
represent the same polyhedron is that one be transformable to the other by 
means of a finite number of allowable transformations. 


5. Dual polyhedra. Let the dual polyhedron to P(w), defined in the 
usual manner,” be denoted by P(4w). As the notation indicated, dw 
is a monomial, and is derivable from w directly. We give, without 
proof, the transformation by means of which this can be effected. It 
consists of the following three operations, which are applied to w in the 
order given: 


I. In w, replace the elements i, i by z;, z; (¢ = 1, --- , m) and the 


elements z; , as by if (j = 1,---,m). The resulting expression, 
which is not necessarily a monomial, we denote by w*. 

II. If w* = ¢A7B, replace i, 7 by z , % , where k is distinct from the 
subscripts of the other z-elements of w*. There results the ex- 
pression w) = 2A%,B. This operation is to be repeated with w; 
if this contains oppositely signed numerical elements, and is to be 
repeated until an expression w, is obtained which contains no 
oppositely signed numerical elements. 

III. If w. = iAjBiCjD, then, by a transformation analogous to that of 
Theorem 4:1, we write we4: = 2»Dz,Cz,Bz,A, where P, q are to be 
distinct from the subscripts of the other z-elements of w,. This 
operation is to be repeated with wa4: if it contains pairs of nu- 
merical elements which separate each other, and is to be repeated 
until an expression w.4m is obtained such that in it no pair of 
numerical elements separates another pair. 


* See, for example, Reidemeister, loc. cit., pp. 133-136. 
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The expression w.;» thus derived will be the monomial Aw which deter- 
mines P(Aw). If Pw) is of characteristic k = 2, operation I alone is 
sufficient to yield Aw.” 
Section IV 

1. Introduction. The first few paragraphs of this section will be 
devoted to some simple examples of monomials and their derived 
polyhedrons. The remainder of the section with deal with the use of 
monomials in the study of n-points, triangulated manifolds, and the, 
related map-coloring problem. 


2. Examples. A. Letw = 12:2212z92z323232,3. Since w is of type (3, 3), 
a = 4, a, = 6. The faces are (12:3), (z:20z3), (2212), (2323). Hence 


2 














Fig. 1 Fic. 2 


@ = 4,andk = 2. P(w) isa tetrahedron. Figure 1 shows P(w), and 
the path which determines w. 

Let edges 1, 2 of P(w) be interchanged. Then w = 1(0)z:(22)1 
(2z9232323)z2:(3). Therefore w’ = 132;2z92;23zslzez,. Figure 2 shows 
P(w’). 

We next find the dual of w. 


w = 12,291 2z9z323292:3 
= 2112232 22320233123 ° 


Replacing zs by 2: , 21 by zz, 22 by z; , and making a cyclic permutation, 
we find Aw = 12:22] 2z92;23232:3 = w. Hence P(w) is self-dual. 

B. Let w = 124222z22;2421242.2;. Since w is of type (2, 4), a = 3, 
a, = 6. The faces are (12:23), (212224), (22224), (2421). Hence a, = 4, 


*1 This result is due to Dehn. Loc. cit. 
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and k = 1. Since w has negatively signed elements, P(w) is non- 3 
orientable. Figure 3 shows P(w), on the projective plane. ) vert 
Let edges 1, z: of P(w) be interchanged. Then w = 4(2;)ze(2zs2,2,2)1 Hen 
(z4)Ze(2s). Therefore w’ = 1229231 2z9%,2,2z92,. Figure 4 shows P(w’). 
We next derive the dual of w, as follows: will 


w = 1242922581242 124202 
wr = 21122,3T429,423 
won = 2522938)2,3242,2-4 
Aw = 252293292:3212,221. 

Figure 5 shows P(Aw). 














C. Let w = lzyzezslzizezezez%q. Since w is of type (1, 4), a9 = 2, a; = 5. 
The faces are (12:24), (Z:2ezs1), (zezszs). Hence ag = 3, and k = 0. 
Since w has no negatively signed elements, Pw) is on a torus. Figure 6 
shows P(w). 

We derive the dual of P(w) as follows: 

w = 1242925] Z:Z4Ze%az 
ws = 2,1232,14234 
wr = 2342,2942_32125 
Aw = 22122;252z2lz2; . 


@agyrwasese 


Figure 7 shows P(Aw). 
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3. N-points. We shall define an n-point as being a polyhedron with n 
vertices, each vertex being joined to the others ny ome exactly one edge. 
Hence the number of edges must be an —— ll! fay "y Such a polyhedron 
will be denoted by P,. The polyhedrons P, are peculiarly suited for 





Fia. 5 





Fia. 6 Fic. 7 


study by means of monomials because the star of any vertex can be 
chosen as a maximal tree. Let a maximal tree be thus chosen. Each 
of the other vertices will therefore have (n — 2) z-lines incident with it. 
By suitably labeling the S-lines, the monomial derived from P, can 
be made to take the form w = 1A,12A;2--- (nm — 1)Aaua(n — 0), 
where the expressions A; (i = 1,---,m — 1) each contain (n — 2) 
elements. 
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It will be useful to put w into a form which lends itself more readily 
to manipulation by 1) omitting the numerical elements, 2) writing the A; } 
in order in a column, and 3) using only the subscripts and signs of the 
elements in the resulting rectangular array. There will result a form 
which we will call a block. The blocks for P, will have (n — 1) rows 
and (n — 2) columns. Moreover, from the definition of P, , the fol- 
lowing restrictions on the A; must obviously hold: 


: : Since 

a) A; cannot contain an element and its mate. = t 
b) A; and A; cannot contain two elements and their mates. , boom 
Subject only to these restrictions, the z-elements may be arbitrarily dent 
placed in the block, and given arbitrary signs, every such block giving eves 


rise to an n-point P,. As in the examples given in this section, the II, | 
characteristic and orientability can be easily determined from the block. ; 


cann 

4. Triangulations. We are particularly interested in the case where | yw, . 

P. hes telenguler faces cally. In this ese, @ = se), Since w | the ¢ 
n(n — 1) 


is of type [(n — 1), (n — 1)(n — 2)], a =n, a = Hence 


2 

a 7 | a 7 1) If this equation be solved for n, we 
find n® — 7n — 6k = 0, from which follows n = 3(7 + +/49 — 24k). 
This is a special case of the Heawood color formula” [a] = | For / 
(7 + </49 — 24k), (where, as usual, [mn] means the greatest integer [ on a 
in n) giving an upper bound to the number of colors sufficient to color 
a map on a surface of characteristic k, and therefore for the number of 
mutually touching regions which can be mapped on this surface. Conse- 
quently, as pointed out by Franklin,” if, for a given value of k, the 
corresponding P,, can be produced, the map-coloring problem is solved 
for that manifold which is homeomorphic with P, . 

We note in passing that, from the ec"ation n® — 7n — 6k = 0, we | The! 
find n? — 7n = 0 mod 6. Therefore n = 0, 1 mod 3, and P, cannot | 'Y # 
triangulate a manifold when n = 5, 8, 11, ---. of th 

Examples of orientable polyhedrons P, , from n = 4 to n = 12, have 
already been given by Heffter,“ and the corresponding blocks can be 
easily constructed. For example, when k = 0, then n = 7, and the 
block for P; takes the form 


k=n- 





2 P. J. Heawood. Quarterly Journal of Math., Vol. 24(1890), p. 332. 
™ Ph. Franklin. Journal of Math. and Physics, Vol. 13(1934), p. 332. 6] 
™* L. Heffter. Mathematische Annalen, Vol. 38(1891), p. 477. 6] 
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= = 
2 8 nh Wb 3] 
o=|3 9 12 0 4| 
47 83 UW 5 
6 8 M 12 6 
16 9 1 38 1] 


Since columns 1, 5 must be fixed in form if the lines of the tree on P; 
are to bound triangular faces, and rows 1, 2 can be assumed to be fixed 
because of the restrictions on the A; , a few minutes of trial are suffi- 
cient to show that w is essentially unique. Hence P; is a triangulated 
torus, (the faces being found by means of the method given in Section 
III, par. 2). Hence the non-orientable manifold of characteristic k = 0 
cannot be triangulated by a 7-point, as was pointed out by Franklin.” 

Very little has been done in the way of finding non-orientable P, . 
We shall give the blocks for various cases. For k = 1, the block for 
the corresponding P, is 


1 6 » ¢ 
| 7 To 38 
wo=/3 s 6 4 
\4 , 2 5| 
5 10 8 1 


For k = 0, there is no non-orientable P;. We give the block for a P, 
on a Klein Bottle. 





\1 6 9 2 
2 7 10 3 
o=/{|3 8 6 4 
4 9 7 5 
i5 10 8 i 


The P; fork = —1, the Ps for k = —2, and the P, for k = —4 were found 
by Kagno,” and we content ourselves by giving a block for the first 
of these. 





1 7 0 4 38 
28 ll Bb 38 
oot ¢ 2 @ 4 
47 2 WM 5 
5 8 Mm 2 6 
6 9 6 12 1 


% Loc. cit. 
**]. N. Kagno. Journal of Math. and Physics, Vol. 14(1935), p. 228. 
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The method used in deriving these blocks does not apply 
k = —3, so that it has been impossible to find the triangulation 
which, from Heawood’s formula, should exist in this case. It ist 
writer's opinion that no such P, exists. We give, instead, the blo 
for a P,. 


17 
19 
21 
3B 

From Heawood’s formula, a Py» should exist which is a triangulati 
of a manifold of characteristic k = —5. We end this section by givi 
the block for this Py . 


wI=lSleoioi® S 





— IO Oe OD 


35 12 
36 13 
From the existence of this Py , it follows that every map on a ne 
orientable surface of characteristic k = —5 is colorable in ten colors. 


1 
2 
3 
4 
5 
6 
7 
8 
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